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il

[TPEIUC/IOBUE

Tpunanmaras Kpeimckas Ocennsisi Maremarundeckas mkosa-Cummosnym KPOMITI-2002
npoxoauia ¢ 18 mo 29 cenrsiops 2002r. B mocenke Jlactu, B ogHOM 13 jydmmx MecT HOxKHOTO
Bepera Kprbima — 3aimBe Barnmauman, sa treppuropun 6a3nl orabixa "Yaiika .

Kaxk u B npeapiaymue rojapi, Oprkomurer KPOMIII Bo3riasis 3aeaytonuit kKadeapoit Mma-
TeMaTH4YecKoro anaym3a Tappudeckoro Hammonanabuoro Yumsepcurera um. B.M.Bepnajickoro,
npodeccop H.JI[.Komagescknit. Opranusanus u nposejerne [TIKOIbI TpOXOAUIN P yIacTUR
YIEHOB JIOKabHOro Oprromurera, coTpyaHukoB kKadeapbl b.J[.Mapsuuna, M.A . Myparosa,
N.B.Oposa, FO.C.Ilamkosoit, C.M1.Cymupnosoit, 11.A.Crapkosa.

Ha IIIkoste 66110 oTmMedeno 80-jeTne m3BecTHOro Maremarunka, akajgemuka HAH Ykpannsr
B.A.Mapuenko.

B pabore Cummnosnyma npunsagm ydactue okojo 140 maremaTnkoB m3 YKpawmubl, Poccun,
Benopycu, Apmennn, [Tonbmu, Uspanis, Anornn, @pannun u [lopryrammm. Cpemau HuX OBLIO
MHOI'0 U3BECTHBIX MAaTEMaTHKOB, MHOI'O U MOJIOJIbIX yUEHBIX, aCIIUPAHTOB, CTYIEHTOB.

Ha IlIkoJie ObLIM TIpeCcTaB/IEHBl Y€ThIPE CEKIINN; JIBE W3 HUX COCTOSIIN U3 JBYX IOJICEKIINIA.

Section 1. Spectral Problems.

Subsection 1.1. Spectral Theory of Not Self-Adjoint Operators (chair persons
A. B. Antonevich (Minsk), M. M. Malamud (Donetsk), V. I. Ovchinnikov (Voronezh),
V. S. Shulman (Vologda).

Subsection 1.2. Spectral Theory of Operator Pencils (chair persons
N. D. Kopachevsky (Simferopol), K. I. Chernyshov (Voronezh), V. S. Rykhlov
(Saratov)).

Section 2. Evolutionary and Boundary-Value Problems.

Subsection 2.1. Differential-Operator and Evolutionary Equations (chair persons
V. S. Melnik (Kiyv), S. N. Samborsky (Caen, France)).
Subsection 2.2. Boundary-Value Problems (chair persons M. S. Agranovich (Moscow),
L. R. Volevich (Moscow), A. L. Skubachevsky (Moscow), Yoshinori Kametaka (Osaka,
Japan)).
Section 3. Optimization, Control, Games and Economic Behavior (chair persons
I. M. Anan’evsky (Moscow), M. V. Mikhalevich (Kiyv), M. 1. Zelikin (Moscow).

Ha KPOMIII-2002 6b110 mpounTano okojo 40 jexnmii. Hurke TpuBoguTCst CIIMCOK JIEKITUIA.

Bosbmuncrso yuacraukos Ikossr mpejacraBmiiv JOKJIaIbI Ha 3ace/laHUAgX CEKIUN U I1OJI-
ceknuii. Kak Bcerjyia, ooMen nay4dnoit uadopmaryeil ne yKaaJibiBajics B (hOpMaJIbHbIE DAMKH.
AxkTuBHOE 1 11JIOIOTBOPHOE HedopMabHOE 00ITeHre cTajio MaoroeTHel Tpaaunueiit KPOMIII.

B macrosimem cooprmke Tpymo KPOMIII-2002 mpejcTaBiieHbl Kak MaTepUAJIbl JIEKIIANH 1
JIOKJIAJIOB, cAeaHHbIX Ha [1IKose, Tak 1 HEKOTOphIe paboOThl yIaCTHUKOB, (DOPMATBLHO HE JI0JI0-
»kernble Ha [[Ikoie.
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Subsection 1.1. Spectral Theory of Not Self-Adjoint Operators 3

CUMBOJIMYECKOE NCUHNCJIEHUE JJI4d TEITJIMITEBBIX
OIIEPATOPOB C PASPBIBHBIMU OCHWJIJINPYIOIIIVIMUN
KOOPUNIINEHTAMU

E. B. Akviny
BEJIOPYCCKUI TOCYJIAPCTBEHHBIN YHUBEPCUTET,
MUHCK, BEJTOPYCCUA

The paper contains a description of local representatives and the calculation of the
Fredholm property for Toeplitz operators with dicontinuous oscillating coefficients.

B nacrosimeit pabore mosrydeHo onucanue JIOKAJIbHBIX IIPEJICTaBUTENel U HAeHbl YCJIOBUS
bpeIroIbMOBOCTH JIJIsI TEILIUIEBBIX OIEPATOPOB C PA3PBIBHBIMY OCIIMJIUPYIONIUMU KO3MDhUIim-
€HTAMH.

[Iycts C' — anrebpa KycOUHO-HEIIPEPLIBHLIX (DYHKIMI Ha eJIMHIYHON OKpyzKHOCcTH S, pas-
pbIBHAs B TOUKe Mg € S1, S — cunrynapHublii uHTErpaibHbIl onepatop, aeficreytomuit B L?(S1),
a P — mpoexTop B mpoctpanctse Xapan H? suia

p=1t5
2

Yepesz D mbl 0603Ha9NM aarebpy, HOPOXKIEHHYIO OllepaTOpaMu, JTeHCTBYIOIMIME CJIeLYIOITIM

obpa3zoM:
d.f = P(cf), f € H? c€C;
gepes A — anre6py, nopoxennyio oneparopamu d,, a € C(S'). Torma D sBasercs anreGpoit
JIOKAJILHOIO THIIA 10 oTHomeHio K C*-anrebpe A n npeany K KOMIIAKTHBIX OIEpPaTOPOB, Heii-
crBytomux B H?, To ecThb ms mobbix d, € A u d, € D cymectsyer oneparop k € K, Taxoii,
9TO
dod. = d.d, + k.

s [1], [2, 33.12], [3, 54.1] usBecTHO, YTO HPOCTPAHCBO NMPUMUTUBHBLIX HeaaoB Prim D aj-

re6poul D MOXKHO IIPEJICTABUTH B BUJIE JIN3BIOHKTHOTO O0'bEIMHEHNUS:

Sl \ {m()} U Rmo @) (mo, —I—) U (mo, —)
Baza Tomosioruu va Prim D 3ajtaercs cieayronmM o0pa3oM :

(a) OKpeCTHOCTBIO TOUKH (1M, +) ABIAETCS 00bEIMHEHNEe MHOYKECTB
[mo,m1) U{t € Ry, : t > N},

rie N € R u m; — npousBosibHas TOYKa, Takas, 9To mg < My (3/1ech < — MOPSJIOK,
OlIpe/ie/IEHHbIN opueHTanueit Ha S 1);
(b) oKpecTHOCTBIO TOUKH (Mg, —) ABIAETCA 00bEMHEHIE MHOXKECTB

(mg, mol U{t € Ry, : t < N};

(c) okpectHocTBIO TOUKM t € R,  sBiIseTcst OTKPBITHIT nHTEpBaI Ha R,,,, cojep:kariuit
mo;
(d) okpecTHOCTH TOUKH M # Mg 3a7a€TCsl CTAHIAPTHBIM 06pa30oM (Kak OKPECTHOCTh TOYKI
Ha KPHUBOii).
O6oznauum uepes Uy, onepaTop ymMHOKeHUs Ha DyHKIMIO a(m), HenpepbiBayto Ha S'\ {mg},
KOTOpas B OKPECTHOCTU TOYKH 71 UMEET BHI

—ihIn(mo—m)

B e upu m < My,
a(m) = { e—ihln(m—mo) IIpxa My < m. (1>

[Ipeanverom manuOi paborsl siBisgercs anrebpa Vo = C*(D, (7;1), [IOPOKEHHAS OllepaTopamMu
d € D u oneparopamu U, = PU,, h € R.
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Kaxmomy snementy d. € D, onpenenennomy dynknueit ¢ € C(S*\ {mp}), nocrasum B
cooTBetcTBHUE oneparop 7(d,), aeficTytomuii B npoctpanctee [2(S1, H,,):

m(d.) = @ de(m), (2)

rie H,, = L*(Ry,) u H,, = C pu m # my, d.(m) — JOKaIbHbIl IpeIcTaBUTe b 3IeMEHTa
d. B TOuKe m — oneparop B H,,, onpeesnennslii caemyomum obpasom |2, 31.30, 33.20]:

(1) ecoim m = mg, TO

_+
1+ e2mt
[de(mo, £)JE(t) = c£&(t), (4)

re &(t) € L2(R,, ), ¢4 U c_— 3TO IpeJie/ibl cieBa U ciipaa hyHKun c(m) npu m — my;
(2) ecm m # my, TO

[de(mo)l€(t) = (eo + —— )e), (3)
( )

[de(m)]§ = c(m)¢, € € C. (5)
Oneparopy U, TIOCTABUM B COOTBETCTBHE orepaTop
m  2(SY Hy) — 12(SY, Hy),
OIIPE/IEJIEHHBIA CJIeLyIONIM 00pa30M:
(1) ecm m = my,
1+ 6727Tt . efwh
1 + e—27rt

(Thf) (mo 1)) = fimo, 1) (t + 1), (7)
(Thf) mo,—) (1) = €7 flmg,—(t + h);

(ﬂ-hf)mo (t) = ) fmo (t + h)v <6>

(2) ecam m # myg, TO
(7 f)m = a(m) fm, (8)
rie [ = {fm}mesla Jm € Hp,.
Teopema 1. Omobpastcerus
o:d.— 7(d.), d. €D,
o: Uy — 7,

nopoHcAaOmM U30MoPPHU3M
o:C*(D, ﬁh)/K — C*(n(D), m),

JlokazaTenbeTBo.
Asrebpa C*(D, Uy,) siBasiercs noganrebpoit anredbper PC*(B, Uy,)P na Im P, rie B — anre6-
pa, IopozK ieHHas oneparopamu, aeficrytomumu B L*(S1), Buma

b=a+dS,

a u d — onepaTopbl yMHOXKEHHsl Ha KyCOUHO-HelpepbiBHble Ha S dbyHkimm, paspeisHble B
Touke my € S, HosTOMY, NpUHUMast BO BHUMaHue TeopeMy 1 u3 [4], gocTaTouHo noKazaTh, 4To
dbopmyier (6) — (8) mator nam Boipazkenue 1y 7(P)m,m(P) na Im w(P), rue m(P) u 7, 3a1a0b!
B [4] dopmynamu (2) — (4).

Jist Toro, 4Tobbl He IMyTaTh 0003HAYEHUs, 3aMEHUM T, KOTOpoe BeTpedaercd B [4], va 7. To
eCTb, HAM HY?KHO JIOKA3aTh, UTO

7, = 7(P)7T, T wa Im 7. 9)
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U3 |2, 31.30] m3Becrno, uro f € Im 7(P) Torga u TOJBKO TOL/a, KOLIa

10 =20 (11 )

re (), A(t)e ™, 6(t), d(t)e ™ € L*(R).
P)

[Tpu m = my ayst mo6oro f € Im 7(P) umeem:

1€

Tnf () = fomo (£ + ) = A(t + h) ( ie_fw) ) — (1) ( L ) +5(0) < ielm > .

Orcrona ciejyer:
1+ 6727rt . efwh
t) = ‘Mt +h
/Y( ) 1+ 6_27rt ( + )7
qT0 JoKasbiBaer dhopmyiy (6). [Tpu mepexone Kk npemesam t — F00 mosydaem dbopmyast (7).

Ananornano nposepsiercst opmyina (8). Takum o6pasom, pasercTso (9) BepHO.

Oupenenenne 1. O6pas o(d) snemenra d € C*(D, U,,) 0THOCHTETBHO 0TOOPaKEHIs
C*(D,Uy) — C*(D,Uy) / K = C*(n(D), )

Ha3bIBACTCH CUMBOAOM OllepaTopa d.

U3 teopemer 1 ciemyer, uto d HpearoabMoB TOTIa U TOJIBKO TOra, Korja o(d) obparum.
Omeparopy d € C*(D, ﬁh) [OCTABUM B COOTBETCTBHE OIEpPaToOp, JAeiCTBYIOUi B
I>(Prim D, H,):
id)= P (),
z€Prim D
rje 7, (d) onpeensoTcs paBeHCTBAMUY:
(1) ectu © = (mg,t), To (3) u (6), H, = L*(S1);
(2) ecrm = = (myg, ), 1o (4) u (7), H, = L*(S');
(3) ecm x = m, m # mg, 1o (5) u (8), H, = C.

Teopema 2. Omobpasicenue 7 : C*(D, ﬁh) — [?(Prim D, H,), onpedeasem usomoppusm

C*(D,U) = @ ,(C*(D,Uy)) = (C*(D, Uy))- (10)

Onepamop d € C*(D, ﬁh) 06pamuUM 6 MOM U MOALKO 68 MOM cayyae, koz2da 6ce Ty(d), x €
Prim D, obpamumot.

JlokazaTesibeTBo.
Tak Kak jieiictBre rpymibl romeoMopdusmos {t; trer (cM. [5, 16.1])

ol npu x € ST\ {mg},
"7 x+h, upux € R, U(mg,+)U (mg, —)

He $IBJISIETCsI TOMOJIOTUIECKH CBOOOIHBIM, TO mpuMeHNM Teopemy B.28 u3 [5]. [Iposepka yciio-
BUI1, HEOOXOJUMBIX JJIsT TOI'O, YTOOBI BOCIOJIB30BATHCS ITON TEOPEMOIl, BBIMOTHAETCA TEM Ke
crocoboM, UTo 1 Jijig TeopeMbl 2 u3 [4].

Paccmorpum oneparop u3 anrebpsr C* (D, ﬁh) BUJIA

d=dy+ d,Up,, (11)
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e dg, di — TEIJIUIEBbI  OMEPATOPhI, OIpPEJe/IeHHBbIE  COOTBETCTBEHHO  (DYHKIUSIMU
co(m), c1(m) € C(S'\ {mo}). Ilpenennst cupasa u cieBa npu m — Mgy STHX (QYHKIHIL
06O3HAYMM [epes ;. U Ci .

Beimmiem B SIBHOM BuJie YCJIOBHsI OOPATUMOCTH JIJIst oreparopa 7(d), To ecTh 00paTuMocTi
OIIepaTOPOB

Told) = 7o(do) + 74 (dy) s (Uy), & € Prim D. (12)
Ecmm x = (my,t), t € R,,,, TO

Fmo)(d) = ((do) + 7(dy)m(TUy)) (mo, t) = ao(t) + a1 (t)Th,

rie .
_ cq — Cq
alt) = 6 + T
+ - —27t —7h
m@%—@a+1+@4ﬂ)- I+e2m

T}, — otteparTop cjaBUra
(Thf)(t) = f(t+h).

Hamee Bocriosbzyemcst Teopemoii 17.3 [2]. [jist 5TOro BBIMHCINM IPEIETIBL:
_l’_ -
ap(+00) =¢cyg + ————— = ¢y
O( ) 0 1 + O 0>
ap(—00) =cy + 0 (cf —cg) = ¢

Anajornano HaXOoJuM, 9TO

ay(£o00) = cf.

Takum obpasom, 1o Teopeme 17.3 [2], orepaTop T(m, ) (d), t € Ry, 06paTum Torga u ToIbKO
TOrJIa, KOIJIa BBLIIOJHEHO OHO U3 YCJIOBHIA:

ag(t) # 0 m |cg| > [ef]; (13)
a(t) # 0 u |ci| > [e5]. (14)
Ecmm x = (myg, +), TO
Fmo ) (d) = (7(do) + 7 (d1)m(Un)) (mo, +) = c§ + e Th.
Orcio/ia OLePATOP T(m, +)(d) 0OPaTHM TOIJIA M TOJIBKO TOIJIA, KOI/IA BBIIIOJHEHO OJIHO U3 yCJIO-
BUIL:
cg #0m leg| > ef; (15)
¢ #0uleH] > |, (16)
Ecmu z = (mg, —), T0
Fmo, (@) = (7(do) + m(d1)w(Un)) (mo, =) = e ™ (¢ + ¢, Try).
OnepaTop T(;m,,—)(d) obpaTuM TOI/Ia I TOJIBKO TOIJIA, KOIJIA BBIIOJIHEHO OJIHO U3 YCJIOBHIL:
co #0mlcy| > lerl; (17)
¢ #0mler| > legl. (18)
Ecim x = m, m # mq, TO
Fn (D)) = [(x(do) + m(d1)7(Un))(m)]€ = (co(m) + cr(m)a(m))é, & € C.
Omueparop Ty, (d) obparum Torja u TOJLKO TOT/a, KOrjIa
(w(do) + m(dy)m(Un))(m) # 0,

9TO paBHOCUJILHO

co(m) +c1(m)|A\|[ #0 YA e C, |A =1 (19)
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Teopema 3. Onepamop d € C*(D, (7;1) suda (11) obpamum 6 Mmom U MOALKO 6 MOM CAYYAE,
Ko2da euinoanero nepasencmso (19) u no odnomy us yeaosut (13) uau (14), (15) uau (16),(17)
usu (18).

PaccmorpuMm Teneps oneparop BHa

k
d= Z djij}{? (20)
j=-—s

ryie d; — oneparopsl, onpegenennbie Gyukimamu ¢;(m) € C(S*\ {mg}),
j=-sk.

CIINCOK JIMTEPATYPHI

[1] TInamenesckuit B. A. AnreGpor nicesmomnddepertmanbHbIX oneparopos. M., 1986.
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Scientific & Tech- nical, 1998. Part 2.

[4] Axymma E.B., Jle6enesA.B.CumBosnmaeckoe WCInCAEHNE Ui CHHTYJISIPHBIX WHTETPAJIBHBIX OTEPATOPOE C
Pa3pBIBHBIMA OCHIILIMPYIOMuMY KO3 dumenTamu... (B mevIarn)
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O IIOJJOBUN J-CAMOCOIIPAXKEHHOI'O OIIEPATOPA
MITYPMA-JINYBNJIJIA C KOHEYHQ30HHBIM
IIOTEHIIAJIOM-CAMOCOIIPAKEHHOMY

. M. KapapAIlll, M. M. MATAMYI,
JIOHELIKUN HAIITMOHAJIbHBIT YHUBEPCUTET,
JIOHELIK, YKPAWHA

1. Hamomumnm, 1arto 3amMkHyTHIe oniepatopsl A; n Ay B 6GanaxoBoMm mpoctpancrse X ¢ obJia-
crsamu onpenenernst D(A;) n D(Ay) Ha3bIBAaOT MOJMOOHBIME, €CJIH HANIETCS TOMOIOTMIECK Ui
apromopdusm T’ npoctpancrsa X Takoit, uro T(D(A1)) = D(As) u Ay = TA, T

[Iyctn
2

L=— dd2+q( ), 4=7, (1)

camoconpsizkennblii oneparop IItypma-JIuysuiig B L*(R) ¢ orpaHM9eHHbIM MOTEHIUAIOM ¢,
(lg(z)| < ¢), a J — oneparop ymuoKenus Ha dynknuio sgnz, J : f — sgnw - f.

B 3amerke nzyuaercs mojiobue omneparopa A := JL caMOCONPSIKEHHOMY OIEPATOPY B CJIyUae
MOYTHU IIEPUOIMIECKOrO MOTEHITNAJIA ¢. 3aMETHM, YTO

D(A") = {y € W5(R) : y(+0) = y(=0), ¥ (+0) = —¢/(=0)} # D(A) = WZ(R).  (2)
Bosee Toro, uz (2) BbiTekaer, 4To oneparop A umeer JAByMepHYIO "MHUMYIO KOMIIOHEHTY .
BaMeTnM, 9TO ClIeKTpasbHbIE 38891 BUIA

(Ly)(z) = Ar(x)y(z),

rae L—camoconpsikénnblii qud dbepennnaibublii onepaTop, a r—3HaKolepeMeHHbIi Bec, necie-
JIOBAJIACD JIABHO B CBSI3H C HEKOTOPLIME 3a/adaMil MeXanuku u ¢usuku. Tak, B paborax [1] u
[14] u3yuen Bonpoc o 6asucuocTu Pucca n3 cobcTBeHHBIX (DYHKIMHI YIOMSHYTON 3a/1atH.

B paborax [3| u [6] mokazaiio, 1o omepaTop A ¢ HOCTOSHHBIM IOTEHIHATIOM ¢(2) = ¢ = const
110/100€H CaMOCOIPSIKEHHOMY B TOYHOCTH TOIJA, Korjga ¢ = ¢ > 0.

2. Hanommnwm (cm. [8], [12]), uro morenrmmarn ¢ (omeparop L) Ha3bIBAIOT KOHETHO30HHBIM
(6eCKOHEYHO30HHBIM ), €CJIN ¢—II0YUTH [epuojndeckas (DYHKIMsI 1 OHepaTop L nMeeT KOHEeUHOe
(beckonetIHOE) THCIIO 3alPEMERHbIX 30H (1akyH) (—o00, o) 1 {(Aj, 11;) 1T ({(Aj, 1£5)}5°), Te

A< AL < g <o <Ay < iy <

Xopomo uzsectno, uTo cuekTp o(L) = [Ag, 00) \ U;51 (A, 1) oneparopa L apigercs aByKpat-
HBIM 1 abCOJIIOTHO HEIPEPBIBHBIM.

Bamernm, 9TO ormepaTop L ¢ MOYTH HEPHOJMICCKAM (M JaxKe MPEETbHO MEPHOIMICCKIM B
cmbicrie [ Bopa) morernuasoM MoKeT cojiep:KaTh Kak CHHTY/ISPHYTO, TAaK U JUCKPETHYIO KOM-
MMOHEHTHI WJIH OBITH, HAIIPUMED, YUCTO TOUedHBIM. [loguepkneM, 0JlHAKO, YTO €C/IN JTazKe CIEKTP
o(L) abcomoTHO HempepbiBeH, (L) = 0,.(L), To onepatop L Moxer He ObITH GECKOHETHO30H-

HBIM, TaK Kak CIeKTp o(L) MoKeT OBbITh KAHTOPOBBIM, T.€.—HUTJE HE IJIOTHBIM MHOKECTBOM
B R.

Teopema 1. ITycmv L—neompuuamenvroiii 6 Ly(R) onepamop euda (1) ¢ beckoneurnodormvim
nomenyuanrom q. Tozda onepamop A = JL nodober camoconpasrcénnomy.

IIpumep 1. Ilycrs L¢ oneparop Buja (1) ¢ meproandecKuM HOTEHIHATIOM
Q(I7€> - (1 - kQ)(Q Sn2(l’,k’,) - 1) + 57 ke (O’ 1)7 K = v1-— kza

rae sn(z, k') —smmnrndeckas yukims fAxobn. Torma Le—O0HO30HHBII IePHOIITICCKHUIl Olle-
patop ¢ jgakyHamu (—oo, &) U (k2 +&,1+§), n ecam € > 0, To oneparop J Lg m0g006eH caMoco-
IPAZKEHHOMY.
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JlokazaresbecTBO TeopeMbl 1 Gasupyercss Ha Pe30JbBEHTHOM Kpurepun mogobus [13], [10],
[2] samKHYTOrO OIIEpaTOpa camoconpsizkeHHOMY. [Ipu 3TOM [171s1 HHTErpAIbHON ONEHKH PE30JIb-
BEHTHI IpuMensiiorcst Teopembl Makenxoynra [9] n Xanra-Makenxoynra-Bumena [7] o BecoBbix
OIleHKaX MaKCcUMaJibHOM (yHKImn Xapau-JIutTisyaa u npeobpazopanus ['nindbepra.

BameTnM elre, 9TO KaK XapakKTepucTudecKass yHKImA 64 omeparopa A, Tak W COOTBECT-
Bytomue et J-popmer wy = 04J0% — J n w.y = 03 J04 — J He orpaHUYeHbl B KayKJIOW W3
nostymtockocreit Cy, Kak B OECKOHEYHOCTH, TaK M BOJIM3M KOHIIOB JIAKyH omeparopa L. 1o
00OCTOSATEILCTBO HE MO3BOJISIET MPUMEHUTh K orneparopy A m3BecTHbIE JOCTATOYHBIE YCJIOBUS
OJI00WsT 3aMKHYTOTO OITEPATOPa CAMOCOIPSI?)KEHHOMY, BhIparKaeMble B TepMuHaxX J-hopM w4 u
Wy 4 1 6U3KEUX K HUM 06bekToB (cM. [11], [5]).

3. Ilpu nccietoBanum crieKTpa orneparopa A Mbl HCIIOJIB30BAJN YaCTHBIN CJIyUail CJIe Ty FOIIero
pesyabrara. st ero opmynmuposkn obo3HaunM depes m(A) dynkun Beis sagaq Jupuxie
nuist oniepatopa L B ipoctpanctiax L2(R.). IMenHo, 0603HAYMM S U C4—PelleHns ypaBHeHuit
Lsy(x,\) = Asx(x, A) u Leg(x, N) = Aew(x, \), BbIIeIsIeMble HAYAIbHBIME YCJIOBUSAME

Si(()? )‘) = C/:i:(ov )‘) =0, S;:(Oa )‘) = Ci(()? )‘) =1L
Toryna dyukun Beiiist ma () onpenessirorest COOTHONTEHHSIME
(5, A) £me(N)se(, A) € LQ(Ri), AeC\R. (3)

Hanommmm, uto dynxmun m.(\) AB/IAI0TCA HEBAIIMHHOBCKUME i R-bynkimsanu, m4 () €
(R). 910 o3nauaert, uto onu rosoMopdubl B C, my(A) = m4(A) u Im A - Immy(A) > 0.
Jlist bOPMYJIMPOBKU  CJICLYIONMIEro pesy/IbTaTa HaIlOMHUM OIlpeJie/ieHHe TOJKIaccoB ST

Kiacca R, BBeJieHHBIX B padore [4].

Onpenenenne 1. Oynkimmo F ornocar K kiaaccy S %, ecmn F' € (R) n jyist KakJIpIx n € Zy
u nociaegosarensuocta {21} (2 € Co, j € {1,...,n}) kBagparuanas dopma

"Lz F(z) =z, F )

> o & (4)

k=1 i Ak

nMeeT He 6oJlee 3¢, a JJIs HEKOTOPBIX 1 € Z u {2;}}—TOYHO 3¢ OTPHUIATEIbHBIX KBAIPATOB.

[lpu » = 0 wimacc S70 =: S7(ST0 =: S*) coBnamaer ¢ usBecTHBIM Kiaccom Kpeiina-
Crunrbeca dynknuit F' € (R), romomopdubix B C \ R, u y1oBIeTBOPAIONIINX HEPABEHCTBY
F(z) < 0(F(z) > 0) upn z < 0.

O6o3HaunM depes »_ (L )—1uciio oTpunaTebHbIX COOCTBEHHBIX 3HaUeHuit ornepartopa L.

Teopema 2. ITycmv my —@dynxyuu Betiaa onepamopa L 6 L*(RL), onpedessemuie ycro6uamu
(3). Toeda »_(L) = 3 mouno moeda, xozda m, + m_ € S™*. B wacnocmu, L > 0 mouno
mozda, xozda my +m_ € S™.

4. Ecym yeyioBue L > 0 He BBINOJIHSIETCsI, TO OIIEpaTop A MOYKeT MMeTh HeBEIleCTBEHHBIE CO0-
CTBEHHbIE 3HaYeHUs. B cydae KOHETHO30HHOTO MOTEHIHAA CIIEKTD oreparopa A cOCTOUT u3
BEIIECTBEHHOW HEINPEPBIBHOI YacTu 1 (BO3MOYKHOI0) KOHEYHOIO YHC/Ia COOCTBEHHBIX 3HAYCHUIT
KOHEYHOI KpaTHOCTH. [[09TOMY TOUEUHBIH CIIEKTP MOXKHO OT/ICIUTD,

A=A, +A., o(A,)=0,(4), o(A)=0.(A) CR.

Teopema 3. ITycmov L-onepamop euda (1) ¢ kxoneurnozornnvim nomenyuanom q. Toeda onepamop
A, nodober camoconpANCEHHOMY MOUHO M020a, K0204 PYHKUUU
Immg (£N) Immy (FA)

)+ m (N m (N +m ()

0Z2PAHUYEHDL 6 OKPECIMHOCINU CNERIMPA ONEPAIMOPG L.

(5)
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3ameuyanue 1. B ciyvae KOHEYHO30HHOIO IMOTEHIHAIA ¢ TeopeMa 1 SBJISETCS CJIeICTBUEM
teopembl 3. [lomaepkueM, oHAKO, UTO B CUJIy TeopeMmbl 3 omepatop A Moxker ObITH 1M0100eH
CaMOCOIPSIZKEHHOMY, He Oy/y4u J-HeoTpUIaTe/IbHbIM, T.€. KOrjia L He siBIgeTcd HeOTPUIaTe b-
HBIM.

Caencreue 1. Ecau 0 € (Ao, A1) U U; (1, Aj1), mo ecmo mowka 0 asasemea enympenned
moukoti muoocecmea o(L), mo onepamop A. ne nodoben camoconpaHCEHHOMY ONEPAMOPY.

Caencrsue 2. Ecau (()\0, A1) U U (g, /\j+1)>ﬂ<(—)\1, =) UU; (= Ajt1, —,uj)) =0, mo ecmo
muootcecmea (L) u o(—L) ne umerom obuur sHymperHuz mouex, mo onepamop A, nodoben
CAMOCONPAHCEHHOMY ONEPAMOPY.

ITpumep 2. Paccmorpum oneparop-bynknmo A(€) = JLg, rue Lg 0mHO30HHBIT omepaTop
u3 mpumepa 1. VI3 teopem 1 u 3 BBITeKaer, 4T0 HenpepbiBHasg dacTh A.(§) onepartopa A(§)
110/106Ha CAMOCOIIPSZKEHHOMY B TOYHOCTH Torja, Korja & € [—1, —k% U [0, 00). Bamerum, uro
npu & € [—1, —k?] oneparop L He ABJIseTCA 3HAKOOIPEICJCHHBIM.

Bouiee jerabHblil aHAIM3 TOKA3BIBAET, YTO:

(1) mpu & > 0 omeparop A() mogoben caMoCompszKEHHOMY orepaTopy (1o teopeme 1) u
op(A(€)) = £/ (E+1)? - (1 - k) CR.

(2) mpu € € (—k2,0) 0,(A(&)) = £/ (€ +1)2 — (1 — k2) C R, nosromy o(A(£)) C R, xors
A(&) He o106eH caMOCOIIPSIZKEHHOMY oriepaTopy (1o cyregcTBuio 1).

(3) mpu & = —k?, oneparop A(—k?) = A.(—k?) no106en caMoCONPAKEHHOMY OllepaTopy
(o cencreuio 2) u o,(A(—k?)) = 0.

(4) mpu & € [—1,—k?), oneparop A(£) nogoben HOpMAILHOMY OIEPATOPY, TaK KaK OH UMeeT
JIBa HEBEIeCTBEHHBIX OJIHOKPATHBIX cOOCTBeHHBIX 3Havenns +/(€ 4+ 1)2 — (1 — k2), a
oneparop A.(£) nomoben caMoconpsizKEHHOMY oriepaTopy (o CJIeICTBUIO 2).

(5) mpu € € (=2 + k?,—1) omneparop A(£) nHe nomoben HopMasbHOMY, Tak Kak A.(£) He
O/I06EH CaMOCOIIPSIZKEHHOMY omiepaTopy (mo ciezgcteuio 1). A(€) nmeer jBa Heerre-

CTBEHHBIX OJIHOKDATHBIX cOGCTBeHHBIX 3Hadenust /(€ + 1)2 — (1 — k2).
(6) mpu £ < =2+ k?,  0,(A(—k?)) =0, c(A(£)) C R, ommako oneparop A(E) = A.(€) me

HO/I06EH CAMOCOIIPSI2KEHHOMY O1lepaTopy (1o cJregcTBuio 1).
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O IIOJ0OBUI HOPMAJIBHOMY OIIEPATOPY OIIEPATOPOB
THUIIA sgna (D? 4+ aD + bl + ¢f)

A. C. KOCTEHKO
JIOHELIKU HAIITMOHAJIbHBINT YHUBEPCUTET,
JIOHELIK, YKPAWHA

B L?(R) usyuaemcs onepamop sgn x(D?+aD +bl), noposicoaemwidi 2paruinvimu yco-
BUAMYU MUNG ckAetiry 6 mouke 0. ONUcCHBaemes KAace ePaHUMHBIT Yeaosull, Ot Ko-
MOPHIT ONEPamop nodober HOPMAALHOMY UAU CAMOCONPAdICEHHOMY. B wacmmocmu, no-
Ayen kpumeputi nodobus, nopmasvromy 0as onepamopos sgnx(D? 4+ aD + bl + ¢d) u
sgnx(D2+bl+cd'). Oxaszvieaemces, smu onepamopv, n0006HbL HOPMAALHOMY AL NOUMAU
scex ¢ € C.

Keywords: cumMerpudecknii orepaTop, rpanndnas Tpoiika, GyHkius Beiliisi, pe3ojbBenTa, CIieKTp

1. CuekrpaJibHble 3aIa91 BUIA

(Ly)(x) = Ar(z)y(z),
rie L - caMoconpsizKEHHbI nddepeHnuaibHblil ornepaTop, a GyHKIws () IpUHIMAaeT 3HaYe-
HUS PA3HBIX 3HAKOB, UCCJIEYIOTCS JABHO B CBA3H C HEKOTOPBIME 33/Ia9aMI MEXAHUKN U (DU3UKN
(em. 6ubmorpaduio B [13]). B paborax P. Busca [13] u C. I'. Ilarkosa [10] 611 pacemorpen
BOIpoC 0 GasucHoctu Pucca cobcTBeHHBIX (DYHKIUI JJIsT TaKOH CHEKTpaJbHO 3ajgadn. B 1mo-
cJIejiHee BpeMst aKTUBHO UCCJIEIyIOTCS aHAJIOIMIHBIE BOIIPOCHI JIJIsT OIIEPATOPOB C HEITPEPBIBHBIM
cuekrpoM. Vmenno, BMecto 6a3ucnoctu Pucca ji1s1 o11epaTopoBs ¢ HEIIPEPBIBHBIM CIIEKTPOM U3Y-
Jaercs 1mojiobre X HOpMaJabHBIM oreparopaM. Tak B pabore B. Kypryca u B. Haiimana [14],
¢ nomotipio Teopun M. Kpeitna - I'. Jlanrepa geduHU3NpyeMbIX OIIepaTOpoB B IPOCTPAHCTBE
Kpeiina, 066110 1MOKa3aHO, ITO OIIEPATOD
i 2 1d i 2
A=sgnzD* D:=-—, dom(A4)=W;(R) (1)
1 dx

nooben camocomnpsizkénnomy oreparopy. M. M. Kapabamt B [16] npe/iozkui mpocroe jokasa-
TEJILCTBO 9TOr0 hakTa, 6aszupyroleecst Ha Pe30JbBEeHTHOM Kpurepun 1oao6us |7, 9]. Eme ono
JIOKa3aTeJIbCTBO IPEJIIOXKEHO B pabote [4]. ror pesynbrar 0bobmasics B paborax [15], [17] u [5].
B pabore [11] (cm., Takzke, 6ubauorpaduio B [11]|) mosydens JocraTodHble YCJI0BUS MOI00US
CaAMOCOIIPSIZKEHHOMY OIIepaTOpOB BHUJIA

sgn T
lop(e)
¢ ecTecTBeHHOl obyacTbio onpejenenus dom(L) = W2 (p(z)|z|*, R).

OTmernM, 9TO U3BECTHBIE JIOCTATOYHBIE YCJIOBUS TI0I00MsT CAMOCOIIPSKEHHBIM, BhIparKaeMble
KaK B TEPMUHAX XapPaKTEPUCTUUIECKON (DYHKIMU omeparopa, TaK W OJM3KHX K Hell 00beKTOB

(em. [8] u mmerorytocst Tam Gubsmorpaduio), J1isi JAHHBIX OHEePATOPOB He BBITOJIHAIOTCH.
2. Pacemorpum B L%(R) cummerpuueckuii onepaTop

A=sgnxp(D), p(z)=2*+az+b, (a,b€R) (3)
¢ 00JIaCThIO OIIpEeIeIeHIA
dom(A) = {y € W3(R) :y(0) =y'(0) = 0}. (4)

B 3ameTke u3ydaioTcd KBasusapMuToBbl (cM. [1]) pacimmpenust onepatopa A, cOOTBETCTBYIOIINE
pas3IMYHBIM I'PAHUYHBIM yesoBusgM B Touke 0. Hama mens — jgarh onmcanme Tex IpaHUIHBIX
YCJIOBHI1, IPU KOTOPBIX COOTBETCTBYIONN quddepeHnnaabubiil onepaTop MmoI00eH HOpMaJIh-
HOMy (caMoconpsizKeHHOMY) omepatopy (ciaydait p(z) = 2% nosHocTBIO paccMoTpen B paboTe

[5])-

L= D* a>-1,0<c<p(x)<C<+oo, (2)
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3ameTnM, YTO B paccCMaTpUBaeMOM ceMeiicTBe paciiupenuii oneparopa A cojepkarcs ore-
paTopsl, opoxkiaemble B L2(R) auddepennnaabHbIMI BHIPasKeHHAME

L. :=sgnx (p(D)+ci(z)), ceC, (5)

L. :=sgnz (D*+ bl +¢d'(z)), ceC, (6)

rie §(x)—-s1o o-pyukuus Iupaka (cm. npumepst 1 u 2).

3. B mocieanee Bpems i u3ydenust COOCTBEHHBIX PACIIMPEHHN CHMMETPHYECKHX Oepa-
TOPOB HCIOJIB3YEeTCsl KOHIEIINS IPAHIIHBIX TPOEK U COOTBETCTBYIOMNX nM yHKiuit Beiis.
I[IpuBe/ieM OCHOBHBIE OIpE/IeICHNS U 0003HAUCHH Ciieys padore [3].

IIycts A — cuMMeTpUYeCKHil oepaTop ¢ IIOTHOI 0bs1acTbio onpeaenenns dom(A) B MHiIb-
GeproBoM mpocrpancTBe H u pasmbivmm umgexcamu gedekrta ni(A) = n_(A) (ne(4) =
dim(H © ran(A £ 1))

Omnpepesnenue 1 (|2|). Cosokynunocts II = {H, 'y, I'1 }, B koropoit H—cenapabenbroe ruisbep-
TOBO IIPOCTPAHCTBO, a [y, [y —mHeitnbie orobpazkerns n3z dom(A*) B H, Ha3bIBa€TCS IPAHITHOM
Tpoiikoit g A*, ecm orobpazkerue I' : f — {I'1 f,T'of} uz dom(A*) B H & H CIOpBEKTUBHO 1
cripapejiyinBa popmyiia ['puna

(A" f,9) = (£, A"g) = (T1f, Tog)r — (Do f,T1g), f,g € dom(A”). (7)
C xaxoit rparngnoit Tpoitkoit IT = {H, T, "1} ecTrecTBeHHO CBsI3aHBI 1Ba CAMOCOIPSIZKEH-
HBIX paciupenus A; = A dom(A;) =kerl;, i=0,1.

Onpepesnenne 2 ([3]). Oneparop—dyukims M (), onpeseseHnasi paBeHCTBOM

M\Tofs=T1fr, (fr € My, X € p(Ay)) (8)

HasbiBaeTcst byHkimed Beiis, coorsercrBytomeii rpannuanoii tpoiiku 11 = {H, Ty, T'1}. Buech

My = ker(A* — \I).

4. Omeparop A, onpezessieMblii papercTBamu (3), (4), 3aMKHYT U MMeeT WHIEKCHI JedeKrTa
(2,2). HerpynHo BujeTh, 9to

A* = sgnap(D), dom(A*) = W2(R) := WZ(R_) & WZ(R,). (9)

Hanee, copokymuocts 11; = {H, 'y, I'1}, B KoTOpOIt
H=C Tuf = (f(+0) +i5f(+0), —J(=0)), Tof = (F(+0), f'(~0) +iZ/(=0),  (10)

bir bio
OyzieT rpaHmYHO Tpoiikoi masa omeparopa A*. Ilyers B = ( A e C¥2 (Cmxm —
21 D22
MHOKECTBO m X m MaTput, ¢ snementamu u3 C). Oupenemny Ap Kak cyzKenne omepaTropa A*
Ha 00JIaCTh OIPE/Ie/ICHIS

dom(Ap) = {f € WH(R) : {f'(+0) +i5 f(+0), —f(=0)}' = B{f(+0), f(=0) +iZf(=0)}'}.
(11)
Hpyrumu cioBamu, Ag — 3T0 omeparop, 3aJlaBaeMblii BbIpaskeHueM (3) U IpaHuIHBIMU yCJIOBU-
MU
{01 B = haf(60) /0 ¢ 51-0) )
—f(=0) = bar f(+0) + baa (f'(=0) + F£(=0)).
HAcno, uro A} = Ap+. B wacraocTn, Ap caMOCONpPSIZKEH TOYHO TOrjia, Korja B = B*.
O6o3naunM

d:=b— CLZ’ () = VA —d, n-(\) = —ivVA+d, (13)



14 Section 1. Spectral Problems

rie VA BeTBb aHaimTHIecKoil dyHKIm VA ¢ paspesoM Baomb R, Takas, uro VA > 0 Ha
BepxHeM Oepery paspesa. [lajee, pynknuga Beitis, coorBercByroras Tpoiike I, numeer Bu

4 (A
M) = ( ”’*0( ) 9 ) .
n-(A)
[Iycte 0.(A), 0,(A), 0,(A) — HEIPEPLIBHBL, OCTATOYHBI U TOYEIHBIN CIIEKTPHI oreparopa A.
bir b2
bo1 Do
o(A) :==det(B — M(X)), @«(A) :=det(B* — M(N)) (15)
Torma mist oneparopa Ap Buma (11) cripaBeyIMBBL CIEIYIONTIE Y TBEPIK ICHIST:
1) 0c(Ap) =R\ (=d,d); 2) 0,(Ap) = 0; _
3) op(Ap) ={A € CLU(=d, d) : p(A) = 0 U{r € C_ U (—=d, d) : . (A) =0},

Bnech u ganee 6ygem caurars (—d, d) := ), ecim d < 0.

(14)

IIpengoxxenune 1. Ilycts B = ( ) . [IycTb Takxke

HokazareabcTBo. [IpocThie BbIUUC/IEHUs TOKA3bIBAIOT, 4T0 BO MHOXKecTBe R\ (—d, d) cob-
CTBEHHBLIX 3HaveHuit Her. 13 9TOro Jierko ciemyer yTBep:KIACHHE O HEIPEPLIBHOM CIIEKTPE.
YTBEpKJIEHHE O TOYEYHOM M OCTATOYHOM CIIEKTPE C OYEBHJIHOCTBHIO BhiTeKaeT u3 |3, Ilpes-
noxkenue 4.

Cureftyroras TeopeMa — OCHOBHOW Pe3yJIbTaT 3aMETKH.

bi1 bi2
ba1  bao
MANBHOMY, €CAU U MOALKO ecat Pynruuu @(N) u p.(X) ydosaemeoparom caedyrouyum ycarou-
AM:

1) ¢ u @, ne umerom nyaret 6 o.(Ap) U {oo};

2) ¢ u o, He umerom wyaet kpamuocmu 2 60 muoocecmee C U (—d, d).

Onepamop Ap nodober camoconparicérnomy mozda u moavko moezda, xkozda Pyrryuu ()
u . () e umerom nyaeti 6 C, \ (—d, d) u nyaedi xpammocmu 2 6 (—d, d).

Teopema 1. Ilycmov B = ( u |bia| + |b21| # 0. Toeda onepamop Ap nodoben nop-

3ameuanme 2. Ciay4aii by = by; = (0 MeHee WMHTEpeCeH IOTOMY, YTO OIEPATOP C TAKUMHU
IPAHUYIHBIME YCJOBUSIMU PACIIAIaeTCs B IPAMYIO CYMMY JABYX duddepeHnnaabHbIX OIepaTopOB
AL m A_, creyromero Buia

Ay :=p(D), dom(Ay):={f € WZ(Ry): f(£0)+ heof(£0) =0}, hp €C.  (16)

Taxwue orepaTopbl OJIPOOHO U3YUEHBI.

5. XopoIo U3BECTHO, YTO yCJIOBUE
1 const
| < 50—
dist(A, o (7))

HEOOXOIMMO J1JIsi 101001 oriepaTopa 1’ HOPMAJIBLHOMY OIIEPATOPY.
s nokazaTesbeTBa TeopeMbl 1 chOpMyIUpPyeM HECKOIBKO MPEeJIIOXKEHUI.

(T = AI) (17)

IIpennoxenune 2. Ecim \g € C, U (—d, d) siBisieTcst HysieM BTOPOTo mopsijika HyHKIwH o ()
(bynxumn ¢, (N)) Buga (15), To pesoansenta (Ap — M)~ mmeer B Touke A (Ag) m0sIIOC BTOPOrO
MOPsiJIKa W, 3HAYWT, onepatop Ap He 1000eH HOPMAJIBLHOMY.

Pacemorpum reneps cirydait korja dbysknun ¢(A) u ¢, () Buga (15) obpamaiorcs B Hy/Ib Ha
HEIIPEPLIBHOM crieKTpe 0.(Ap).

IIpennoxkenue 3. Eciu \y € 0.(Ap) sasasgerca nynem nmbo dbyuximn ©(N), aubo dyHkimm
©«(\), To omenka (17) mas omeparopa Ap He BBINOIHATCS B OKPECTHOCTH TOYKH Ag.
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IIpensoxkenune 4. st Toro 4To6s! oreHKa (17) BBIIOJHAIACH B OKPECTHOCTH 00 HEOOXOINMO,
q1006! GyHKIMH Y(N\) 1 @, (\) He UMesnn Hysist B GECKOHETHOCTH.

U3 npepoxkennit 1 — 4 BbITeKaeT HEOOXOJMMOCTD BBINOJHEHUsI ycjoBuiit Teopembl 1. Jlo-
Ka3aTe/IbCTBO JIOCTATOYHOCTH OCHOBAHHO Ha PE30JIbBEHTHOM KPUTEPHUU TOI00MS 3aMKHYTOIO
oneparopa camocorpsizkénnomy |7, 9] u reopeme Bioxkenust Kapsecona (em. [6] ).

6. PaccMOTpUM HECKOJIBKO TTPUMEPOB.

IIpumep 1.

[Tycts §(z) — 0—dyukmus dupaka. Beipaxenune [, := JL., tae J : f(x) — sgnxf(x), a L,

onepatop Bua (5), nopoxkaaer B L*(R) (cm. [12]) caeayromuit audbdepennuanbhbiii omepaTop
{ le:=D*+aD +bI, (18)
dom(l,) = {f € W(R) : f(+0) = f(=0), f'(+0) = f'(=0) = cf(+0)}.

dcno, aro L. — 910 B TouHOCTH oneparop Ap Buia (3), (12), npuuem B = < _Cl (1) )

IIpensoxenune 5. [Iycrs L. — oneparop Buja (5) u d onpenensiercst pasencrsom (13). Crpa-
BeJIJIUBLI CJICIyIONIAe yTBePK ICHHUS.
1) Eciu d < 0, To oneparop L. 1107106eH HOPMAIBLHOMY, TOYHO TOTJIa KOIJIA

c#—xtivat—2d, (x>0)uc#iy, ye|[—v—2d,v—2d].

[Ipu sTom L. 110/1006€H caMOCOIPS?KEHHOMY OIIEPATOPY, €CJIU U TOJBKO €CJIN

Re(c) >0, mbo |Im(c)| > \/Re?*(c) — 2d.

2) B cayuae d > 0 oneparop L. mogo6eH HOPMAIbHOMY TOT/Ia U TOJBKO TOIJIA, KOT/a

—Vat+2d+iz, (z>0).

[Ipu sTom L. 1107100€H caMOCOIIPSI?KEHHOMY OIIEPaTOPY, €CJIM U TOJIbKO €CJIn
Re(c) > —v/2d, mi6o Re(c) > —+/Im?(c) + 2d.
IIpumep 2.

IMuddepennnanbaoe suipaxkenue . := D?*+bl+cd' |, (c € C) nopoxaaer B L*(R) oneparop
(em. [12] )

{ L. := D? +bl,
dom(Lc) = {f € WE(R) : f'(+0) = f/(=0), f(+0) — f(=0) = cf'(—0)}.

Omneparop J L. conajaer ¢ oneparopom Ap Buga (3), (12) ¢ marpuneit B = < _01 i >

(19)

IIpensoxenune 6. [Tycrs L. — oneparop Buja (6). CrupaBeyiuBbl CIeAyIONHE YTBEPK JICHNUSL.
1) Ecu b > 0, To oneparop L. 1ojobeH HOpMAaJILHOMY, TOYHO TOIJIa KOTIJIa

¢ # — e Tir, (2> 0).
[Ipu sTom L. 110/1006€H caMOCOTIPS?KEHHOMY OTIEPATOPY, €CJIU U TOJBKO €CJIN

Re(c) € (—o0, —1/3/2b]U [0, +00), mubo |Re(c)| > —m@l__

1+2bIm?(c)
2) B ciyuae b < 0 oneparop L. 110106€H HOPMaJILHOMY TOTJIA M TOJBKO TOTJIA, KO

c#iy, yER u c;é——j:m, (x > 0).

Aemop ewvipastcaem uckpennioro baazodaprocms M. M. Maramydy sa nocmanosky 3adavu u
pyrosodcmeo pabomoti, a maxoce M. M. Kapabawy 3a pad yenHolr 3ameuaHudl.
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O ITPEJCTABJIEHNN KOHEYHOMEPHBIX OIIEPATOPOB B
BUAE CYMMBbBI OPTOIIPOEKTOPOB.

JI.JI. OPUIOPOTA
JIOHELIKU HAITMOHAJIbHBII YHUBEPCUTET,
JIOHEIIK, YKPAUHA

1. BBegenune. 3ajaua o mpeCcTaBIeHIN CKAJIAPHBIX OIMEPATOPOB A I B TMILOEPTOBOM IIPO-
crpaHcTBe H mccieoBaINCh pa3andHbIMU aBropamu (cM., Hanpumep, [1]-[3] u ciimcok smrepa-
TYDBI B HUX )

Tak B [2| paccmarpuBaioTcst MHOZKeCTBa Ay, — MHOYKECTBO A TaKuX, 94T0 A [ [IPEJICTABIIAETCS B
BHJIE CYMMBI k IIPOEKTOPOB U X}, — MHOYKECTBO A TaKHUX, 9TO Al IIPEICTAB/ISIETCS B BUJIE CyMMBbI
k OpTOIPOEKTOPOB.

[Tpu sTom mokazano, ato Ay, = 3, tpu k < 4 u

3
A =3={0,1}, Ay=%,={0,1,2}, A3=33=10,1, 5,2,3}.

Kpome Toro, tam ke nokazano uro Ay = C npu k > 5, a upu k > 6 cupaBejiuBbl COOTHO-
ICHUS

n 1 1 n
o014+ — 77— 1+ —- k-1 ——-| k-1 — ————F—— k- 1k}
e A0 LI+ T M el Ty T
B [3| mokazano Takike, uto npu k > 6 CIIpaBe/[JINBO BKJIFOUEHHEe
1 1 1 1
by 1,1 1 k—1———k—1— —— k—1k}.
k‘C{Ova +k_17[ +k_27 k_2]7 F—1 a}

B [1] saH0 110/1HOE OnMCaHe MHOKECTB Y. TaM ¥Ke u3ydaercs 3a/1a4a OMUCAHUs, ¢ TOYHOCTHIO
k
JI0 YHUTAPHOI SKBUBAJIEHTHOCTH, CUCTEM IPOEKTOPOB P; takux, ato » P = A1
Jj=1
Ormernm TakzKe pabory [5], B KoTOpoil mokazaHo, 4o omneparop 0/ MozkeT ObITh Mpe/ICTaBIeH
B BHJIE CYMMBbI [T (HO He MOXKeT ObITh IPEJICTABJIEH B BUJE CYMMbI 4eThIpEX!) HEHYJIeBbIX

ITPOEKTOPOB.

B nannoit 3aMeTKe 1715 KaKJI0M HOJIOZKNATEIHLHOOIIPEIEIEHHOM TnaroHaJbHON MaTPUIIBL C T1e-
JIBIM CJICZOM, ITPEBLIINaIOIITUM ee pa3Mep, B dBHOM BUIEC YKa3bIBaIOTCsI ee npejacTaB/JICHHUE B BUJIC
CyMMBI TIpoeKTopoB. CyIecTBOBaHIe JAHHOTO IIPEJICTaBIeHNUs (6€3 YKa3aHus TOTHON KOHCTPYK-
n) 66110 JToKazano Pusimopom B 7).

KpOMe TOT'0, IMOKa3aHO JIJId KaKNX CKaJIAPHBIX OIIEPATOPOB UX IIPEACTaBJIECHNE B BUJIE CyMMbI
[IPOEKTOPOB €JIMHCTBEHHO (C TOYHOCTBIO JI0 YHUTAPHON SKBUBAJIEHTHOCTH ). A MIMEHHO [TOKA3aHO,
4TO npu 1 > 1 TpeJicTaB/IeHne %]n B BHUJIE CYMMBI IIPOEKTOPOB €JIMHCTBEHHO, C TOYHOCTBIO JI0
YHUTApPHOI SKBUBaJIeHTHOCTU, IpU k = n + 1 u He eauncTBenno npu k > n + 1. Ilpu strom Teo-
peMa 2 TOBTOPSIET Pe3yJsIbTaT, oIy deHHbIH paHee B [6]. OnHako, q0Ka3aTeIbCTBO, IPUBEIEHHOE
B JIAaHHOI paboTe, OCHOBAHO Ha JPYTOil Wjee M CYIIECTBEHHO OTIMYAETCS OT JOKa3aTeThCTBa

nmerorerocs B [6).

2. YcuyeHne Teopembl PusiiMopa.

Teopema 1. ITycmo aq,as, . .., G, — NOAOHCUMEALHDIE YUCAG, MAKUE, YMO M = a1+as+- - +ay,
— yenoe wucao, npuwém m > n. IHycmo, danee, 0 < ki < ky < -+ < k, < m u P -
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oOPMONPOEKMOP Ha eOUHUYHBLT 6EKMOP T), 20e

2miky 1

Ve

1 2miky

F=—— | VR e 01, m— 1)

2.7rikn 1
ane m

m—1
Tozda > P, = diag{ay,as,...,a,}.
1=0

HokazarenbcTBo. O603HAYNM py;; 97€MEHT MaTpHIlbEL P, T.e.
o n
P = (plij)i,jzl'
[TockosbKy BeKTOD & HOpMEUPOBaH, ||z;|| = 1 o
*
P = - .
[TosTomy

1 2mi(k; —k;)

!
bij ——e ™ :
1] n

IIpuaém |k; — kj| < m u xpome Toro |k; — k;j| = 0 Torga u ToabpKO TOrIa, KOrma i = j.
CrenoBaresbHO,

m—1 1 m—1 2mi(k;—kj) ! .
> = > (vame ™) = vl
1=0 1=0
m—1
A 5710 u o3Hauaer, uro Y P, = diag{ay,as,...,a,}.

=0

B kauecrBe cjIeJCTBUS U3 TEOPeMbl 1 JIErKO BbITeKaeT ciiejyiomas reopema Ouiimopa (CM.
[7D)

CaencrBue 1. (|7|) [lyemv A — neompuyamenvnas Mampuya ¢ YesviM CAedOM, NPUYEM eé
caed He menvwe eé panea. Toeda mampuua A moorcem 6wvimsv npedcmasaena 6 8ude CyMMmoL
OPMONPOEKMOPOS.

3ameuanue 3. Koncrpykiust, mpejiozKeHHast B TeopeMe 1, aHaJornaHa KOHCTPYKITAU, UCTIO b=
30BaHHOI paHee aBTOPOM B |4, 1711 IpejicTaBIeHnsT CKAJISIPHOIO KOHETHOMEPHOT'O OIIePAaTopa B
BHUJIE CYMMBI IIPOEKTOPOB.

3. IIpumep. Hixke npusesén npumep nabopa OpTOIMPOEKTOPOB, OIMUCAHHBIX B Teopeme 1.

IIpumep. Ilycts A = diag{%, %, g} [Tycrs Takxke k1 =0, ky =1, k3 = 2.
Tora
Y AT R NS
To=- 2|, Ti=5| 20|, ma=5|-2], @3=5|-2
3 \1 1 3\ 1 3\ 1
[Ipu sTom
1 4 4 2 1 4 -4 -2
Po=-4 4 2], Pi=-4 4 -2,
I\2 2 1 I\2 2 1
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L[4 42 L[4 4 -2
P==|-4 4 —2|. Py=—|—4i 4 2
2 —2 1 9\ 2 _9i 1

4. O eAMHCTBEHHOCTHU IIPeJICTaBJIEHNsI CKAJIIPHOI'O ollepaTopa CyMMOM OpPTOIIPO-
ekTopoB. Cay4uait £k = n + 1. 31ech MbI PACCMOTPUM €IMHCTBEHHOCTH MPEJICTABIEHNS CKa-
JISPHOT'O OTIepaTopa, ¢ TOYHOCTBIO JIO YHUTAPHON IKBUBAJIEHTHOCTH.

k k
Omnpenenenue. Cucrembr {P;}5_; u {Q;}_; oneparopos P; u Q;, onpejieleHHbIC HA THJTb-
6epTOBOM IIpOCTpaHCTBe [ HA3BIBAIOTCA YHUTAPHO SKBUBAJIEHTHBIMU, €CIU CYIIECTBYET TaKON
yHutapublii oneparop U B H, 4To

P =U"Q;U,  je{1,2,... k}.

Crenyronag Teopema mojydena HegasHo B [6]. Mbl npuBejieM nHOe JOKA3aTEILCTBO, OCHO-
BaHHOE Ha COBEPIIIEHHO JIPYTOil nujee.

Teopema 2. [Iycmov k = n—+ 1. Tozda onepamop %I 8 N-MEPHOM KOMNAEKCHOM NPOCMPAHCMEE
Moorcem 6vimb npedcmasaet eOUHCTNBEHHBIM, € TOYHOCMBI0 00 YHUMAPHOT IKEUBAAEHMMHOCTIU,
00pa3om 6 6ude CYMMbL OPTONPOEKMOPOS.

JokazareabcTBo. [lycTh

IIpenmnosozkum BHavaJge, 9To Bee P — O,ILHOMeprIe.
B Takom ciay4ae P; Moxker ObITH 3allicaH B BHJIE

P =u; -],
IJle BEKTOD T; OLPeJIe]IEH OJHO3HAYHO, ¢ TOYHOCTHIO JIO MHOKHUTEJIA, PABHOI'O 110 MOJLYJIIO €JI1-
HUIIE.

Bsibepem BeKTOp 27 IIPOU3BOJILHO, & OCTAJIbHBIE Z; TaKUM 00pasoM, 4To (z1,2;) < 0. O6o-
3HaunM X MaTpHILy COCTaBIEHHYIO U3 BEKTOP-cTOsONOB ;. Obosnaunm G marpuiy I'pama
cucteMbl BeKTOpoB ;. [Tockompky G = X* X u X X* = % I, TO n COOCTBEHHBIX YHMCEJI MATPUIIBI
GG paBHBI % 1 oxuo pasuo 0. Cuenosaresnnno marpuna G = %I — G umeer panr 1. Kpome

TOI‘O HOCKOJIBKY IIpH Bcex j (j; = 1, To Bce 4mciIa cTodinye Ha JuaroHaan Marpunbsl G pas-

HbI E Kpome Toro, u3 ycioBusag HOPMUPOBKH BEKTODPOB Z; CJIe/lyeT, YTO BCe 4Yucja B IIepBOi

CTPOKE MaTpUIIbI G HeOTpHUullaTeJIbHBI. Ho B TakoMm CJIydae BCe 3JIEMEHTbI MaTPUIIbL G paBHbI l

CrnenoBaTesbHO, IPU JJAHHOI HOPMUPOBKE BEKTOPOB T

1 npu j =k

1 .

= upu j # k

CrnenoBaTesibHO, IPU JAHHOM HOPMHUPOBKE, BEKTOPA T; OIPEIEIAITCH OJHO3HAYHO, C TOIHO-
CTBIO JI0 YHUTAPHOH SKBUBAJEHTHOCTH.

3ameTnM Temnepb, 9TO ecam ObI cpeau P; coneprKajics MPOeKTOp Ha IIOJIIPOCTPAHCTBO pas-
MEPHOCTHU BBINIE €UHUIIBI, TO €r0 MOYKHO OBLIO OBl IPEJCTABUTH B BHUJIE CYMMBI ITPOEKTOPOB
Ha OPTOTOHAJIHLHBIE OJIHOMEPHBIE MOJITPOCTPAHCTBA. B TakoM ciiydae MbI Obl MTOJIYYIUIN MPEJI-

CTaBJICHHE OIlepaTopa % Is BuJe CyMMDBI OAHOMEPHBLIX IIPOEKTOPOB, OTJIMYIHOE OT HpI/IBe,[LéHHOI‘O
BbIIl€, 9TO HEBO3MO2KHO.

(zj, 1) =

5. HeeauHcTBEeHHOCTH MIpejicTaBJeHUs B ciaydae k > n + 1.
Uccnenyem temeps caydait kK > n + 1. OkaspiBaeTcs, 9T0 B 3TOM CJIydae €IMHCTBEHHOCTH
MCKOMOTO TTPEJICTABJIEHNSA HAPYTITAETCH.
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Teopema 3. B mom cayuae, koedan > 1 uk > n+1 onepamop % 1 6 n-meprom npocmparcmee
MODHCEM, ObMb NPEICMaABAEH 8 8UJE CYMMDL OPTONPOEKMOPOS HA 00HOMEPHDBLE NOONPOCTNPAH-
CMBa 6ECKOHEUHDIM YUCAOM PASAUMHBLT, C MOYHOCTBIO 00 YHUMAPHOT IKEUBAAEHTMHOCTU, CNO-
cobos.

HokazareabctBo. Ilycts z; u y; — 1Ba Habopa u3 k BEKTOPOB, TaKue, 4TO

k . )
ZPj:ZQg‘ZﬁL
j=1 j=1

— * —
rie P = ;-2 u Qj =y,
Torma aaa Toro, 9To0BI CUCTEMBI IPOEKTOPOB P; 1 (); ObLIM yHHTapHO SKBUBAJECHTHBIMH,
HeoOXOIMMO, YTOOBI CyIllecTBOBaJIa TaKas IlepecTaHOBKa BEKTOPOB X j, TP KOTOPOI

’(xj17xj2)| = ‘(yjlﬂ yj2)|7
npu JIIOOBIX J1 U Jo.
Paccmorpum cnavasta ciy4vait k > 2n.

B sToM citydae MOXKHO pacCMOTDPETh CUCTEMBI BEKTOPOB Z; U ¥; COCTaBJICHHBIE TAaKUM 00Opa-
30M, 9TO

k—n k—n

k—n
> Fi=) Q= L
=1 i=1

k k
1 KPOMe TOTO HOJCUCTeMBI (T5)7_y 11 U (Yj)j=p_n 1 OOPA3YIOT OPTOTOHAIbHBIE GASUCHI B IIPO-
n k

crpancree C". Tlpn stom 6asuc (z;)i_;_,,; BHIOHPAETCS MPOM3BOJILHO, MOC/IE HUEro BEKTOP
Yo Gepércst Taxn, w1ro mpi 0GB 1 1 o |91 vinsr)] 7 (1, 23)|

[Tycte Temepn k < 2n.

Pacemorpum B (K — n)-MepHOM IIPOCTPAHCTBE CUCTEMBI BEKTOPOB Z; U ¥, IIOCTPOEHHbIE KaK
ykazano Bemme. Ilycrs G, n Gy ux marpunps I'pama. Torma k& — n coOCTBEHHBIX Umces 3THUX
MaTPHI] PaBHBI ﬁ, a ocTaJibHble N cobcTBeHHBIX |nces paBubl (. Kpome Toro Bce uncia na
JIMaroHasn paBHBI 1.

Pacemorpuy Marpumpl G, = & =Gy m G — =2 (. Y 9TUX MaTPHIL 1 COOCTBEH-

HBIX YUCeJI PABHBI E a ocraspuble k — n CO6CTB€HHbIX quce) paBHbI 0. Kpome Toro Bce duciia

Ha auaronasu pasue! 1. Takum 06pasoM Kaxas u3 Marpui Gy u G siBjIgeTcd MaTpurieit ['pa-
Ma HEKOTOPOI CHCTEMBI €IMHUYHBIX BEKTOPOB (I; U J; COOTBeTCTBeHHO) JIEZKAIIIX B N-MEPHOM
IIPOCTPAHCTBE.

[Ipu 3TOM CyMMBI IPOCKTOPOB Ha BEKTOPA KaKJION M3 3TUX CHCTEM DABHBI | k. A mockombKy
npu J0OLIX j1 4 Jo (U1, Uk—nt1)| # [(Tj,,Tj,)|, TO 91U cucTeMBI HpoeKTopOB He SBJISIOTCSI
YHUTAPHO SKBUBAJIEHTHBIMU.

Baaromapraoctb. 4 uckpenne npusnarenen M.M. Majramyy 3a MOCTaHOBKY 3aJIa4i U T10-
JIE3HDBIE COBETDI.
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SAIJAYA O HOPMAJIBHBIX KOJIEBAHMNAX
BA3SKOVYIIPYI'OI'O CTEP2KHA C IT'PY30M HA KOHIIE

A.B. SKOBJIEB
TABPUYECKUIN HALIMOHAJIbHBIN YHUBEPCUTET,
CUM®EPOIIOJIb, YKPANHA

B pabome uccaedyromes cmpykmypa cnexkmpa 3a0a4u 0 HOPMAALHIL KOAEOGHUAL 6743~
KOYNPYa020 CMEPHCHA C 2PY30M HA KOHUE, ONPEIEAAIOMCA CEOUCMBA CUCTEMV, COO-
CMBEHHDIL U NPUCOEOUHEHHBLT INEMEHMOE 3a0a4U.

Keywords: Omneparopsblit my4ok, clieKTpajbHas 3ajada

1°. K uemopuu eonpoca.

[TycTh BA3KOYNPYIHH CTEpKEHDb JJIMHLI | HAXOAUTCSA B BASKOYIPYTOH Cpelie U B COCTOAHUN
IIOKOsI PacIioiozkeH B0 ocu Ox. Brosb ocu Oy neficTByeTr oHopoIHOE IPABUTAIMOHHOE TI0JIE,
JIeBBIi KoHer crep:KHdA & = ( »KECTKO 3allleMJIeH, a Ha IIPaBOM KOHIE T = | HAXOIUTCA I'PY3
Maccebl m > 0.

CooTBeTcTByIONas CleKTpaJbHas 3a/1a4a 0e3 rpysa Ha KOHIIEe MCCJIeI0BaIach paHee B pabo-
tax B.H. [Tusosapunxa [29] — [30], C.M. Bapkaps u B.H. IIusoBapunka [10], II. Jlankactepa u
A A. llkammkosa [24], P.O. I'purusa u A.A. [lIkamukosa [13].

Hannasi pabora OTIHIaeTCst OT YIOMSAHYTHIX BbIIIE KaK MOCTAHOBKOI 3aja4u (IpUCyTCTBHE
rpy3a Ha KOHIIe M HAJMYNe BHEITHEro BA3KOYIIPYIOrO TPEHUs ), TaK ¥ IOy YeHHBIME Pe3y/IbTa~
Tamu (M3ydeHa CTPYKTypa CIIEKTPA, CBONCTBA CUCTEMBI COOCTBEHHBIX M IPUCOEJIUHEHHbBIX JJ1e-
MeHTOB). KpoMme TOro, oT/indeH u MareMaTHYecKuil armapar, Ipu IIOMOIIU KOTOPOIO JIAHHbIE
PE3yJIbTaThl MOAyYeHbl. B 9acTHOCTH, IIPUMEHSIOTCA CBOMCTBA CAMOCOIPSIZKEHHBIX OLIEPATOPOB
B IIPOCTPAHCTBE ¢ NHACHUHUTHON METPHUKOIL, 8 TAKKE II0IXO0/bI, OCHOBAHHBIC HA MCIIOJIb30BAHUN
TaK Ha3bIBAEMbIX ONIEPATOPHBLIX OJOK-MATPHIL ¢ HEOrPAHMYEHHBIMU ONEPATOPHLIMI KO3 puIy-
enramu. OTMETHM, 9TO HOC/IeIHee Halpap/ienue B npomeamue 10 Jer akTUBHO pa3BUBACTCA B
paborax Arkuncona ®.B., Jlanrepa I'., Mennukena P., [lIkasukosa A.A. [7|, Anamsana B.M.,
Jlanrepa I'. [1], Anamsana B.M., Jlaarepa I'., Mennukena P., Caypep [Ix. 2|, Jlanrepa H.,
Mosiepa M. [23], Mennukena P., Ikamukosa A.A. [28|, HIkammukosa A.A. [31]|, Koncranrn-
woa A.1O. [14], T.f1. Asusosa, H./I. Konauesckoro u JI.ZI. Opuosoii [4] — [5], T.f. Asusosa
®. Xapara, H.JI. Konasesckoro, P. Mennukena [6], H./I. Konauesckoro, P. Mennukena, O.C.
[Tamkosoit, Kp. Tperrep [15] u npyrux.

20 ITocmanosxa sadavu.

B pabore aBropa [32] ncxonHast HadaIbHO-KpaeBast 3a/1ada O MaJbIX KOJeOAHUIX CTEPXKHS C
I'PYy30M Ha KOHIE ObLIa IPUBEJIEHA K UCCIeI0BaHuIO 3a1aqu Komm

d*a

dt?
06 onpenenennu Gynknun 4(t) = {u(t, x);u(t, 1)}, 0 < x < [ co 3HAYeHUsIMU B IHIBOEPTOBOM
npocrpancree H = Lo(0,1) & C.

Ypasuenue (1) cogepzkur oneparopubie kKoahdurmentsr A, B u C, a Takxke napamerp v > 0
— ko3 dunuent BHyTpeHHero Tpenus. CBoiCTBa JAHHBIX OIEPATOPOB IIOJPOOHO U3YyUEHBI B
[32] u GyayT ncnoab30BaHbl JJIg U3y YEeHHs] 381891 O HOPMAJIbHbBIX KOJIEOAHUSIX.

Ocymectum nepexos ot 3agaun Komm (1) k cucreme puddepernmaibHbiX ypaBHEHWH T1ep-
BOI'O MOPSIJIKA.

Mo2KHO TIOKa3aTh, 4TO

F=yA+C=F">0, F'€S8, A=A+B=A>0, (2)
D(4,) = D(A), A;'€Ss, M(Ap) = M(A)1+0(1)] (k — 00). (3)

Hamee B (1) BBogUTCA HOBast Hem3BecTHAsS DYHKIMS () COOTHOMIEHUAMA

+(7A+C)%+(A+B)ﬁ:f(t), a(0) =a", @/'(0) =a', (1)
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~ |

= —iA%at), 9(0) = 0. (4)

[Mocae mudbdepennuposanus (4) no ¢ npuxoaum B3amen (1) x 3amade Kormm st niudpdepen-
[UAJIBHOIO yPaBHEHUS MEPBOIO MOPSIKA,

7 Ao = fol). w(0) =" (5)

Ao ( i 'iAi/Q), D(Ay) = D(F) @ D(A?), ©)
1A, 0

y° = (@b —i AP0, folt) = (f(2);0)", (7)

y(t) = (@/(); (1)), (8)

B r'IbbepToBOM mpocTpaHncTBe H2 = H & H.
31ech oneparopras Marpuria Ay, 3agannas Ha D(Ap), ABIg€TCS aKKPETHBHBIM OIIEPATOPOM,
T.€.

Re(A0y7y)H2 > 07 y e D(A0)7 <9>

u notomy omeparop (—.Ag) siBisiercs auccunaruBHbM. OTHAKO, KAK BBISICHSIETCsI, OH He SIBJISIeT-
¢l MaKCUMAJIbHBIM JINCCUMIATUBHBIM OIIEPATOPOM, U 3TO He MO3BOJISIET IPUMEHUTH K IIpobJieMe
paszpermmoctu 3aja4au Ko (5) TEOPUIO CKUMAOIIUX TTOJYIPYII OLEPATOPOB.

Jist yerpanenus 91oii mpobiieMbl OCYIIECTBIM Mepexojl oT 3aja4u (5) K quddepeHimanibHo-
My YPaBHEHUIO IIEPBOIO MOPsJIKA C OIIEPATOPHBIM KOIMDPUITMEHTOM, sIBJIAIONIUMCS T€HEPATOPOM
CHJILHO HEIPEPBIBHON CxkuMarotieii mosryrpytnbt. C 910l 1e/1bi0 cHauaia B (5) oCyIecTBisieTcst
3aMeHa,

y(t) = e”z(t), a>0, (10)
YTO NPUBOJIUT K 33jade Komm
z
n +Agz = e fo(t) = fu(t), 2(0) =y(0) = y°, (11)
1/2
Ay =Ag+adZ = ,F{I/Q i, , F,=F+al, (12)
1A, al

C paBHOMEPHBIM aKKPETHUBHBIM MaTPHUYIHBIM OII€EPATOPOM Aai

Re(Auz, 2)3ez = ||2|l72, 2 € D(A.) = D(Ay). (13)
Hamee mna oneparopa A, ycranaBimBaercs ciemyionmii ocaoBHoit dakt: Ilycrs @, =
APET? DQ) = H, QF = FEPAP DQN = DAY Torma QF =

QZ|D( A2 QF = Qr € L(H), oueparop A, J0IlyCKaeT 3aMbIKaHUE JI0O MAKCUMAJIBHOIO DaB-

HOMEPHO aKKPETHBHOTO orneparopa A := A,, IMEIOIIEro CiIeLyolie Ipe/ICTaBIeHns:
a) B ¢popme Ilypa-DPpobernyca:

- ! 0\ (F, 0 I iF, 0
A= (g 1) (F o) 050 %), (14

6) C CUMMETPUYIHbIMUA KpaﬁHI/IMI/I MHOXKUTEJIAMMN:
1/2 )k 1/2
A — Fa 0 ) [ ZQ@ F(l 0 , (15)
0 I)\iQ. al 0 I

D(A) = BZgl{Z = (21, 722)t € H2 . 21 + Z'FglﬂQZég € D(FQ)BZQT’}, (16)

IIPU 3TOM
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Ao — [Faler 1iETPQim) | _ (R (RP8 +iQi%) an
iQuFY %2, + a iQuFY %2, + a
CrekTpaJibHast 3a/1a1a 0 HOPMAJIbHBIX KOJIEOAHUIX CTEPIKHS
Az=Xz, XeC, zeDA), (18)
[IOJIyYaeTcsd U3 OJHOPOJHON 3a1a4un
VA
p + Az = fu(t), 2(0) =y°, (19)

€CJIn ee pelreHusd NCKaThb B BU/IE
z(t) = zexp(—At), z € D(A). (20)
3. Hccaedosarue cnexmpanvhoti 3adawu.

Huzxe OyayT nccieoBanbl 00IIe CBOMCTBA PEIIeHnil ClIeKTPaJJIbHON 3a/1a91 (18).

Omnpenenenne 1. Hazosem marpuny A = A, orrlepaTopHoii MaTpuIieil, accouupoBaHHOI ¢ nc-
XOJIHON HavYaIbHO-KPaeBoOi 3a/iadeil 0 MaJIbIX MOIEPEYHbIX KOJeOaHUIX BI3KOYIIPYTOT'O CTEPK-
Hsl.

Onpegnesienne 2. 3agaueiil 0 HOpMAILHBIX KOJIEOAHUAX BA3KOYIPYTOrO CTEP:KHA HA30BEM 3a-
naday (18) Ha cobcrBeHHBIE 3HAYeHUs orieparopa A.

Kaxk 6ymer BusHO 3 naibHeiinero, 3agada (18) sxBuBasieHTHA 3a/a49e Ha COOCTBEHHbBIE 3HA~
YeHUs JIJId OIEPATOPHOrO IyYKa, SBJIAIONIETOcd 0O0DIEeHneM KBaJIPATUIHOIO IyYKa 3a/aqH,
BOBHUKAIOINIEro u3 mpobieMb (1).

B paboTe n3ydeHbl HEKOTOpLIe cBojicTBa onepaTopa A u obparnoro oneparopa A~1. B uact-
HOCTH, IMEET MeCTO

Jlemma 1. Onepamop A umeem ozpanuennviti obpammwid onepamop A1 u
AT < a™. (21)

Cnexmp o(A) onepamopa A pacnososcen 6 obaacmu {\ € C : ReX > a}, a ezo0 cobemesernuie
HaueHUs - 6 00AaCTU

Re\ > a, (22)

NPUMEM MOUKA X = A NPUHAOAEAHCUM Pe3osbeenmmomy mHoxcecmsy p(A) onepamopa A.

JlokazaTesIbecTBO JIEeMMbI OCHOBAHO Ha CBOICTBE pPABHOMEPHON akKperuBHOCTH (cM. [32]) ome-
paropa A. [J

Jlemma 2. Hmeem mecmo coommowerue
Oess(A) = {a+~v71} U {oo}. (23)
O

Jambreiiiee nccsiegoBanne cBoiicTB permennii 3amadn (18) ocHoBaHO Ha cBoiicTBe |J-
CaMOCOIIPSIZKEHHOCTH MaTpPHIHOTOo oreparopa A~ mpn

J = diag(I; —1), (24)
a moTomy u oreparopa A.

JIemma 3. Cnexmp o(A) onepamopa A a0KaAU306a1H 1A NOAOHCUMEALHOT NOAYOCU A > @, 30
UCKAIOUEHUEM BOZMOHCHO20 KOHEUH020 “YUCAG HEBEUECTNEEHHBIT KOHEYHOKDAMMHIL COOCNEEH-
HOLT 3HAYEHUT, PACNOAOHCEHHBIT 6 nosynsockocmu Re X > a cummempuyro omuocumenvHo
seuecmeenHoti 0Cu.
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Jlokasameavcmeo. CoiicTBo J-cuMmMeTpun oreparopa A~! HemocpecTBeHHO ciieyeT n3
IpeCTaBIeHUsT

1 (E7Y? 0 I 0
= (%0 (b, )

(I+a'Q*Qu)"" 0 I —ia 'QX\ (F7Y% 0\ _

0 a 1) \0 I o 1)~ (25)
E P21 4+07'QiQu) VE P i E (407 Q5Q0) 1R
—ia ' Qu(I + a1 Q3Qa)  Fa ? a ' (I +a7'QaQ;) ! ’

KOTOPO€ TIPOBEPSIETCsT HEMIOCPEICTBEHHO.

Tak kax omneparop A~! orpanuden um omnpejeseH Ha BCeM IIPpOCTpaHCTBe H, TO OH
J-camoconpsizken. CiiejloBaresibno, obpathbii emy omnepatop (A™NH™! = A Takke J-
CaMOCOIIPSIZKEH, ¥ TOTOMY CIeKTp 0(.A) pPacrosoKen CUMMETPUIHO OTHOCUTEIHHO BEIECTBEH-
HOIl ocu u npuToM B obsact ReA > a (1emma 1).

Hoxkazkem, aro oneparop A nmeer He 60J/iee KOHEIHOIO YHC/Ia HEBENIECTBEHHBIX COOCTBEHHBIX
snadenuit. MoxKHO II0Ka3aTh, YTO MaTPUUHbI onepaTop A~ nMeer KOMIAKTHBIE KOMIOHCHTEI
AT ALY AGY = — (A4S u xommonenty ALY koropas sBisiercs orpamitennbv momo-
JKUTEILHO OIIPEJICJIEHHBIM OllepaTopoM. B yacTHOCTH, B CHIly CBOiicTBa Aﬁ;“ € S, 10 u3BecT-
Hoit Teopeme X. Jlanrepa (cm., Hanpumep, [9], ra. 3, §5) mosxyvaem, 410 J-caMOCONPSIZKEHHbII
oneparop A~! umeer mnBapumanTHyIO JyasbHylo napy muojnpoctpancts {L+;L—}. Ilycrs
K = K, : H — H — yrioBoii oneparop unBapuanTHoro noanpocrpanctsa L. Torga || K| < 1

L, ={(0; Kd)' € H*: 0 € H}. (26)
Tak kak A~y € £, ns moboro y = (0; Ko)' € L, To
Ao+ AGVKS ( 2 >
= L] €Ly, 27
Ao+ AGVKG Kz) =™t (27)

U IIOTOMY
KATo + KAGVKD = ASY6 + AGVKD, 6 €M,
[TockoIbKy omeparop Agg” UMeeT OrPaHMYeHHDI 00paTHBIM, OTCIONA CJICILyeT, YTO
K = (A ") KA + KARVEK - A7) € S, (28)

Canenosarenbio, jyanbHag napa {L£.;L } MHBAPUAHTHBIX HOANPOCTPAHCTE HPUHAJJIEIKUT
kinaccy h, A € (H) u no teopeme u3 [9],r1.3, 1.5 1mosydaem, 9T0 HEBEIECTBEHHBIH CIEKTD
oneparopa A~!, a moromy u oneparopa A, cCOCTONT U3 KOHEYHOIO YHCJIa KOHEYHOKPATHBIX COO-
CTBEHHBIX 3HAYEHUIT; IPU 9TOM BBIIOJHEHBI U JPYTHe YTBEPXKJIeHUs TeopeMbl u3 [9],r1.3, 1m.5.
COFJI&CHO YTBEPKJACHUAM JIEMMbI 1, BCE 9TU CO6CTB€HHBI€ SHa4YeHUdA PACIIOJIOZKEHBI B IIOJIYILJIOC-
koct Rel > a. U

Caencteue 1. Ecau || K| <1 (em. (28)), mo onepamop A nodoben camoconpasicenomy one-
pamopy u nomomy o(A) C (a,+00).

Teopema 1. 3adaya (18) umeem (6 xanecmee wacmu cnexmpa) cuemmoe mruoscecmeo {152,
NOAOHCUMENOHOIT KOHEHYHOKDATMHOT COOCTMEENHOT SHAUeHul ¢ eJuHcmeennot npedeavioll
moukot, +00. IMum COBCMEEHNIM 3HAUCHUAM OMBEEUAETN MHONHCECMEO COOCNEEHHVLT dAe-
menmos {2152,  zt = (25 25) € H?, makoe, wmo mmroocecmeo npoexyud {21,152, na
npocmparcmeo H obpasyem basuc Pucca 6 H ¢ mounocmoio do xoneunozo dedpexma (m. e. op-
mozonaavroe donoanenue x anemenmanm 25, k € N, ecmo xoneunomeproe noonpocmpancmeo

6 H). Dmom 6basuc Pucca asasemes py-6azucom (¢ kKonewnvim depexmom) 6 H npu po > 1/4.

Joxazameavcmeo. JIroboii orleparop u oOpaTHBI eMy UMEIOT B3auMHO OOpaTHbIE COOCTBEH-
HbIC SHaYCHUA U OJHHN 1 Te 2Ke CO6CTB€HHI)I€ JIEMEHTHI. HOSTOMy JO0CTATOYHO YCTaHOBUTDL JIJIsA
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oneparopa A1 cymecTBoBaHEe CUETHOIO MHOYKECTBA HOJIOKUTEIBHBIX KOHEYHOKPATHBIX COO-
CTBEHHBIX 3HAYEHWI C €IMHCTBEHHOI MpeJieTbHON TOYKON p = () W yKa3aHHBIMU BBIIIE CBOIi-
CTBAMU COOCTBEHHBIX 9JIEMEHTOB. UTOOBI B 9TOM yOEIUTHCs, PACCMOTPUM MAaKCUMAJILHOE HEOT-
punarebHoe moanpocTpancTso £, C H?, BBejleHHbIe IpU JJ0Ka3aTeIbCTBe JJeMMbl 3. Ilompo-
crpaHcTBO L HHBapHAaHTHO OTHOCUTEILHO onepaTopa A~ 1 3ToMy HOIIIpocTpaHCTBY OTBedaer
yriosoit oneparop K = K. JlokaxkeMm, 4To cyzkenue A1 ‘ ¢, oueparopa A~! na nogupocrpan-
c¢TtBO L SABJSETCA KOMITAKTHBIM OIEpaTOpOM, AeficTBytommuM B L .

HeiicTBuresibHo, u3 (27) cjeiyer, 4ro omeparop A_l‘ c. JieficTByeT Ha JIFOOOM S/IEMEHT ¥y =

(0; K0) € L 1o 3aKoHy
(A + AL K)o

A,y =
eV =\ Gl 4l

(29)
[IycTn P+‘ £, Cyxenue Ha L, opromupoekTopa P, , meficTBytoiero o 3akony P,y = 0 s

moboro y = (0;w)! € H2. Tockobky L unpapuanTHo oTHocutenbHo A~L uz (29) cienyer,
q9T0

- - -1 -1
Pyl AT, = PeATY, = (ALY + AGVE)P |, (30)
Tak xak P+‘ . oTobpazkaer romeoMopdHo o anpoctpancteo L, Ha KT = H (cM., Hanpumep,

[8], crp. 37), u3 (30) momyuaem, uro omeparop A~ o/106€H OTIepaTopy ASI) + Ag;l)K ,

TOYHEe

'
Ly

A, = (P ) THATY + ARVE) (P ). (31)

-1 -1
Jlanee, B cury KOMIAKTHOCTH OIEPATOPOB A§1 ), A§2 ) u OTPAHUYEHHOCTH orepaTopa K

-1 -1 _
orepaTop A§1 ) 4 .,452 ) K koMmmaxTex. CrneoBarensno, oneparop A TaK»Ke KOMIIAKTECH,

'

Ly
npudeM L sIBJISIETCS HEOTPHIATEIbHBIM WHBAPUAHTHBIM ITIONPOCTPAHCTBOM Kiacca h' (cwm.
dbopmymy (28) u coorBercrBytomee yrepxkiaenne {L,;L_} € h B nemme 3). 3HauuT, Heii-
TpaJIbHbIE 3JIEMEHTHI [IOIIPOCTPaHCTBA L 00pa3yoT KOHETHOMEPHOE JINHEHHOE IO/ [IIPOCTPaH-
crBo L, KoTopoe TakzKe HHBapnaHTHO oTHOCHTenbHO A~ Tlycrs (A~ £+) = {132, Torma
IIO/IIIPOCTPAHCTBO L MOXKET OBbITh MPEJICTABIEHO B BUJIE TIPAMOI CyMMBbI JIByX WHBAPUAHTHBIX

no/ipocTpancTs (oTHOCHTEIbHO onepatopa A1) cieayiomero Bua:
_ -1 . -1 i
L, =span{L,(A }£+) cvea(A }[&)} + L,
U(A_1|£) = O-(A_1|£+) \ 0<A_1 }53)'

-1 _
Braech depes L, (A ‘ £+) 0003HAYEHO KOPHEBOE MOIIPOCTPAHCTBO oneparopa A oTBedYa-

'
s
1o1ee COOCTBEHHOMY 3HAYEHUIO ¥V, a CUMBOJI Span yrnorpedsisiercs /i 0603HauYeHnus JIMTHEITHOM

000/109KH 3j1eMeHTOB. [locKko/IbKy
LY c span{ﬁy(.Afl}u) Ve 0<A71|£3_)}7

TO TOJITPOCTPAHCTBO L SIBJISIETCsI THIBOEPTOBBIM IIPOCTPAHCTBOM CO CKAJIPHBIM [TPOU3BE/ICHI-
eM, UHIyIIUPOBAHHBIM WHIeDUHUTHO! MeTpukoil. OHO MMeeT KOHETHYIO KOPAa3MEPHOCTh
. -1 . -1
dim span{L, (A ‘£+ veoa(A }Lg)}
B ognpocrpanctie L. Cienosarenbho, cymecrsyer 6asuc Pucca {2152, 25 = (3,;25) €
H?, cocrosmuii u3 cOOCTBEHHBIX 3j1eMeHTOB oneparopa A~1 B £, u aror 6a3uc umeer Ty e
KOHEUHYI0 KOpasMepHOCTh B nognpocrpanctse L. Hpoekmun {2,152, wa H sroro 6asuca
Toxke obpasdyer 6Gazuc Pucca ¢ Tem ke KOHeYHbIM JiepeKTOM B H, Tak Kak omepatop P

e,
otobpazkaer romeomopdHo L Ha H.
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JlokazkeM Tenepb, uro 6asuc Pucca {Z], }32, asnserca po-Gasmcom s py > 1/4. C sroit
eJIbI0 PaCcCMO asrenne (28). Koaddurme A B ckobkax crpasa I0TCS KOM-
IEJIBI0 PACCMOTPUM ypPaBHEHH : urenThl A;; B CKOOKaX cripapa ABJIAIOTCA KOM

, 1
HAKTHBIMI OlIePATOPaMH HEKOTOPBIX K/1accoB S,. Jeiicteurensno, orneparop Al npunayre-
KHUT TOMY ke Kiaaccy S,, uto u oneparop A !, T e. omeparop A™!, raxk xak A;' = A7 (I +
aA~')~1. Cormacno accummrornueckoit dopmyne ([32]) nmeem At € S, nna p > pyy = 1/4.

g oneparopos A§;” u Ag}l) OJIy9aeM, YTO COOTBETCTBYIONIUE YUCIIa
p=p(ALY) = p(AGY) = p(F12) = p(A~2) = 1/2.

Orciona ciejyer, 4ro cKoOKa, a MOTOMY U mpaBag 4actb B (28), . e. oneparop K = K,
IPHUHAJIEXKHAT Kyaccy S, upu p > 1/2.

BHaunT, smementsl {2 172, obpasyior p-6asuc B mognpocrpancree L C H? ms p > 1/2 (06-
1ee paccyzK/jieHue Takoro Buja cM. B [9], rd, § 3). Ocranoch JIMIb COCIAThCS HA YTBEPK ICHUe

+00 s+ 100

u3 [8], cTp. 55, coracHo KOTOPOMY HPOEKINHT 3/1eMeHToB {2, }7° , Ha H, T. e. smementst { 2], }7°
06pasyior pp-6a3uc B cBoeil 3aMKHYTOI JIMHEHHOH 060/109Ke (T. €. ¢ TOYHOCTBIO JIO KOHEYHOTO
nederra B H) tpup >py=1/2-1/2=1/4. O

Teopema 1 xapaxrepusyer cBoiicTBa COOCTBEHHBIX 3JeMEHTOB {Z; }°°,, oTBevaionmx cob-
cTBeHHBIM 3HadeHuAM { A }32, ¢ npenesnbHoil Toukoil 0o. Tak Kak Touka a + 7! € 0ess(A),
TO 3TOI TOYKE TAKXKe OTBEYAET BETBb COOCTBEHHBLIX 3HAYCHUIl, UMEIOMAs CBOUM IIPEIE/IOM 3TY
TOYKY. DTO YCTAHAB/IUBAECT

Teopema 2. 3adava (18) umeem (6 kauecmee wacmu cnekmpa) cuwemuoe MHOACECMBO NOAO-
AHCUMENLHBIT KOHEUWHOKPAMHBIT cobcmeennuir snaverut { A, }32,, Ay > a > 0, ¢ eduncmeennot
npedeavnot mowkoli A = v~ 4+ a. Cobemeennvie anemenmoe {2 1321, 21 = (Eii2qn)t € H2,
omeeaouyue CoOCMEEHHM 3HAYEHUAM { N, }72,, 004a0at0m cAedYouuMm c60UCTNEOM: UT NPO-
exuyuu {2y, 152, ma npocmpancmee H obpasyem 6asuc Pucca ¢ koneuwnovim dedpexmom 6 npo-
cmpancmee H. Dmom 6azuc Pucca asasemea po-6asucom (¢ xoneurnvim depexmom) 6 H npu

p>po = 1/4.

JlokazareIbCTBO T€OpPEMBI ITPOBOJUTCS 110 TOU 2Ke CXeMe, YTO U JIjIT TeOPeMbI 1, OJIHAKO He
JIIsT MAKCUMAJIbHOT'O HEOTPHUIATEILHOTO HOAIPOCTPAaHCTBA L, MHBAPUAHTHOI'O OTHOCUTEIHLHO
oneparopa AL, a 119 MaKCHMAILHOTO HEIIOJOKUTEILHONO HHBAPHAHTHOIO HOIIPOCTPAHCTBA

L.

O6mmit uror npuMeHeHust WHIeUHUTHOTO MOAX0/a K 3ajade (18) mogsoaut

Teopema 3. /[aa onepamopa A 3adauu (18) swvinoanenvi caedyrousue csoticmsa.

19, dim(F(A)/Fo(A)) < oo.

20, Ecau evnoaneno yeaosue (32), mo H? = F(A), m. e. samvixarnue aunetinoti 060a0uxu
KopHesuix aaemernmos onepamopa A cosnadaem co ecem npocmpancmeom H2.

3% H? = Fy(A) mozda u moavko mozda, x02da cobemeentvle IAEMEHMDBL, OTNEEUAIOULUE HEGE-
UeCmEeHHbvLM COOCMBEHHDIM 3HadeHUAM onepamopa A, He UMerom npucoeOuHeHHbIT INEMEH-
mos, m. e. L)(A) = Ker(A — \T). (Hanomnum, wmo onepamop A moorcem umems ne Goaee
KOHEUHO20 YUCAL HEBEULECTNEEHHHLL COOCMBEHHVT 3HAUEHUT. )

40 Feau H? = Fo(A) (coomsememeenno H? = F(A)), mo cywecmeyem nowmu J -
opmoropmuposarnuil bazuc Pucca, cocmasaennvili u3 co6CMEEHHHT (COOMBEMEMEEHHO KOP-
Heswuir) anemenmos onepamopa A.

5°. Ecau Fo(A) = H?, mo J-opmonopmuposarnmiti basuc 6 npocmpancmee H?, obpazocan-
HoLll COOCMBERHBLMU dAemenmamy onepamopa A, cyuecmeyem mozda u moavko moeada, xo20a
o(A) CR.

6°. Vnomanymuie 6asucv. mozym 6vims 6wlbpansvt kak p-6azucv npu p > py = 1/2.

Jlokasamenvcmeo 510it TeopeMbl ocHoBaHO Ha Teopeme T. f. Asuzosa u 1. C. Moxsumosa (cm.
[9], riie BBeenb o603Havenust F(A) 11 3aMbIKaHUsT TMHERHON 000I0UKI KOPHEBBIX 9JIEMEHTOB
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oneparopa A un Fy(A) 1s 3aMblKaHus JTHHEHHON 060J09YKH COOCTBEHHBIX 9JIEMEHTOB OIIEPaTOPa
A). Ucnonibayercs TakzKe cliejlyioliee JoKa3aHHOe CBOUCTBO: YUCI0 A\ = @+~ ' MOkKeT ObITh He
6oJtee TeM KOHETHOKPATHBIM COOCTBEHHBIM 3HaUeHneM ornepatopa A. Eciu Beimoineno yeiosue

Ker(yB +~'1 - C) = {0}, (32)

To A\ = a + 7~ ! He aBidgeTca cOOCTBEHHLIM 3HaMEHHEM oreparopa A.

TokazkeMm cBoiicTa 1° — 6.

1Y. Kak ycranosyeno soime (emma 3), oneparop A saBisiercs J-caMOCOIPSAZKEHHBIM Ollepa-
TOpoM Kjiacca (h), M ero CekTp UMeeT JiBe TOUKHM crylenus: a + v~ ! u +oo. CregoBaTenbHo,
CcoryIacHo yTBepzienuto 6) Teopembl u3 |9], ¢.271 umeem cpoiictso 19,

20, Manee, nys oneparopa A muoxectso s°(A) kpuruueckux Touek mycro. JeficTBuTeHO,
BEIIECTBEHHbIE TOYKU \ # @ + Y~} MOTyT OLITH JINIIL KOHEYHOKPATHBIM H30IMPOBAHHLIMU COO-
CTBEHHBIMU 3HAYEHUSIMU ¥ [MOTOMY OHH MMEIOT HeBbIpoxKIeHHble siipa Ker(A — AZ). Moxuo
I0Ka3aTh, UTO TOYKA A = 4 + Y1 € 0ess(A) MOKET GBITH UL He 6ojiee YeM KOHeTHOKDaT-
HBIM (HEM30JMPOBAHHBIM) COOCTBEHHBIM 3HaUYeHHeM oleparopa A, a mpu BBINOJHEHUH YCJIO-
Bus (32) 9Ta TOYKA He sIBJIAETCS COOCTBEHHBIM 3HadeHueM. OTCIofia CIeyer, YTO MHOKECTBO
span{Ly(A) : A € s°(A)} = 0, 1. e. oHO ABJIAETCA HEBBIPOXKJIECHHBIM TIONPOCTPAHCTBOM. [lo-
3TOMY COTJIACHO YTBEp:KJIeHHIo T') Teopembl u3 [9], ¢. 271, yreepskenue 2° janHoii Teopembl
CIIPABEJIJTIBO.

30. Tax kak s°(A) = (0, To yreepxkaenne 3" cieayer us yTBepzKienus B) TeopeMbl u3 9], c.
271.

49 — 59 DTu yTBEpK/eHUA — B TOUYHOCTH yTBEp:KJIEHUd J1) U €) Teopembl u3 [9], c. 271.

6°. Kak 6GBLTIO yCTAHOBIEHO B IIpoIlecce JOKA3aTeJLCTBA TeopeM 1 m 2, YIJIOBBIE OIepaTo-
pbl K1 MakcHMaJIbHBIX MHBAPUAHTHLIX TojpocTpancts Lo oneparopa A~ (u oneparopa A)
upuHajgIeKar Kiaaccy S, npu p > 1/2. Crenosaresbho, yrBepkaenue 67 ecTb yTBep:K/IeHIE XK )
Teopembl u3 [9], c. 271. O

YcranaB/IMBaeTCsl, 9TO PEIIeHus ClieKTpasibHoi 3aja4u (18) jist MmaTpudHoro omneparopa A ¢
HEOI'DAHMYCHHBIME OIIEPATOPHBIMU KOI(DDUITMEHTAMU TECHO CBSI3aHbI C PEIICHUSIMU CIIEKTPAJIb-
HOIT 3a/1at1 JIJIsT OIIepaTOPHOro myvka L(A) ¢ orpaHnYeHHBIMI OIepaTOPHBIMEI KO3bduImenTa-
Mu, Om3Koro K m3BectHomy oreparopuomy mnydky C. I Kpeitna, Bo3HukIinemy B 3ajade o
MaJIbIX JIBUKEHUAX BSI3KOH YKUJIKOCTH COCY/Ee U MTOPOIUBIIEMY MHOTOYUCICHHBIE MCC/IEIOBAHUS
OIlePaTOPHBIX MyYKOB dToro Tuna (cm. [21], [22], [16] — [17]).

Teopema 4. IIycmv \g — cobemeennoe snavenue onepamopa A u 2°, 24, ..., 2% — yenouxa

U3 COOCMEENIH020 U NPUCOCOUNHEHHBIT K HEMY IACMEHINOE, OMBEEUANOULAA IMOMY COOCMEEHHOMY
snavenwo, 2 = (2;2))t, j = 0,k. Tozda 4o, @1, - -, Pr, pj = FY22], F = yA+ C obpasyrom
UENOUKY U3 CoOCMEENN020 U NPUCOCOUHEHHILT K HeMYy daemenmos (6 cmuvicae M. B. Keadviwua)

d/Lﬂ CO6CTTL66HH020 3HAYEHUA )\0 — @ ONepamopHoz20 NYHYra
L) =T —AF'=\7'Q*Q, Q:= A)PF'/2, (33)

Obpammno, kastcdoti uenouke oo, P1, ..., Pr U3 COOCMBEHH020 U NPUCOCOUHEHHDIT K HEMY Ae-
menmos nyuka L(N), omeevwarouseti cobcmeenHomy 3Ha%enuto A\g—a, COOMEEMCMEYEM Yenowka
Kopneeuxr anemenmos 2°, 21, ... 2K onepamopa A, omeeuarouguz cobemeennomy ananenuio \o;
npu 9Mom

—1/2 ~
- ) J F' l/ 7 1—1—75 ) ] - Oa—k (34)
Q> o(=1) " (Ao —a)

Joxazameavcmeo. Iycrs 20 = (2Y; 29)! — cobersennbiit s1ement oneparopa A, oTBevatomuit

coOCTBEHHOMY 3HAYEHUIO \g. Tormaa mmeem
FP(FPE) +iQ,2) = Moz, 2] € D(E?),
iQuFN?2) + azf = M2, Qu = AV F2.

Z =

(35)
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Tak kak A\g # a (1emma 1), To

2= - aQaFl/ 2. (36)
Tastee, Tax kax 20 € D(Fy/%) = D(FY/?), to
20 =F123, ¢ €H. (37)

U3 (37), (36) u mepBoro ypaBHeHUs (35) OJTy daeM

F(Il/ZF_l/Q@O 1/2F 1/2A _)\O 1/2F 1/2@ ] (38)

[lepenumenm (38) B Buge

(F;/QF—I/Q . aFa_l/2F_l/2)¢0 Q Qa 1/2F 1/2927

Ao — (39)
— (Mo —a)F V2R 125, =0

n 3aMeTuM, 4TO

F;/ZF_1/2 o aFa—l/QF—l/2 — (Fa . (l_[)F 1/2F—1/2 FF 1/2F 1/2
_ F1/2F;1/2.

Tak Kak Fal/ 2p-2 OI'PAHUYEHHBIN U OIpaHUIEHHO OOPATHUMBIN OIlepaTop, MPUMEHUM K
(39) omepatop FYV2p-1/2 — (FY2F=12)~L nonyaum

(40)

L(Ao—a)$o = @0 — (Ao — a)F ' — Q Qo = (41)

)\0 —a
e Q = A;/ *F1/2 4 Q* — coupspKeHHBIH K HeMmy olepaTop. B camoM Jere, COMIACHO pe-
syabrataM [32] oneparop Q¥ aBjsieTcst paclIMpeHHeM 10 HEIPEPBIBHOCTH omeparopa QF =
F, 'A% ¢ D(A?) = D(AY2) = D(F)?) na see upocrpancrso H. Otcioma cieyer, uto
oneparop F,/2F-1/ ?Q;; ABJISICTCA PACHTHPEHIEM TI0 HEIPEPLIBHOCTH (3aMBIKANHEM) ONepaTopa
FAPF12Qr = RIPRV2EP AR = P24l = mpi 510N Q+ = 0.

Vpasuenue (41) nokassisaer, uTo j1eMenT Py = F /220 gapnserca cobeTBEHHBIM 3/1eMEHTOM
orepaTopHOro Imydka (33), orBedaromumM cOOCTBEHHOMY 3HAUEHUIO Ao — a. HeTpysHo mpociie-
JTh, 9TO OT 3ajadn (41) myrem oOGpaTHBIX EPEXOIOB U 3aMeHbl (37) MOXKHO BEPHYTHCS K
sazade (35).

AHanornvHbIe paccy K IeHust HOBOJSITCS U JIJIsl IPUCOEIMHEHHBIX 9JIeMeHTOB 3aj1a4n (18), T. e

oneparopa A. Ilycrs zF = (2F; 25)! — npucoeaunennbrii snement ¢ Homepom k jijist cobeTBen-
Horo 31eMenTa 20 W cOBCTBEHHOro 3HavMeHudA ) oneparopa A. Torma, coryiacHO orpeieIeHnIo

IIPUCOCIMHEHHDBIX 9JIEMEHTOB Oll€epaTOopa, IIPUXOJUM K CUCTEME ypaBHeHI/Iﬁ

A0 — X2’ =0, Az!— )\Ozl — Y =0,

L AN — =0 (42)
[Tocennee ypasrenue (42) S5KBUBAJCHTHO CHCTEME YPaBHEHUIA
F1/2(F1/2Zk +iQ? Ak:) )\021 _ ff L_0, )
iQu Y25k 1 azk — N2k — 2k-1 = .
13 BTOpOro ypaBHeHUsI HOTydaeM
2= ! (1Q F1/25k — zk-1), (44)

)\O—CL
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OcyrecTBuM B cucreMe ypaBHeHuit (42) 3aMeHbI

y P R R

H=F"Y%, ¢p;ecH, j=0,k (45)

YunrbiBas (44) v COOTBETCTBYOIIME CBSA3U IpU j < k, B ToM 1uce (36), 10 WHIYKIIUU BBIBOJIUM,
9T0

1

i
5= Ao — - Qo 5=iQ) (-1 N—a)""e, j=T1k (46)
=0

asee, B mepBoM ypasrenun (33) MpoBOJMM Te Ke peodpasoBaHsi, KOTOPbIE OBLIN OCYIIECTB-
JIEHBI BBIIIE B IIpoIlecce mepexoja oT mnepsoro ypashenus (35) k (41). C yuerom (46) B urore
HOJIy YaeM

[ — (Ao — @) F ' — (Ao — a)_lé@k] + [_F_lSak—l + (Ao — a>_23¢k—1]_

k—2
—BY (1) (N —a) T Fg =0, (47)

1=0

B:=QQ.
DTO ypaBHeHHe B TepMHUHAX onepaTopHoro mydka L(A) n3 (33) MoxeT OBITH Iepernincano B BH/IE
k
L(xo — a)@r + L'(Ao — a)@r-1 > (1) LY (Ao — a)@r—; = 0. (48)
j=2

Cornacuo onpesnenennto M. B. Kemgprma (cm., wampumep, [25], ¢. 61), sr0 o3Hagaer, 410
9JIEMEHTHI Qq, D1, - - . , P 00PA3YIOT MENOYKY U3 COOCTBEHHOT'O U IPUCOEIMHEHHBIX K HEMY 3JIe-
MEHTOB, OTBEYAIOILYI0 COOCTBEHHOMY 3HAYEHUIO Ao — @ Tydka L(A).

Bce npoBejieHnble Ipeobpa3oBaHusi MOXKHO OOPATUTD, T. €. BEPHYThCA oT 3a1a4n (48) K (42).
Dopmyier (34) caenyior u3 (45), (46). O

U3 reopembl 4 ciiejryeT, 9T0 HEKOTOPbIE CBOMCTBA CIIEKTPa M KOPHEBBIX 3JIEMEHTOB OIlepaTopa
A MOYKHO yCTAHOBHUTB, U3yUasl CIEKTPAIbHYIO 3aady Jyist oleparoproro mydka L(A) u3 (33).
OTmeruM, 9TO TOT MyYOK UMEET B TOYHOCTH TOT ¥Ke BHJ, 4TO B m3BecTHON mpobseme C. I
Kpeiina (cu. [21], [22], [18]), ommako 3mech omeparop ) He sSBIseTCS KOMIAKTHBIM. DTa aHATIO-
I'Usl IO3BOJIsIET IPUMEHHUTh K CHEeKTpaibHOll 3ajiade jyist L(\) Merojpl, paspaboTaHHble paHee
11 Ipyroit mpobsemsl. [IpeaBapuTe/bHO TOKazXKeM HEKOTOPLIE BCIOMOIaTeIbHBIE YTBEPHKIe-
HU.

JIlemma 4. Cobcmeenmnvie 3HAYEHUA ONEPaMopPa A12BAY2 ymerom acumnmomuneckoe no-
sedenue

M(ATPBATY?) = W21/<;2 . Z'gK/ Bigl(%

Bigr)Y? deBigr)*[1 + o(1)] (k — c0).  (49)

Jlokasameavcmeo. st yeranosiennst hopmMysibl (48) IPUMEHSTIOTCs XOPOIIo pa3paboTaHHbIe
METO/bI, B TOM YMCJIC 1 BapUalluOHHBbIC, IIDUMEHUMbBbIE KaK JJJId OJHOMEPHbIX, TaK 1 MHOI'OMEP-
HBIX 33724 (cM., nampumep, [19], [11], [12]). O

Teopema 5. /Jlas onepamopa A 3adauu (18) ewnoanenve caedyrowue ceoticmsa.

19, Hesewecmeenmvie cobemeennvie snavenus onepamopa A, a maxoice me 6euecmeentvle
cobcmeenHble 3HAYEHUA, KOMOPHIM HAPADY € COOCMBEHHBIMU OMBEUAIOM MAKHCE NPUCOEOUHEH-
HBLE INEMEHIMBL, DACTLOAONHCENHDL 6 CE2MENME

M:={AeC:ReA—az(2|F ). Ir—al <2/Q]*} (50)

xomnaexcroti naockocmu C. Qmomy KOHEYHOMY MHOMHCECTNEY cOOCMBEHHBIT 3HAYEHUT omee-
warwom Heﬂmpa/bbnme COOCMBEHHDBLE INCMEHMDL onepamopa A.
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O6pammo, ecau evinoaneno ycaosue (32), mo cobemeentvie 3HAYEHUA, KOMOPbIM OMBEEHa-
om Hedmpanvrvie cobemeennvie anemenmo. onepamopa A, aokasusuposanv, 6 cezmenme M
U, KpOME Mo20, BEUELCTNEEHHM COBCMBEHHDIM SHAYEHUAM U3 IMO20 CEZMEHMA OMBEUAIOM U
npucoedurenHvle daemenmu. onepamopa A.

20, Cobemeennvie snanenua N, omeeuarouue noO3UMUSHM COOCTNEEHHBILM INEMEHMAM U3
neompuuameavbrozo nodnpocmpancmea Ly, uneapuarmmo2o 0as onepamopa A, pacnoioscervl
na npomeorcymre (a + 2||Q[%, +00). Coomeemcmeenno cobemeenmie snavenus N, omeeua-
HOULUE HE2ATNMUBHBIM COOCTNEEHHVLM INEMEHMAM U3 HENOAONCUMENLHOZ0 UHBAPUAHTIHOZ0 NO0-
npocmpancmea L_, pacnoaosicenv na npomesicymxe (a,a + (2| F~H|)71).

3%, Ecau das onepamopos F~' u Q evmoaneno yeaosue

4 F - el? < 1, (51)

mo onepamop A wne umeem HEUMPANOHOIL COOCMEBEHHBIT INEMEHMOE U, CADOBAMENDHO, OH
HE UMEETN, HEBEULECTNEEHHBLL COOCNEEHHVIT 3HA%EHUT, 4 MAKIHCE NPUCOCOUHEHHBLT INEMEHMOE.
B smom cayuae obsedunenue HOPpMuposannux cobemeennux anemenmos {z5 12, C Ly u
{2 }52, C L_ obpasyem T -opmozonasvrid 6azuc 6 npocmpancmee H> = H & H.

49, Jlaa cobemeenmnor snanenuti A u A, umerom mecmo 06ycmoponnue oyenKu

M(F) =2|QIP < A —a < M(F), keN, (52)

YA(A) + - < M(F) < YA(A) + ¢, 2de co — wucaa uz 32| das onepamopa C, a makorce
acumnmomuieckue Gopmyav,

A = M(F) +0(1) = v\ (A) +O(1)  (k — o0), (53)

A, =a+y T I (ATYEBATYA) 1 4 0(1)]  (k — o0). (54)
Joxasameavcmeo. Croiicrea 1° — 4° nokazkem no Tomy e mwiamy, uro u B [18], c. 286-289.
19, Tlycrs \g — HeBemecTBeHHOE cOOCTBeHHOE 3HAdeHue oneparopa A, a 20 = (29 20)F —

COOTBETCTBYIOIIHUIl cOOCTBEHHBIN d1eMenHT. Torja, coryiacHo Teopeme 4, sjeMeHT Qg = F' -1/ 259
SIBJISIETCs COOCTBEHHBIM 371eMeHTOM oniepatopa L(Ag — a) (em. (41)). ITosTomy

(Mo — a)*(F @0, ¢0) — (Mo — @) (@0, $o) + (B@oa $o) = 0. (55)
TaK KaK AO — 4 — HEBEIIECTBEHHOE YUCJIO, TO BBIIIOJIHEHO HepaBeHCTBO
(@0, ¢0)* — 4(F " @0, @0)(B¢50, %0)) <0, (56)

U HOTOMY JIjisl KOPHSI \g — G KBaJ[paTHOro ypaBHeHus (55) numeem

o —af? = (o, 20)* = [(P0; 0)* = 4(F @0, P0) (Bo, $0)]
[2(F_1¢07 @0)]2

(Bog0) _ 400, 00) o
_ 7910(2590[2 < ASDOi(POQ < 4||B||2
(F~'%0,%0) (o, Po)
Hasee, /st TOTO Ke ypaBHEHUS UMEEM
Redo — a = Re(hy — a) = — P00 oy 11, (58)

—1,x ~
2(F~*¢0, ¢o)
Orcroma u u3 (57) mosydaeM, 9TO HEBEIIECTBEHHBIE g HpuHajexar Muoxectsy M u3z (50),
eci 3aMeTHTh, uto || Bl = ||Q]|?.
[Iycrhb Temepb Ao sIBJISIETCsI BEIIECTBEHHBIM COOCTBEHHBIM 3HAUYEHHEM oliepaTopa A, mpudeMm

cOOCTBEHHOMY 3JieMeHTy 2z’ OTBedaeT IpUCOeIMHeHHbI seMenT z'. Torma mo Teopeme 4 cob-
CTBEHHBIII 9JIEMEHT (g OIIEePATOPHOTO TydKa L(A — a) MMeer MpucoeMHEHHbII 9JIeMEeHT (P, T. €.
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BBITIOJIHEHBI YPaBHCHU A

[I— (Ao —a)F~' = (Ao —a)B]po =0,

—1 H1 A -1 —2 1\ A (59)
= (No—a)F " — (X —a)B]gr = (F7" — (Mo —a) “B)po.
CreoBaresibHO, ClpaBeiuBoO yrBepKaeHne (55), a Tak»Ke COOTHOIIEHUE
(F™ @0 ¢o) — (Ao — a)"*(Beo, o) = 0, (60)

IIOCKOJIBKY
(L(Ao — @)¢1,¢0) = (@1, L(Ao — a)go) = (#1,0) = 0.
Orcroma mosryaaem
(61,00) \ _ 2(Bo, $0)

S -1 2y 0T A= e

2(F 1o, $o) (%0, ¢o)
I TIOTOMY

CIUFTNT < Ao —a=[Xo—al <2|B,

T. €. YUCJI0 \g € M.

[lepen mokazaTebCTBOM OOPATHOTO YTBEPXK ICHUST 3aMETUM, UTO HEBEIECTBEHHBIM COOCTBEH-
HBIM 3HAYEHUsIM J-CaMOCOIPSZKEHHOTO oreparopa A oTBedaroT HedTpasibHble COOCTBEHHBIE
snementsl 2°. Ecmu cobersennniii smement 2° oTBedaeT coOCTBEHHOMY 3HadeHHIo \g € R u
MMeeT IPUCOeINHEHHDI 3JIeMEHT z', TO BBIIOJIHEHO CBOHCTBO (60) u croBa (c yueTom mepBoi
dbopmyser (46)) nmeem

(T2 2% = (F~' 20, ¢0) — (Ao — a) *(Bgo. $o) = 0, (61)
T. e. 2° — HelTpaJbHBIN COOCTBEHHBIH IEMEHT.

[IpenosioxkuM Terepb, 9To 20 gBagerca HeiiTpaJIbHBIM COOCTBEHHBIM 3JIEMEHTOM OllepaTopa
A 1 oTBedaeT COGCTBEHHOMY 3HAMECHHIO ). Ecim \g # Ao, TO BBIIOIHEHBI HepaseHcTsa (57),
(58) u motomy A\g € M. Eciu Ay € R, To mocrarouno ybenurhest, 9To Bropoe ypasHenue (59)
MMeeT HeTpUBHAJILHOE perienue @;. Eciu Bbimosneno yeiosue (32), To Touka \g —a = 7!
HE sIBJISIETCs COOCTBEHHBIM 3HAYEHUEM OIlepaTOPHOro myvka L(A), 109TOMy BTOpOE ypaBHEHUe
(59) MOXKHO TepenucaTh B BUJE

Bigl[Bigl(1 — )fsz’gr)I — (Mo —a)F '+

1t
()\0 —a
+ (o — a) V) Bigr]g: = (F~' = (Ao — a) >B)o,

r/le MHOXKUTESb Ipu [ He oOpaInaercs B Hy/Ib, & BbIPaKeHNE BO BTOPBIX CKOOKAaX €CTh KOMITAKT-
HBIII CAMOCOIIPAZKEHHBIA ONepaTop.

ITo usBectHOl anbrepuaruse Ppejroabma ypasaenue (62) umeer HETPUBUABHOE DEIIEHHE
(1 TOrJIAa U TOJIBKO TOTJIA, KOIJIa IpaBas 4acThb (62) opToroHa bHa K PENICHUIO Py OTHOPOIHOIO
ypasuenus. ITockonbKy 2" — HelTpasbHbBIi 3JeMEeHT, TO BBINOJIHEHO cBoiicTBO (61) M 1mOoTOMY
ypasuenue (62) umeer pemenne @; # 0. Ciegosarensuo, saement 2! = (2] 21)!, nocrpoennbrit
o dhopmynam (46) npu j = 1, siBasercsa npucoeMHEHHBIM K 31ementy 2. Kak ycranosieHo
BBIIIIE, oTBedatoIee s1eMenTaM 20 n z' cobeTBenHOe 3HaUeHUE \g € M.

20 TIycTb \g — HOJIOKHUTEIbHOE COOCTBEHHOE 3HadeHne onepaTopa A, oTBevaromee O3HTHB-
HOMY COBCTBEHHOMY 3JIeMeHTY 2" U3 HHBAPHAHTHOTO HEOTPUIATEILHOTO IOAIpocTpancTsa L.
Torna

(62)

0 < (T2 2% = (F'go, o) — (Ao — @) *(Bo, $0) (63)
U BBITIOJIHEHO HEPABEHCTBO, MPOTUBOIOJIOKHOE HepaBeHCTBY (56).
Tak kak \g —a > 0 (1emma 1), To ¢ ucnospsosanueM (55) u (63) 3ax0OIaeM, 9TO

(B0, 20) — 2(Ao — a)(F "o, @0) = —(Ao — a)(F "o, o))+
+ (Ao — a) " (Bo, $0)) = — (Ao — a)[(F @0, o) — (Ao — a)"*(Bo, 0)] < 0.
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CrenoBaresbHO,
No—a> 0P gy pet (64)
2(F~"0, $o)
Kax 6110 ycranoieno Beime, ma npomeskyTie [a + (2] F1)~", a + 2||B|] pacmomoxemns Te
cOOCTBEHHBIE 3HAUCHUSA A\ oreparopa A, KOTOPLIM OTBEYAIOT HEHTPAIbHbIE COOCTBEHHBIE 16
mentsl. TTockompky amement 20 = (F~1/2@g:i(\g — a) " Qpo)! AB/IsIeTCS HO3UTHBHBIM 10 TIPeJ-
TOJTO?KEHITIO, IPUXOUM K BBIBOJLY, 9T0 Ao € (a + 2| B|[, +00).
JloKa3aTeIbHO BTOPOrO yTBEP:K/AeHus B IyHKTe 2° 1711 COOCTBEHHBIX 3HAMEHH T A, KOTOPBIM
OTBEYAIOT HEIATUBHBIE COOCTBEHHBIE 9JIEMEHTEL 2, € L_, IPOBOJATCS TaK 2Ke, KaK I BbIIIe JIJIs

L, 1 oMpaercsa Ha HEPaBEHCTBO
(Po, Po) —2(Xo — a)_l(é%j Po) =
= (Mo — a)[(F~" %0, ¢0) — (Ao — a) "*(Bo, $0)] < 0.

3°. Uz ycnosus (51) caenyer, uro M = (. Cienosaresnbio, onepatop A He umeeT Heperle-
CTBEHHBIX COOCTBEHHBIX 3HAYEHUN, KAXKJIbIIl €ro COOCTBEHHBIN 3/1eMeHT JIe(UHUTEH U TTOTOMY
HE MMeeT TPUCOeIMHEHHBIX /IEMEHTOB. 3HAYNT, WHBApUAHTHBIE ToanpocTpaHcTtBa L, u L_
paBHOMEPHO JIe(UHUTHBI, & MOTOMY 0a3uc, KOTOPbIi 00pa3oBaH COOCTBEHHBIMHU JIEMEHTAMMU
oneparopa A, saBjigercs J-0pTOHOPMUPOBaHHbIM B IipocTpancTie H2. (CM. yTBepxienue 5°
TEOpeMbI 3).

49, Onenxu (52) s onepatopHoro myuka L(A) BBIBOJAATCA B TOYHOCTH TaK K€, KaK 9TO
caeqano B [18], c. 300, ms oneparoproro myuka C. I'. Kpeiina; mosromy nx BBIBOI 311€Ch He
nposouTeda. Acumnrorndeckas dbopmyna (53) caemyer uz (52), dopmyasr F = yA + C u
MaKCUMIHUMAJIBHOTO TIPUHITAIIA; P STOM acuMITOTHKa Ak(A) onpemessiercsa dbopmytoit 3
[32]. O

Ha 6a3ze jmokazaHHBIX CBOHCTB PacCMOTPHM TEIEPb BOIPOC O PA3JIOXKEHUH PEIICHUs] UCCTIe-
JlyeMoil HauaJIbHO-KPaeBoii 3aj1aun B Psajibl Pypbe 10 COOCTBEHHBIM dJIEMEHTaM CIIEKTPAJIbLHOT
3a1a4N.

Bynem cunrars, 9To BhINOIHEHBI yeaoBue (51), obecredanBaoriee cOrjiacHO TeopeMe H cyiie-
cTBOBaHHUE J-OPTOrOHAJILHOrO Gasuca B npocTpaHcTse HZ, a Takske ycjosue (32). DjeMeHThI
{27152, C Ly {2z 152, C L_ 3roro 6a3uca ABIAIOTCA COOCTBEHHBIME 3JIEMEHTAMHU OLIEPATOPA
A 1 yI0BIETBOPAIOT CJIEJIYIONIMM YCIOBHSAM J-OPTOrOHAJTBHOCTH

(jzkf,zj*) = [z:,z;r] =0k (2,271 =0, [z ,2,] =

. (65)

DTH CBOMCTBA MO3BOJISIIOT HOJIYyYnTh pertenns 3agaqdu Komm (19) B Bume pagos Pypee mo
cOBCTBEHHBIM 3JIeMeHTaM orneparopa A.
[Ipescrasum pemtenue z(t) samaan Ko

; YAz = fut), 2(0) =19, (66)

B BUJE
20 =) W5+ )z, (67)

rie z; m 2, — ssementhl 6asuca (65), a dynkmun ¢ (£) un ¢ (f) mogeKaT onpeeseHuo.
[Toncrasnstst (67) B (66) u nosb3ysick dopmysamu (65), TPUXOIUM K CJIEYIONMM 3aadaM
Komm 111 0ObIKHOBEHHBIX 1ud depeHnaabHbIX ypaBHEHNI]:

() | Ncb(t) = £7(t) == e [(F1);0), 5], & (0) = [, 9;],

T e ) = = [(f0:0) 51, G (0) =~ ), 1EN.
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Orcrona mosryaaem opMmyJIbl st HemsBecTHbIX dbyHKumMit ¢ (1) u ¢; (t) u, caemoBareabHo,
dbopmyny ms z(t) u y(t) = e™2(t):

y(t) = (@ ();0'(1), (1) = —iA/*alt),

y(t) = e2(t) = > e (ay; —i Ay %), 5] -

=5 e e (g —i A a0) )+
=1

oo 1 (68)
+ Bigl{) / e == [(f(5): 0), 2] ds—
k=1 0
- i / e Qe T f(2);0)", 2] dsBigr} =
=1 0

=y (t) +y-(t) + yo(t).

31ech KaxK10e U3 TPeX CJaraeMblX UMeeT siCHbI MaTeMaTHIecKuil u dpusnaecknii cMbict: . (1)
OIINCBIBAaET CBOOOHOE JIBUYKEHNE BI3KOYIIPYTOrO CTEPXKHS, 00YCIOB/ICHHbIE HAYAIbHBIME YCJIO-
BUSME U3 HEOTPUIATEJIHHOTO (B IAHHOM CJIydae TOJIOKNUTEILHOTO) ToApocTpancTsa L, MHBa-
pPUAHTHOTO Jijist onteparopa A, y_ (t) — TaKWe Ke JBUKEHUS C Ha9aJIbHBIMU YCI0BUAME U3 L, a
Yo (t) — BBIHY2K/IECHHBIE JIBU2KE€HUA CUCTEMDI, [IPOUCXOIAAIINE IIPU HYJIEBBIX HaYaJIbHBIX YCJIOBU-

SX U JIefiCTBIM HA cTepKeHb BHermHedl cuiibl f(t). Perenns (68) mo3Bosisiior TakkKe BBIIEIUTH

cJjlaraeMbI€, 3aBUCAIIIME OT Ha4aJIbHOI'O CMEIICHUA TALO 1 HadaJbHON’ CKOpOCTH ﬂl.

Takum obpaszom, ipu v € (0,7), COVIACHO BBIBOJAM T€OpeM 3 U 5, COOCTBEHHBIE JICMEHTHI
00pas3yIoT 1mo4Tu J-opTOHOPMUPOBAHHDIN 0a3uc, TPUIEM KOJUIECTBO KOMILIEKCHO COIPSIYKEeH-
HBIX TIap COOCTBEHHBIX 3HAYEHUN KOHEYHO, T. €. IPU JIFOOOM TAKOM ITPOMEXKYTOYHOM 7§ > ()
CYIIECTBYET JIUIIb KOHEYHOE YUCJIO OCIHULINPYIONINX PEXKIUMOB HOPMAJILHBIX KOJIebaHuii, a Bce
OCTaJIbHBIE PEKUMBbI — AIEPUONYIECKH 3aTyXaloIIne.

ABTtop BhIpazkaeT OsrarojgapHocTh HaydHoMy pykooguTento H.JI. KomadeBckomy 3a mocra-
HOBKY 3a/Ia4W ¥ BHUMaHUe K padoTe.
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ON DIRECT AND INVERSE SPECTRAL PROBLEM FOR
GENERALIZED JACOBI MATRICES

M. S. DEREVYAGIN, V. A. DERKACH
DONETSK NATIONAL UNIVERSITY
DONETSK, UKRAINE

A new class of generalized Jacobi matrices is introduced. Fvery generalized Nevanlinna
function m(z), which is a solution of an indefinite moment problem is proven to be the
m-function of a unique generalized Jacobi matrixz. The method we use is based on the
step-by-step Schur process of solving the indefinite moment problem.

Keywords: Jacobi matrix, m-function, generalized Nevanlinna function, inverse spectral problem, Schur

algorithm

1. INTRODUCTION

A real tridiagonal matrix H = (hi;)Y,_o (hyj = 0 if |i — j| > 1) is said to be a Jacobi
matrix if h; ;41 = hiy1; > 0. It is well known (see [1, 3|) that the spectra of matrices H and
Hp ) = (hij)Y;—; interlace. Conversely, given two sets {\;}g, {v;}IL; of real numbers, such

that
)\0<V1<)\1<"'<VN<)\N

there is a unique Jacobi matrix H such that o(H) = {\;}}., and o(Hp,n) = {v;}}1;. The
standard way to solve this inverse problem is to reduce it to some moment problem, use the
Gramm-Shmidt orthogonalization procedure in the space of polynomials, and then the needed
Jacobi matrix is recovered as a matrix representation for the multiplication operator (see [1]).
The other approach is based on the Schur step-by-step process of solving the moment problem
associated with the Jacobi matrix (see [10], [8]).

The first method was applied in [11] to a class of generalized Jacobi matrices associated
with indefinite moment problems. Since the orthogonalization procedure in an indefinite inner
product space leads to the so-called almost orthogonal polynomials [11| which are not uniquely
defined one cannot expect the uniqueness result for the corresponding generalized Jacobi matrix.
In the present paper we give another definition of generalized Jacobi matrix (by reducing the
number of free parameters) and apply the Schur step-by-step process to the corresponding
indefinite moment problem in order to solve the inverse problem for generalized Jacobi matrix.
This approach leads to more exact results, in particular, the generalized Jacobi matrices is
recovered uniquely by the spectral data of its m-function. We essentially use the results of
the paper [4|, where the Schur step-by-step algorithm of solving indefinite moment problem
was elaborated. These results are closely related to the Schur algoritm for generalized Schur
functions investigated recently in [2].

2. GENERALIZED JACOBI MATRIX AND ITS m-FUNCTION

Let p(A) = pua A" + -+ + p1 A + po, pn, = 1 be a monic scalar polynomial of degree n. Let us
associate to the polynomial p its symmetrizator £, and the companion matrix Cj,, given by

pr - DPn
1 0 —p
EP: ) Cp: . :1 . (1)

0 1 —Pn—-1
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Definition 1. (cf. [11]) Let p; be real monic polynomials of degree n;
pj()\) — N\ 4 pgljj)il)\njfl S pgj))\ + péj)’
and let ¢; = £1 (j =0,...,N). The tridiagonal block matrix

Ay By 0
.. By
0 Byno1  An

where A; = C,, and n;,; X n; matrices B; and n; X n;,; matrices Ej are given by
Bj: .......... 7Bj:€j€j+1 .......... (bj>0,j:O,,N—1) (3)

will be called a generalized Jacobi matrix (GJM) associated with the polynomials {e;p; };.V:O.

N
Let n+1= an. Define a (n + 1) x (n + 1) matrix G by the equality
=0
G = diag(Gy,...,Gn), Gy = &,E, ' (j=0,...N) (4)
and let €§"+1)(G) be the space of n + 1 vectors with the inner product

(o.9) = (Go,y) (w,y € ), (5)
Let us set a standard basis in Eénﬂ)(G) by the equalities
€j7k = {(Sl’zz;é niJrk}?:O (] = O, RN ,]\/Y7 k= 0, e ,nj — 1), e = 6070.

Proposition 1. The GJM H defines a cyclic symmetric operator in fé"“)(G).

In the space (C[n] of polynomials of formal degree n there is a basis of polynomials of the
first kind {P;,(A\) H_g" ]v;;_l such that the multiplication operator in this basis is given by the
matrix H. Straightforward calculations show that P; turn out to be solutions of the following
equations, where b_; =0, by = 1:

gj€j-10j-1Pj—10(A) — (AN Pjo(A) + b;Pir10=0 (j=0,...,N). (6)

Denote by H;,, the shortened GJM corresponding to the basis vectors {e;}, 47" 1 (0 < j <

m < N). The following connection between the polynomials of the first kind and the shortened
Jacobi matrices in the classical case can be found in [3].

Proposition 2. Polynomials P;, can be found by the formulas
Piiio(A) = (bo...bj) " det(A\—Hpp;)) (j=0,...,N;k=0,...,n; — 1) (7)
Pi(N) = Pio(N) (j=0,...,N;k=0,...,n; — 1). (8)

Definition 2. The function m(A\) = ((H — \) e, e) (e := egp) will be called the m-function
of the GIM H.

Remind (|11]) that the generalized Nevanlinna class N,; (k € Z, ) consists of functions ¢(z)(=

¢(Z)) meromorphic on C; U C_, such that for every choice of z; in the domain of holomorphy

M) has at least x (and for some choice of z;

2i—2Z5

p(p) of the function ¢(z) the matrix (
ij=1
exactly k) negative eigenvalues.
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Proposition 3. The m-function of the GJIM H belongs to the class N, where x = ind_(G),
and it can be found by the formula

det()\ — H[l N])
A)=— . 9
mA) = —E0 g T )
Define the function m(A, j) by the equality
m(X,j) = ((Hyn — N ejo,€50) (7=0,...,N). (10)
Clearly, m(A,0) = m(X), m(A\,N) = — gj(v/\). In view of Proposition 3 the function m(A\, j)
PN
N
belongs to the class N, where x; = Z ind_(G;) and is given by
=]

_, detQA — Hyiam) G
J det()\ — H[j,N})

m(\, j) = ~0,...,N—1). (11)

Proposition 4. The functions m(A, j) and m(\, j + 1) are connected by the following Ricatti
equation (see [8] for the case k = 0).

1

m()\vj) = —¢&j .
]pj()\) + €jbj2m<)\,j + 1)

(j=0,...,N—1). (12)

3. M-FUNCTION AND INDEFINITE MOMENT PROBLEM
Define in the linear space H = C,[\] an indefinite inner product
(Pig, Pyri)y = (Gejryejr) (3,5 =0,...,N;k=0,...,n; = ;K" =0,...,ny —1). (13)
Proposition 5. The m-function of the GJM H has the following asymptotics

S0 51 Son .
m()‘)N_X_ﬁ__ 2+l (/\Zzy,y—>+oo), (14)
where s;,; = (M, \), the Hankel matrix S, = (8i15)f =0 1s nondegenerate and

(k:=)ind_(S,) = ind_(G).

It follows from Proposition 5 that m(\) is a solution of the following indefinite moment
problem (see [5], [6], [11])

Problem M(s, n, k). Given are a nonnegative integer k and a sequence s = {s, ?io of real
numbers, such that the matriz S,, = (siﬂ)?’j:o is nondegenerate. Find a function o € N, such
that

p(N) = —S—; - % o ;511 +o (V}LH) (A = iy, y — +00). (15)

As is known (see [5], [6]), the problem M(s, n, x) is solvable, if
ind_(S,) < k. (16)
Let ng be the least natural such that det S,,_; # 0 and let xg = ind_(S,,_1), s = {sj}?Z%_Q.

The problem M(s(®), ny — 1, k) is elementary in a sense that it defines the first step in the
solution of the problem M(s, n, k). The step-by-step algorithm for the problem M(s, n, k) was
elaborated in [4]. Let us set

S0 ce Sno
1

= — ° ,
det Sno—l Sng—1 -+ S2pg—1
1 ce. AT

P, (N €0 = sign sp,,_1. (17)
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Theorem 1 ([4]). Assume that ng — 1 < n. Every solution ¢ of the problem M(s,n, k) admits
the representation

A=t e 1

where p1 € Ny_y,. Moreover, ¢ is a solution of the problem M(s,n, k), if and only if ¢1 is a

solution of the problem M(sW,n — ng, k — ko), where the Hankel matriz S = (SEBJ)ZL;‘S is
given by the equality
1 _ -
Sy = I5n0-1|(Tug Sy Ty ™ (19)
and T,,, is (n —ng + 1) x (n + 1) matriz
0 ... 0 Spp—1 -+ Sp-1
0o ... ... 0 Sno—1
Let now m(\) be the m-function of a GIM H of the order n + 1. Then m()) is a solution of
2n

the indefinite moment problem M(s, n, k), where s = {s;}.", and s are defined in Proposition 5.

Moreover, it turns out that the polynomial P,, coincides with the polynomial py in the Ricatti
equation (12). This observation complements the statement of Proposition 4.

Proposition 6. The m-function m(A) and the function m(A, 1) are connected by the equality
1

€0 3 .

p0(>\> + €0b0m()\, 1)

Moreover, m(A, 1) is a solution of the induced moment problem M(s"), n — ng, k — k), where

2(n—ng) |

.—o  is defined by (19).

m(\) = —

(21)

the sequence s = {5}

4. INVERSE PROBLEMS FOR GENERALIZED JACOBI MATRICES

When applying Proposition 6 to a rational function ¢ = % (degp < degq) one obtains a
decomposition of ¢ into a continuous fraction
€0 €0€1b(2) 8]\7716]\[6%\771

\) = —
PVZ 0 m- = )
Then the GJM H is recovered by p;, £; and b; via (2) and (3).

(22)

Theorem 2. Let ¢ be a proper rational real function of the class N.. Then there is a unique
finite GIM H such that the corresponding m-function m(X) is proportional to o()\).

Corollary 1. Let {\;};_, and {vi};_,, be two disjoint sets in C and let each be symmetric with

respect to R, g = £1, C(A) = [[ (A= w), D(A) = [[(A = \) and let —£,C(\)/D()) € N,..
i=ng i=0

Then there is a unique finite generalized Jacobi matriz H such that {\;},_, are eigenvalues of

the matriz H and {v;}_ are eigenvalues of the matriz Hpi Ny

i=ng
Let now H be an infinite GJM, and assume that there is an Ny such that Hn, 41 is an
infinite Jacobi matrix in the classical sence. Let H(s) be a completion of the space of polynomials
C[)] with respect to the inner product (N, M) = s;4; (¢,7 = 0,1,2,...), where s; are given
by s; = (H'e,e). Then the operator H can be considered as a matrix representation of the

multiplication operator A in the basis Pj, in H (j = 0,1,...; k= 0,...,n; — 1). Associated
with the sequence s = {s;}3°, is the following indefinite moment problem
Problem M(s, k). Given are a nonnegative integer k and a Sequence s = {sj}?io of real

numbers, such that the matriz S, = (siﬂ)zj:o 1s nondegenerate for all n large enough. Find a
function ¢ € N, which has the asymptotic expansion (15) for all n € N.
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As was shown in [11] the problem M(s, k) is solvable if and only if the Hankel matrices S,
have k negative eigenvalues for all n large enough. The problem M(s, k) is called determinate if
it has a unique solution ¢ € N,. A necessary and sufficient condition for the problem M(s, k) to
be determinate is the self-adjointness of the operator A in H or, equivalently, the self-adjointness
of the operator H in ¢3°(G). Let us say that the infinite generalized Jacobi matrix H has type
D if the corresponding operator H is self-adjoint in ¢3°(G). In this case the operator H is cyclic
and e is a generating vector for H. One can define the m-function of a GJM H of type D as in
Definition 2.

Proposition 7. Let H be an infinite generalized Jacobi matrix H of type D. Then the m-
function of H is a solution of a determinate indefinite moment problem M(s, ), where s; are
given by s; = (Hle,e) (j =0,1,2,...) and k = ind_G.

The properties of m(-) in Proposition 7 completely characterize the GIM H.

Theorem 3. Let m(\) be an N -function such that m is a solution of a determinate indefinite
moment problem M(s, k), where k € Zy and s = {s;}32, is a sequence of real numbers. Then
there is a unique GJM H of type D with the m-function proportional to m(\).

As a corollary one obtains the following analog of the Stone theorem [1].

Corollary 2. Fvery cyclic self-adjoint operator in a Pontryagin space is unitary equivalent to
a unique GJM of type D.

The following corollary extends the result of [7] to the case of GJM.

Corollary 3. Let {v;};, and {)‘j};io (\j # v;) be zeros of two entire functions of minimal
exponential type C(N) and D(X), and let m(\) = —kC(X\)/D(X) € N, be a solution of a
determinate moment problem M(s, k) for some k € Z, and k € C. Then there is a unique

GJM H of type D with the discrete spectrum {\;};, and such that o(Hp ) = {v;}

The statement is immediate from Theorem 3 and the fact that an entire function of minimal
exponential type is characterized by its zeros up to a multiplicative constant.

o0
1=ng "’
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ON THE REFLEXIVITY OF THE OPERATOR J; & J

DomaNoOV I. YU, SUROVTSEVA V. V.
DONETSK NATIONAL UNIVERSITY
DONETSK, UKRAINE

Keywords: Reflexive operator, reflexive algebra, invariant subspace.

Introduction. Let X;, X, are Banach spaces. We denote by [X7, X5] the space of bounded
linear operators from X; to Xy, [X] := [X, X]|. AlgT denotes the weakly closed subalgebra of
[X] generated by T and the identity I. LatT denotes the lattice of subspaces of X invariant
under T and AlgLatT denotes the algebra of operators in [X] leaving each subspace in LatT
invariant.

P.R. Halmos has called a subalgebra 2 of [X] reflexive if the only operators that leave
invariant all the closed invariant subspaces of 2 are the members of 2 itself. Reflexive algebras
contain the identity operator I and are closed in the weak operator topology; on the other
hand, it follows from the double commutant theorem that any von Neuman algebra (i.e. weakly
closed self-adjoint operator algebra containing II) is reflexive. The question of reflexivity of an
operator is the question of reflexivity of the weakly closed algebra generated by it. The reflexivity
property of an operator has an approximation character: an operator A is reflexive if every
operator whose A-invariant subspaces are all invariant can be approximated by polinomials
in A in the weak operator topology, i.e. if AlgLatA = AlgA. The first results about reflexive
operators are contained in D. Sarason’s paper [8], were the reflexivity of normal operators and
analytic Teoplitz operators is proved. J. A. Deddens [2] has proved that any isometric operator
is reflexive. J.A. Deddens and P.A. Fillmore [3]| have found a criterion of reﬂexivity for operators
acting on finite - dimensional spaces (see also [4]). For T’ € [X] we write T®) for the direct sum
of k-copies of T'. The operator T is called k-reflexive if T®*) is reflexive. k-reflexivity of the finite
dimensional algebras were investigated by E.Azoff [1]. A reflexivity criterion for contractions
with a scalar inner characteristic function has been established by V.V. Kapustin in [6]. He has
proved also that a Cy-operator with a Jordan model Mg, & Mg, & ... is reflexive if and only if
Mg is reflexive, where © = ©1/0,. In particular, each Cy-contraction is 2-reflexive.

The following fact is implicitly contained in [8] ( see also [7] for the explicit statement): if
LatT™® C LatA® for all k € Z,, then A € AlgT. The more general problem of determining
all reflexive subalgebras of [X] has so far defied solution.

Notations. Z, := {n: n € Z, n > 0}; I,— denotes the identity in C*, Qj, := 0-1I}; spanF
is the closed linear span of the set £ C X; supp f is a support of a function f ( ); 7 f stands
for the convolution of functions r, f € Ly[0,1] : (r* f fo r(x —t)f(t)dt; 1; denotes
function | in the space W}[0, 1].

As usual W}[0,1] stands for the Sobolev space : f € W[0,1] if f has k — 1 absolutely
continuous derivatives and f*) € L,[0,1]. It is a Banach space with respect to the norm

o1 1 1/p
Iflwson = | X OO + [ 1@
=0 0
Wk 0,1] = {f € WF0,1] : f(0)=--- = f*D(0) = O} We put also WP[0, 1] = W2,[0,1] :=
L,[0,1] and Ef := {f € WF[0,1] : f(0) = ... = f*=D(0) = 0} for | € {0,...,k — 1} and
EF = VV’“[O7 1].
Let Ji and Ji; denotes the complex powers of the integration operator (Jf)(x f f(t)

defined on Sobolev spaces W]f [0,1] and EF correspondingly. In what follows we assume that
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either « € Z; \ {0} or Reax > 0. Under this assumption the operator Jg' is well defined on
W]f = W;[O, 1].

The spectral properties of the operator J{. have been investigated in [5]. In particular,
descriptions of the lattices LatJ;' and HyplatJy and the set CycJ;, as well as the algebras
{2}, {J¢}" and AlgJg have been obtained in [5].

In the paper under consideration, we prove the reflexivity of the operator Ji* & J,, and
present the description of Alg(Jy & Jg,).

1.Algebra of the operator Jg' & J,..
To obtain a description of Alg(Jy @ Ji,) we need a description of AlgJg from [5].

Proposition 1. (|5]) The following are true :
1) If either &« =1 or k = 1, then AlgJy = {Jg}" (in particular, AlgJy, = {Jix}"):
2)Ifl<a<k—1,then AlgJ? ={T'=cI+ R : ce€C, Re AlgyJ:}, where

AlgeJt ={R : Rf =rxf, re W0, 1], r9(0) =0 for j #ia —1, i <[]}

3) If/{:>2andReo¢>k—%,then
Algl ={T =cI+ R : c€C, Rf =rx f, rEWﬁo_l[O,l]}.

Theorem 1. Alg(Jp®J,,) ={T®T :T =cI+R,cc C,Rf =rx[}, wherer € W;J“S_l[o, 1],
r0(0) =0, fori#jo—1, j<[E=]

«

Hoxazamenvcmeo. Let Ty ® Ty € Alg(Jg @ Ji,,). Then Ty € AlgJy, T, € AlgJy, . Hence by
Proposition 1
(Tlf)(x)ZCH+Tl*fa 1 GW;C_I[O, 1]7

(Tof)(x) =cl+rox f, ro € Wj*“[o, 1], réi)((]) =0, fori#ja—1, j< [?]
Let
E= {G) f e WES0, 1]}, (1)
Then £ € Lat(J @ Ji,,) C Lat(T\ © T5). Setting f = 1;4, one obtains
mem (1) = (i) ew
Hence ¢+ r1(x) % Lps = ¢+ 7r2(x) * Lgps and ri(z) = rp(z) € W10, 1]. O

2. Reflexivity of the operator J} ® Ji ..

Lemma 1. Let A) € [Xi], Ay € [Xs] and Ay is isometrically equivalent to the operator Aj,
i.e. UA1 = AU with some isometric operator U : X1 — Xs. Let also A = Ay & Ay and
B € AlgLatA. Then

1) B = Bl EBBQ, where UBl = B2U 2) Bl € {Al}/; BQ € {AQ}/.

Jloxazameavcmeo. 1) The splitting of B into direct sum of By and By is obvious. In order to
prove the equality UB; = BsU we consider subspace £ C X; ® X, given by: F = grU =

{( / ) . f € Xy} Since E € LatA, BE = {(BB%}}CJJ : f € X3} C E. The last inclusion yields
2

( Bif > = (UBéf f) for all f € Xy, and hence the first assertion is proved.
1

2) In order to prove the second assertion we consider subspace E' = {(U/J; f) : f e Xq}
1
Then

AE/:{<A2}4JI£1JC> :fGXl}:{(Ufllﬁlf) feXy} CF,
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r Blf . _ Blf .
BE _{(BQUA1f> cfe Xy} _{(UBlAlf cfe Xy}
Since BE' C E', UB1A1f =UA B f for all f € X; and hence By € {A,}.
Further : ByAs = BQUAlU_l = UBlAlU_l = UAlBlU_l = UAlU_lUBlU_l = A;B,. [

For further considerations we recall several facts from [5].

Proposition 2. ([5]) The operator Ji; defined on Ef is isometrically equivalent to the operator
Jg, defined on W}~'[0,1]. In particular the operator Jg, defined on W},[0,1] is isometrically
equivalent to the operator J¢ defined on W2, [0,1] := L,[0,1].

Joxazameavcmeo. 1t is clear that the operator U; = dd—;l  BF — Wzﬂ“*l[o, 1], isometrically maps

Ef on WyH0, 1]. Moreover,
Utt=0=J : w0, 1] — Ef.
The assertion follows now from the identity Ji; = U, R s U

Proposition 3. ([5]) Let either o € Z;\{0} or Reax > k — % and J7 be the operator J*
defined on W}[0,1]. Then R € {Jg'} if and only if

(Rf)(x) = % /r(a: —Hf(0dt, e WHD, 1.

0
In particular, {Jg}' is commutative algebra and does not depend on «.

Corollary 1. Let R € {J¢}. Then R € AlgLatJY if and only if R € AlgJ.

Jloxasameavcmeo. Let R € AlgLatJY and m = k — 1 — «of(k — 1)/a]. In order to prove the
inclusion R € AlgJ' one consider subspace
En={f:feW}0,1], f™(0) = fmt(0) = - .- == f*172)(0) = f*D(0) = 0} € LatJy.
Then

(RAED(0) = r(0)f*70(0) + ' (0)fE72(0) + - - +r*7D(0) f(0) = 0.
Setting f(z) = 2!, 1€ {0,1,....,k—11\{m,m+a,...,k—1} one obtaines that r*~1=0(0) = 0
which was has to be proved. O
Theorem 2. The operator Jii @ Ji', , is reflexive for each s € Z.

Hoxazamenvcmeo. To prove the inclusion AlgLat(Jg® Jg, ) € Alg(Jg @ Jg, ) we consider the
block matrix representations of the operators Ji* @ Jg,, and T' € AlgLat(Jg & Jg,,) :

J 0 O A4 O O
JI? b ‘]I?—l-s = O ‘]l?,kJrs * ) T = Ak S Ak—l—s = O Ak,k-l—s *
O 0O = O O x

with respect to the direct sum decomposition :
Wr[0,1] @ Wite[0,1] = Wr[0,1] @ Ei* + span{l,z,...2° '} := W}[0,1] ® Ef ™ + X,.
So
Ay € [WF0, 1)), Ajpss € WET[0,1]), Appes € [EFT), C€[X)], Be[X,, BT

By Proposition 2 Ay, is isometrically equivalent to the operator Agis @ Agprs = Uy ARUs,

where Uy = -2 and hence by Lemma 1 : Aj, € {J¢'}'. In view of this Proposition 3 implies

@) = 4 [ a0, . £ WL
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Further we consider subspace E € Lat(J ® Ji,,) of the form (1). Then

I\ _ ( Aef s
7’(f) _'(fhjﬁf) €E, feWwrto,1].

Hence -
d
Apsf = Acf = = /T(x —t)f(t)dt € Wyte[0,1],  f € W}rt[0,1].
0
It follows that r(z) = A, | € WS*ts[0,1]. Thus, by Theorem 1 : T € Alg(J, ® Jits). One
completes the proof by applying Corollary 1. O

Corollary 2. Operator J* is 2-reflezive.

The authors express their deep appreciation to M.M. Malamud for the target setting and
useful remarks.
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INVARIANT AND HYPERINVARIANT SUBSPACES OF THE
OPERATOR J¢“ IN THE SOBOLEV SPACES

G. S. ROMASHCHENKO
DONETSK NATIONAL UNIVERSITY
DONETSK, UKRAINE

1. INTRODUCTION

It is well known (|3], 5], [9]) that the Volterra integration operator defined on L,[0, 1] by
J: f — [ f(t)dt is unicellular for p € [1,00) and its lattice of invariant subspaces is anti-
isomorphic to the segment [0, 1].

The same is also true for the complex powers of the integration operator J:

oo [Empe i
Jo: f O/ o) f(t)dt, Rea > 0. (1)

More precisely, the lattice of invariant and hyperinvariant subspaces of the operator J* are
of the form:

Lat J* = Hyplat J* = {E, := X[a11Lp[0,1]: 0 < a < 1}, (2)

E. Tsekanovskii [12] has obtained a description of the lattice Lat J; of invariant subspaces of
the integration operator Jj, defined on the Sobolev space WX[0, 1].

I. Domanov and M. Malamud [4] have described the lattices Lat J* and Hyplat J;* of invariant
and hyperinvariant subspaces of the operator J defined on W;[O, 1] and investigated the
operator algebras Alg J, commutant {J¢'}’, and double commutant {J&}”.

In particular, it is shown in [4] that the operator J* is unicellular on W¥[0,1] (with k > 2)
if and only if a = 1.

It is also shown in [4] that Hyplat J® = Hyplat .J, = Hyplat®.J, U Hyplat® J,, where

Hyplat® Jy = {E,: 0<a <1},  E,:={f: feW}[0,1],f=0forz €[0,a]}  (3)
is a continuous chain and Hyplat® J, = {EF}F_ with Ef := W}0,1] and
Ef ={feW;[0,1]: f(0)=---=f*"D(0)=0}, 1€{0,1,....k—-1} (4)

is a discrete chain.

In [11] several results from [4] has been generalized to the case of Liouville spaces L?[0,1]
(s >0).

In the paper under consideration we extend some results mentioned above to the case of the
Sobolev spaces W;5[0,1] (s > 0). For integer s = k € Z our results coinside with that from [4].
We apply and generalize the method proposed in [4].

Note, that the description of the lattices Lat J* and Hyplat J* depends on the embedding
index of the space W£[0,1] in C*[0,1]. For instance, the lattices Lat J¢ and Lat J coinside
(k=1[s], s —k <1/p).

2. NOTATIONS

Wr0,1] stands for the Sobolev space: f € WF[0,1] if f has k — 1 absolutely continuous
derivatives and f*) € L,[0, 1].
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Let s E R, s = [s]+e. W[0,1] (1 < p < +o0) stands for the Sobolev space: f € W[0, 1] if
fewp [O 1] and for derivative f(5) of the order [s] is fulfilled

1/p

1 1
([s] fUsD
(s] |fe (y)[P
(f / dx/ |x—y|1+P€ dy < +00.
0 0
Let C$°[0,1] = {f € C*®[0,1] : f9(0) =0, j € Z,}. We denote by W3l0, 1] the closure of

the lineal Cg°[0, 1] in W50, 1].

3. CYCLIC SUBSPACES OF THE OPERATOR J¢

Let Jg and J¢ stand for the operator J* defined on W [0, 1] and W0, 1] respectively. In
what follows we assune that either a € Z, \ {0} or Reax > k — i. Under this assumption the
operator Jg is well defined on W[0, 1].

Definition 1. ([9]) Recall that a subspace E of a Banach space X is called a cyclic subspace
for an operator 7' € [X] if span{T"E: n > 0} = X.
The set of all cyclic subspaces of an operator T' is denoted by Cyc(T).
A vector f € X is called a cyclic vector if £ :={\f: XA € C} € Cyc(T)
pr = infp{dim E: E € Cyc(T)} is called the spectral multiplicity of an operator 7" in X.
An operator T is called cyclic if pup = 1.

Lemma 1. Let Rea > 0. Then the operator J¢, is cyclic. Moreover the following equivalence
holds:

f€CycJdy — /|f(x)]pdx>0 for all > 0. (5)

In what follows we denote

k_{m, s—[s) < 1/p. ©

[s|]+1, s—1[s]>1/p.
Now we present a description of the cyclic subspaces of the operator J¢.

Proposition 1. 1) The spectral multiplicity g of Jg is

min{a, k}, a€Z 0},
o e {minta B A\ {0} -
ka Q g Z-‘r \ {0}
2) The system {f;}1¥ of vectors f; € W3[0, 1] generates a cyclic subspace for J¢' if and only
if:
) N>p
ii) rank W, {f1,..., fn}(0) = p, where
filz) o fn(@)
filz) .. fay(@)

Wulfo o by =700 T

@) @)
We note (see the embedding theorem [1]), that the space W;[0,1] is continuously embedded
to the space C!*1[0, 1] for {s} > 1/p. Hence the codimention of the subspace W;ﬂO[O, 1] in Wy [0, 1]

[s1, for {s} = s —[s] < 1/p,

is equal dim W[0, 1]/W7,[0,1] = {[5] +1, for {s} =s—[s]>1/p.
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Example 1. The system {f; = 14 2', fo = 2 + 2>’} generates a cyclic subspace in W3[0, 1]
for J2if 1+ 1/p < s <2+ 1/p and does not generate it if s > 2+ 1/p.

4. INVARIANT SUBSPACES OF THE OPERATOR J¢

Definition 2. Let X be a Banach space. An operator T € [X] is called unicellular if its lattice
of invariant subspaces Lat T is linearly ordered.

Lemma 2. Let Rea > 0. Then
Lat JOo ={E;: 0<a <1}, E;={fe€W),0,1]: f(x) =0 forx €[0,al} (8)
and thus Jg is unicellular.

Our description of Lat J& is based on the description of the lattice Lat () for a nilpotent
operator ) € [C*] obtained by L. Brickman and P. A. Fillmore [2].
For each bounded operator T' defined on a Banach space X, (T € [X]) and E € LatT we

denote by TE the quotient operator acting on the quotient space X/FE according to the natural
rule T'f = ( f), where f stands for a coset f := f + E.

Theorem 1. Let w be the quotient map,
m: W30,1] — Xy := W,[0,1]/ W, [0, 1],

and jf be the quotient operator on Xy, where k is defined by (6).
Then Lat J& = Lat® J* U Lat? J®, where

1) B
Lat® J* = {E;: 0 < a <1}, B ={f e W;,l0,1]: f(z) =0 for x € [0,a]} 9)
is a "continuous part”of Lat J&;
2)
Lat? J* = ! (Lat J%) Ufl{ M]: M e Lat(J¢|Jo M)} (10)

is a "discrete part”of Lat J2.
Here [M,(J¢)"'M] is a closed interval in the lattice of all subspaces of X. Fach interval
satisfies the equation

dim(J*) ™' M — dim M = d,
where d = min{—[—a/, k}.
Corollary 1. Let 0 < s <14 1/p and Rea > s — %. Then
Lat J¢' = Lat J&, UW[0,1] = {E,: 0 <a <1} U0, 1].
In particular, the operator J¢ is unicellular in W;[0,1].

Corollary 2. Let s > 1+ 1/p and either a € Z, \ {0} or Rea > s — %.
Then: 1) the operator J¢ is unicellular in W3[0, 1] if and only if o = 1;
2) Lat J, = Lat® J, U Lat? J,, where Lat® J, is defined by (9) and

Lat? J, = {W3,[0,1] = E§ C Ef C --- C E} := W;[0,1]},
where
E} = span{W;,[0,1],2* ", ... 2"}, e {l,... k}.
Here k is defined by (6).



48 Section 1. Spectral Problems

5. COMMUTANT {J¢'}' AND THE LATTICE Hyplat J¢

As usual {T'} stands for the commutant of the operator 7' € [X] defined on a Banach
space X: {T} = {R € [X]: RT = TR}. A subspace E € LatT is called a hyperinvariant
subspace for T if F is invariant for any R € {T'}'.

Hyplat T stands for the lattice of all hyperinvariant subspaces of T'.
We will say that the lattice HyplatT" is unicellular if it is linearly ordered.

Proposition 2. Let Rea > 0. Then R € {Jg,}" if and only if R is bounded and

(Bf)@) = 5 [re =050 s e Lfo1) 6y =1,

0

Corollary 3. The lattices of invariant and hyperinvariant subspaces of the operator Jg,
coinside:

Hyplat J5y = Lat J&y = {E£;: 0 < a < 1}, B ={feW;,0,1]: f(x) =0,z €[0,al}.
Now we present a description of the commutant {J¢'}.

Theorem 2. Let either o € Zy \ {0} or Reax > s — 11?. Then R € {J&'} if and only if

T

/r(x —t)f(t)dt, r(z) € W70, 1].

0

d

(Rf)w) =+

In particular, {J} is a commutative algebra and does not depend on «.

To prove the theorem we consider the block-matrix representation of the operator J¢ with
respect to the direct sum decomposition W3[0, 1] = W3[0, 1]+X; (see [4]).

Remark 1. For s = 0, that is for the space L,[0, 1] =: W}[0, 1], Proposition 2 and Theorem 2
have been obtained by M. Malamud in [§].

Corollary 4. The double commutant {J}" of the operator J$ coinsides with its commutant:
{JoY ={Jey ={L}Y = {4}

Combining Corollary 2 with Corollary 4 we easily get
Proposition 3. The lattice Hyplat J¢ is unicellular, that is Hyplat J& = Lat Jj.

Combining Corollary 1 with Corollary 4 we arrive at the following cours
Corollary 5. Let a # 1. Then Hyplat J* = Lat J& if and only if 0 < s <1+ 1/p.
Corollary 6. Let a« € ZL \ {0}, k —1 < s <k, a <k. Then

Hyplat? J* = 7~ (Hyplat J*(0; k))

if and only if k is odd and o = 2.

Example 2. Let 3+1/p < s <4+1/p, a =2 and J?: W2[0,1] — W;[0,1]. Then Hyplat? J? =
Lat® J? = {E3, B}, E3, B3, B3}, but 7! (Hyplat J(0; s)) = {Ej, E3, B3},

Theorem 2 allows us to present a description of the algebra Alg J¢.

Proposition 4. The following are true:
1) If either « =1 or s < 1+ 1/p, then Alg J& = {J*}";
2)If1+1/p<a<s, then AlgJ* ={T =cl + R: c€ C,R € Alg, J®}, where

Algy JO ={R: Rf =rxf, reW;7'0,1], r@(0)=0 forj#ia—1, ¢<H};
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3) Ifs>1+1/pandRe04>s—I%,then
AlgJe ={T=cI+R:ceC, Rf=rxf reW:'0,1]}.

Corollary 7. Let T' be a bounded operator on W 0,1] and T bea quotient operator defined on
CF = W[0,1]/W;5,[0,1], where k is defined by (6). Then T € Alg J& if and only if the quotient
operator

T € Alg(J(0;5)*) = {J(0;5)*}".
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ON ENTIRE FUNCTIONS OF CARTWRIGHT CLASS WITH A
FINITE NUMBER OF SINGULARITIES.

K. K. SiMONOV
DONETSK NATIONAL UNIVERSITY
DONETSK, UKRAINE

The Cartwright class consists of entire function of finite exponential type such

+
that the integral fj;o %dt converges. In the present paper, a generalization of

the Cartwright class for functions with a finite number of singularities is given.
M. G. Krein’s criterion for a function f to be from the Cartwright class is extended
to the case where the function f has a finite number of singularities. A necessary and
sufficient conditions for a function f with a finite number of singularities to be an
element of a generalized Nevanlinna matriz is given.

Keywords: Entire functions, Cartwright class, Nevanlinna functions, Nevanlinna matrices

1. FUNCTIONS OF CARTWRIGHT CLASS

Let f be a holomorphic function in a simply connected domain D. The function f is called a
Nevanlinna function if the function In|f(z)| admits a positive harmonic majorant (see [6, 2|).
Denote by N(D) the set of all Nevanlinna function in the domain D.

An entire function f is said to belong to the Cartwright class C if

+o0

In" —
/ mdt < oo and limzﬂooM < 0
1+¢2 ||
(see [6, 8]).
The following theorem is due to M. G. Krein.

Theorem 1 (see [6]). An entire function f belongs to the class C if and only if f belongs to
the classes N'(Cy) and N(C_).

In this note we generalize this result as well as several other results from [6, 7] to the case
of holomorphic functions with a finite number of singularities. This generalization is motivated
by some new interpolation problems considered recently in [3, 5, 9] (see also a survey [4]).

Take N points {xj}iv on the real line and set

N
G =C\{z}; -
Denote by H(G) the set of all holomorphic functions in the domain G.

Definition 1. We say that a function f € H(G) belongs to the generalized Cartwright class
C(G) if

+o00
In™ | f(#)]
dt 1
/ T+ 5% 1
- 1 -
limzﬂmw < 00, lim, oo |z —xj|In|f(2)| <00 (j=1,2,...,N). (2)
z

The following theorem allows us to restate many propositions for the class C(G).
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Theorem 2. Suppose a function f € H(G) belongs to the class N(Cy). Then f admits the

representation
1@ =h) () v ().

where fo, f1, ..., fn are entire functions of class N(Cy).

In particular, this implies the following generalization of Theorem 1.

Theorem 3. A function f € H(G) belongs to the class C(G) if and only if f belongs to the
classes N'(C) and N(C_).

2. FUNCTIONS OF KREIN CLASS

A matrix W(z) = (égz; 18722) is called a Nevanlinna matrix if the matrix elements

A, B,C, D are entire transcendental functions and the following conditions hold:
(A) A(2)D(z) — B(2)C(z) = 1.

A(z)t+ B
(B) For any t € R, the function w(z;t) = M

C(2)t+ D(z)
>0 for any z € C\ R.

is a holomorphic function in C\ R

I -t
and satisfies the inequality M
mz

See [1] for references to Nevanlinna matrices and their applications in the classical moment
problem.

An entire function f belongs to the Krein class K if f is real, its zeros are real, and f admits
the absolute convergent expansion

LA, A
o ;(z_ak)ak+3. (3)

The elements of Nevanlinna matrices are described by the following theorem due to
M. G. Krein.

Theorem 4 (see |7]). The set of all elements of Nevanlinna matrices coincides with the class
IC and is contained in the class C.

We generalize the class I to the functions with a finite number of singulatiries.

Definition 2. We say that a matrix function

A(z) B(z
W(z) = (ngg Déz%) (- € G)

is a generalized Nevanlinna matrix if its elements are transcendental functions holomorphic in

G, and the conditions (A) and (B) hold.

Definition 3. We say that a function f € H(G) belongs to the class K(G) if f is real, its zeros
{ax}]" are real, and f admits the absolute convergent expansion

1 ad 1+OékZ

where

o, A, B,C € R (k:1,2,3,...), Z|Ak|<00
k=1

Theorem 5. The set of all elements of generalized Nevanlinna matrices coincides with the

class K(G) and is contained in the class C(G).
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Remark 2. The class £(G) is invariant under the transformations
1 :
(=TT i_q2,. . N).
Z— Iy

Remark 3. It is possible to describe the class £(G) with the alternative expansion

1 1 Ay
— -3 a +2 Tk LBy,
f(2) Z b oy Z (z — ag)ag

ap€Z’ ap€EZso

instead of the expansion (4). Here the zero set of the function f is divided into two parts Z’
and Z,, such that Z’ is bounded and Z,, does not have finite accumulation points.

Remark 4. In the expansion (4), C' # 0 if and only if the function f is holomorphic at the
infinite point and f(oco) = 0.
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ABTOMOAEJIBHBIE PEINTEHN A 3A/TAYN OB

YCTAHOBUBIHINXCA TEYEHNMAX
B IIPUBPE2KHOUN 30HE MOP4I.

9.11.BEJIOYCOBA
YEPHOMOPCKUN ®UJINAJT MI'Y UMEHU M.B. JIOMOHOCOBA
I'.CEBACTOIIOJIb, YKPAUHA
BEJ/1OYCOB B.B.
MoprcKOU I'MAPOPUBNYECKUN MHCTUTYT AKAJTEMUU HAVK YKPAUHBI
I.CEBACTOIIOJIb, Y KPAUHA

Bruepsoie aBToMOIeIbHOE PellieHne 33191 O pacdeTe CKOPOCTU TEUEHUsI B OJIHOPOTHOM MOPE
6bLI0 TOJTyUeHO B pabore [1]. YcraHOB/ICHA ACCHMMETPUTHOCTH PEAKIUU BOJIBI OTHOCHTEIHHO
HarpasseHus Berpa. [lokazano, uro ociabeBarormuuii ot 6epera Berep (6pu3) dbopMupyeT Tetde-
HI€e, CKOPOCTH KOTOPOT'O IIPH CroHe O0JIbIe, YeM Ipu Harone. B Hactosimeit pabore uccieyercs
BJIMSTHUE HEPABHOMEDHOI'O BETpa Ha CTPYKTYPY TE€UYEHUI B HEOJHOPOHOM MOPE. YCTaHOBJIEHA
aBTOMOJIETbHOCTD IIPOIIECCa, KOTJa JIHO IMPUOPEXKHON 30HBI MPEICTAB/IIET CODON HAKJIOHHYIO
IJIOCKOCTh, & CKOPOCTH BETpa W TeMIlepaTypa yObIBaIOT IIPHU YIAJEHHU OT Oepera.

Hamnpasum och Y Brosb npsimosinHeiinoro oepera, och X - HEPHEHIUKYISIPHO K HEMY, OCh
7, - BepTUKaJIbHO BHM3. Hadasmo KoopmHAT TOMECTUM Ha HEBO3MYIIEHHON MOBEPXHOCTH MODS.
[Ipeanosiarasy, 9To B/IOJL Oepera XapaKTePUCTUKU T€UEHUsT He MEHAIOTCS, 3AITUIIEM YPaBHEHU
JIBYZKEHMsI, COCTOSIHYSI, Hepa3phIBHOCTH, M dy3un Teria u rpaHnIHbIe yCIoBus B Buje [2]:

ou ou op 0%u
Yor TVaz T ___/ d+Aa2’ (1)
ou Ow
9 s 0 (2)
or or 0t
p = po(1+ar), (4)
ou T,
0
8T +bor =TIy, (6)
z=H u=w=0, (7)
0
aHa—T + by =Ty, (8)
H

IJe U, W - COCTABJIAIONINE CKOPOCTU TeYeHUd BJIOJb oceit X, 7Z - COOTBETCTBEHHO; ( - OTKJIO-
HEHUE MOBEPXHOCTU MOPs OT MOPU30HTAJLHOIO TOJIOXKEHUS; § - YCKOPEHHNE CHUJIbI TsKecTH; A
- KUHEMaTUIEeCKUil KO3 (DUIUEHT BEPTUKAILHOIO 0OMEHA KOJTMYECTBOM JIBUKeHU; K - KO3D-
dbunment BeprukagbHOit TypbOystenTroit quddysun; H = H(z) -riaybuna; T, - TaHreHIIHAIbHOE
HaITpsZKeHne BeTpPa; p U T - IJIOTHOCTL M TeMIIepaTypa BOJBI COOTBETCTBEHHO; py = 1 T-cM 3
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: ag,bo Lo, apr, by 'y - mssectuble dbyukimum; o = —2,5 - 10 *rpag ! -koncranTa; n- BHeNHsAA
HOpMAaJTh.

B nocranoske 3agaqu (1)-(9) crenaHbl Caeyonme mpenoaoKeH s .

YpaBuenue jpuzkerus (1) MOJydeHO ¢ TOMOIIBIO ypPaBHEHUs I'MIPOCTATHKU, KOTOPOE JIJIst
9TOH IeJIM MPOMHTEIPUPOBAHO 10 BEPTUKAJIBHON KOOpJuHATEe B mIpeiesax oT ( JI0 z, a 3aTeM
npojuddepernupoBano 1o z. B pesysbrare mo/IydeHO BbIpayKeHne Jijisi TOPU30HTAIBHOIO IPa-
JINEHTA JIABJICHUS Yepe3 HAKJIOH YPOBHS M IJIOTHOCTH MOPCKO# BOJIBI:

8P_ 8pd

ox dx

Benuuuna ( camraercd MaJjoil 110 CpaBHEHUIO C rﬂy6HHoﬁ H. D1o nozBossier chopmyaupo-
BaTb yCJIOBUA Ha HeBO3MyH_I‘eHHOI/I ITIOBEPXHOCTU MOP4. KI/IHeMaTI/IquKoe cooTHOI€HHNE W — U=
npuHATO B Bujie w = 0.

UsBecrHo [3] , uro mOTOK Temia wepes MOBEPXHOCTb MODsI siBjsieTcs (DyHKIeil Temmepary-
pei: K92 = f(7,x). B coornomenun (6) npumsTa 1uHeiiHas 3aBuCHMOCTb. Te 3Ke coobpasKkeHust
HCIOJIb30BAHbl MPH 3alucu rpaHnvHoro yciaosus (8). Ilpm KOHKpeTHBIX pacderax Jajee HC-
I0JIb30BAJIACH YaCTHBIC CJIy9Yad TPaHnIHbiX yeiaoBuit (6),(8): Ha MOBEpXHOCTH MOps 3a/IaHBI
SHaueHHs! TeMIIEPATypbl T = Ty (T), a Ha JiHe - OTCYTCTBHE II0TOKa Terla 9= = 0.

U3 paccMOTpeHHs HCKJIIOUEH BOIIPOC O TEYEHUsIX B Y3KOiil 30He Gepera, rjie ypoBeHb( nMeer
TOT K€ TOPsIJIOK, YTO U riiyObuna H u rje mpoucxojuT cMmerienne 6eperosoit yeprsl. [losromy

Ha HEKOTOPOM YyJaJICHUN OT 6epera CTaBHUTCAd TaK Ha3bIBaeMO€ CMATICHHOC I'PaHUIHOE YCJIOBHEC!
H

f udz =0 npu x = 0 . DTO ycJOBHe O3HAYaeT OTCYTCTBUE y Oepera MOps Pacxoja BOJbI B
0
HAIIpaBJIeHUN HOpMaJu K Oeperopoii depre. VIHTerpupys no z ypaBHeHHe Hepa3pbIBHOCTH (2)

OT IOBEPXHOCTH JI0 JIHA W, YIATLIBASA 3TO TPAHUTHOE YCIOBHE, MOKHO YOCIUTLCA, YTO YCJIOBUE
(9) conpaBesyuBo He TOsIbKO pu = = 0, HO U JIst JiEoboro = = const. Yciosue (9) cayRuT st
olpeJiesIeHUsI HEU3BECTHOI'O HAKJIOHA YPOBHSI % [4].

YpaBHeHHe Hepa3pbIBHOCTU (2) MO3BOJISET BBECTH (DYHKIMIO TOKA, OIPEIEIAeMyio hopmy-
JIAMU

dx

ov ov
YT v ox (10)
[Toacrasnss coornormenus (10) B ypasuenus (1), (4) u rpammunsie ycaosus (5), (7), (9),
TIOJLY IMM

0z3 0z 020z * Or 022

3 2 2
v 9 9°v v 8\112 /8,0d (1)
dff Po

027_0\11 or ov Ot

92 0: o o 90 (12)
0% T,
T =0, (14)
ov
U =0, (16)

[oacrasmss (10) B yesosue (9) MoKHO yoeanTbest, 9To 3uadennst dyunknnn Toka U npu z = 0
u npu z = H opuHakoBbl. YcjoBus npuinnanus Ha jue (7) ozHadaor, uto W = 0 npu z = H.
Orcrona ciejyer CrpaBeInBoCThb yeaosus (14).
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[Iposenem “cupsamienue”’ jiHa MOPs, IEPEXO/d OT BEPTUKAIBLHON KOOPJMHATHI 2 K Oe3pasMep-
HOIT BepTHKaJIbHOI KoopauHate 7). Ucmomb3yem cieyoriee nmpeobpasosanue [5]:
z
=z n=4
[Ipoussoiabie (hyHKITHUIT 10 KOOPIMHATAM X U 2 3aMEHSIIOTCs TPOU3BOIHBIME 110 KOOPIUHATAM
&, m cornacHo popMysIamM

(17)

9 _0 w0 9 _10 & _18&

or 06 H 877 0z HOny' 022 H20m*
[Tocste npeobpazosanuii (17), (18) cucrema ypasuennii (11), (12) u rpamndnbix yeaosuit (13) -
(16) mpumeT B

(18)

AW 10V PV %—(gﬁf 100 90

ﬁa—ns—ma—n‘a@n*m an) THEOE op
" (19)
¢ [Op, 9%  gdil
=——+— —dn— —— +—— dn,
g e J o o m T podg )
2
ﬁﬁ_i o¥or _oVory _ (20)
H20np2 H \onos 0¢ dn
1 0?0 T
=0 21
77 H2 877 p07 ( )
T =0, (22)
ap 0
ﬁoa—T + bo’/' Fo, (23)
ov
=1 — = 24
U ay " (24)
V=0, (25)
0
Bynem uckars pemenne cucremst (19) - (26) B Buze
U= f(&)p(n), 7 = QOR(). (27)
[Moacrapsia dopmysibt (27) B cucremy, O/ IuM
o A e B0 0] (2
dn?3 Ad§ dn? H d¢  d¢ dn B
) " (28)
__ﬂ%_ga@ﬂ?’dHR +gaH3 ——i—Q /R
- Af dg Af - dg Af dg
0
al2 df H dR fH dQdy
d*p T, H?
= O = — 5 30
! i~ pAf )

¢ =0, (31)
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Qao dR
w70 Bt -7
n=1 v =0, (33)
de
Qag dH\ dR dQ B
7 (nz Ny df) an + (aHngc TS +byQ | R=Tyg, (35)

rJe N, U N, - HAIPaBJISIONINe KOCUHYChl HOPMaJIi K IIPOMUIIIO JIHA.
[Ipeamosioxum, 9To Ko3hdUIIEeHTHI

CH& o jdH T
Cl_Ad§7 Z_Adé. C1; CG_IOOAfa
__gH*dC - gaQHdH
goH? dQ dH
_ H—= - 36
w =25 (1 Q%) (30

. _df H _ fHdQ ~ Qag

12 = _d£ _K’ Ci3 = —KQ —d£ ;7 Cig = —H )
c15 = boQ; qﬁzaHQ(n-—ngE)' Q7=am1%g
Y H z xX dg ) $d€

He 3aBUCAT OT TOPU30HTAJIbLHONW KoopauHaThe! £ . Torna 3ajada CBOJMTCA K PEIICHUIO CUCTEMBI
OOBIKHOBEHHBIX JN(DPEPEHITNATBHBIX YPABHEHUHN 110 BEPTUKAJIBLHON KOOPIMHATE 1)

7
dp ¢ de\”
d—773 + clgod—nQ + ¢ (d_ﬁ) + cioRn — enq /Rdn =, (37)
0
’R dR dy
- i ——R=0 38
an? + Ci2p dn C13 an ) (38)
d*p
n= 0 d—7’]2 = —Cg, (39)
¢ =0, (40)
dR
014d—n +csR =T, (41)
dep
=1 - =0 42
¢ =0, (43)
dR
— R=Tyg. 44
C16 dn + ci7 H ( )
B coornomenusix (36) ¢y, ca, . .. €13 ABAAOTCH TOCTOSHHEBIMU. K03 DUIUEHTE ¢4, . . . C17 MO-
I'yT 3aBUCETH OT KOOPJMHATHI { TaKuM ke 0bpa3oMm, Kak Beauduubl [y, ..., ['y. Besmauna c

€CTh KOHCTAHTa, KOTOpas OIpee/deT HAKJIOH yPOBHs 110 (hopMmyJie:
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A __Afe

= — ) 45
AT E (45)

Bsejiem 6e3pasMepHyio (yHKIIMIO @ C TOMOIIBIO COOTHOIIEHUS
Y = Pop, Po = |cs] (46)

Bribupast QQ BeJIMInHOii, pa3MepHOCTb KOTOPOii COBIAJIAET ¢ TeMIIEpaTypoii, oy dnum, 941o R -
BesimamnHa 6e3pasmepnast. [logcrasiss (46) B cucremy (37)- (44), nmpuseném eé Kk 6e3pasMepHOMY
BHLY

n
Be BPe [dp\® ) )
d—773 + ClgOd—nQ + G (d_n> + c1onR — ¢11 /Rdﬁ =, (47)
d’R _dR _ dp
dn2 1290% —C13 p R=0, (48)
d*@
n=0 Tf = —signTy, (49)
¢ =0, (50)
dR _
Clu——+ et =T 51
C14 an + Ci5 0 (51)
1o
n=1 ;%ZQ (52)
¢ =0, (53)
dR _
Clo—— +arR=T 54
C16 an + C17 H> (54)
rie
_ _ _ C10 _ C11 -~ C
¢ = cr el Gy = C2 el Clo:!c—|’ CH:\C—V C:W’
’ ° 6 (55)
Ciz = ci2|c|, i3 = casleg|, G = %7 515:%57 516:%6, 5172%.

[Ipeobpaszyem ypasuenue (47) . VICKIIIOUNM U3 HErO HEM3BECTHYO KOHCTAHTY ¢, Aud depeHrmpyst
YpaBHEHHUE 110 BepTHKaﬂbHOﬁ KoopJauHaTe 7):

die d (_dp\ , _d (dp\® , _ dR
d—774 + Cld_n <g0d—n2) + CQd_n (d_ﬁ) + (610 - 011) R+ 0107703—77 =0. (56)

Ypasuenne (56) npu rpannansix yeaosusx (30), (31), (33), (34) pemanocs uncaenno. s
3TOI0 OHO 3aMEHsLIOCH CJIE/LYIONIUM YPABHEHIEM

op 0 o (_0%p o (05\* OR

— 4+ —+4a— P55 | +e=— (5 ) + (Go—cu)R+Gon=— =0, 57

ot " ont 1(977 @87}2 2877 an (Cio 1) 107 an (57)

KOTOpO€ peniaJioCb METOJI0M CTAalTMOHUPOBaHM . B HaYaJIbHBIA MOMEHT (1)I/IKTI/IBHOI‘O BpeMeHun

t = 0 npunumasiock @ = 0 . Jludpdepennmanbuoe ypaBHeHUE alllIPOKCUMUAPOBAJIOCH CJIELYIOIITUM

KOHEYHO-PA3HOCTHBIM ypaBHeHueM [6]:
— Aty + Mgt — Bert + Cigifl — Cagily + F =0

(2<i<N-2) (58)
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Ay = e1h@; |+ Eh (¢, — @f) /4—2=0,
Ay =2he,pF | -8,

_ oy _ coh - 2h?
B=ah ("Df—l - 90f+1) + e (‘wa - ‘Pf—2) — 12— —
Cl - 2h51()5§+1 - 8, (59)
o éh , B
Cy = —e1hgiiy — = (Pie — 1) =2,

2h!
= _T@f + 20" (€19 — en1) R + Bn; (R — RY,) + Cao,

rje T - mar 1o (pUKTUBHOMY BpeMeHu; h - IMar 1o nepeMeHHol 1) ; k -HoMep IIara 1o BpeMe-
HIU; i- HOMED paccMaTpuBaeMoii Touku; N - qucso Todek. YpasHenue (58) permanoch MeToI0M
00001mennoit porouku. llpu 3aMeHe rpaHUYHBIX YCIOBUNW MX PA3HOCTHBIMEU HMPUOIUZKEHUSIMH,
pu HeOOXOJMMOCTH CJieBa 1 CIpaBa oT paccMarpubaemoro uarepsasa [0;1] BBoguaucs (uk-
TUBHbIE TOUKN i = —1 14 = N+1 | KOTOpbIe 3aTeM UCKJIIOYAUCH C IOMOIIbI0 ypasHeHust (58) u
rparnaHbiX yeaosuit (30), (34) samucanubix B pasHocTHOil opme. Ypasuenue (48) 3aMeHsI0Ch
ypaBHEHIEM

OrR O0*R _ _OR _ G@R 60
E—a—nQ—f—Cu@a—n—CHa—n ) (60)
KOTOpOE PeIrajoch MeToJioM craimonnposanus. uddepennuansroe ypapaenne (60) 3amens-
JIOCH KOHEYHO-Pa3HOCTHBIM ypaBHEHUEM, KOTOPOE PEIIaJIOCh METOJIOM IPOTOHKH JIJIsT TPEXTO-
YeYHBbIX ypaBHeHmil. B HavaabHbI MOMEHT (pUKTHBHOrO Bpemenn ¢ = () mpuHumasioch R = 1.
[Ipeanonoxkenue 0 TOM, 910 KO3hMUIMEHTDI ¢;, BXOJIIue B cooTHOIIeHust (36), sBJIsIIOTCS
KOHCTAHTaMU, HAKJIAJIBIBAET OIpEJIeJIeHHbIe OrpaHUYeHns] Ha BUJ (PYHKIIMOHAILHON 3aBUCH-
MOCTHU OT TOPU3OHTAJBHON KOOPAMHATHI T TJIyOUHBI MOpst H |, TAHPEHIIUAIHLHOTO HAIPSIKEHUS
Berpa T, ko3 dunmenTta obMeHa KOJIUIecTBOM JiBUKeHust A | Koaddurnmenta TypOyIeHTHOMN
quddysun Teria K, a TakyKe BEJIUYUH ag, by, ap, by
Paccmorpum gacTHbI cirydait. TanreHmaibHOe HAIPSI?KEHNE BETPA OMUCHIBAETCS COOTHOIITE-
HIEM

TOJ:
S E—
(1 + H%)x)

JIHo Mops mpescTaBisier coboit HaKJIOHHYIO ILJIOCKOCTh H = Hy + sx.
Kosddunuent BeprukanbHoro oomena A siBiiseTcst BeJIMINHON MOCTOAHHOM [1]:

T, =

1
v? 3
A= o Tl - H,
rie k=002, v=325-1076.73

KosdpdunmenT rypbysnentnoit quddysnn tensa K mponopruonaseH Ko3dduimenTy obmena
A: K = xA, 0<x<1.

[Momoxkum ag = 0, by =1, Iy = 79 , TO ecTb 3aJaJIUM HaA TOBEPXHOCTU TEMIIEPATYPY.
Bagamum ag = 1, by =0, D'y =0, T0 ecTb mpuMeM, ITO IMOTOK TeIjIa Ha JHE OTCYTCTBYET.
[Toxcrasisst npuHsiThe cooTHOImenus st Beauand T, H, A, K B dopmyist (36), Bugum 4To
aBTOMOJIEJIbHOE pertienne Buja (27)

Y=rf()vn), =Q(§) R(n)
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CYTIECTBYET, €CJIN

Qo
3
(1 + Hiog)
Bespasmepnbie koabduimenTsr ¢; , Bxogsmume B ypasHenus (47), (48), ompejgesnsiorcst ciie-
JIYIOIIAMU COOTHOIICHUSIMU

f=/f"=const, Q=

_ _ 16pok” _gaHyQopo
¢ = 0; Co = S Clo = ———7= 1 S,
v |T()z|
_ _ _ _ 3_
€11 = —2C10; c12 = 0; C13 = ——Cy;
=_ _PogH dC
T, de
PacdeTs! BBINIOJIHEHBI JIJIsT CIy4as, KOTJa Ha TIOBEPXHOCTH MOpsI 3a/laHa TeMIIePaTypa BOJIbI
B Qo
To=—3
S
(1 + 705)
a Ha JIHE - OTCYTCTBHE IOTOKA TeILIa g—; = 0 . Ilociennee ycioBue jid Ge3pa3MepHOl
dbysknun R umeer Bu :
dR 352
—1 Kl —0.
" dn  s2+1

[Toce onpenenenns byuxmnuit ¢ u R XapaKTepUCTUKU T€UEHUS U TEMIIEPATYPhI HAXOIATCS
o popmysiam

Ak Ho |Tos'"*

Y=——"—9M0N),
Ak | Tou|'? _ dg
w= =Gy a =22
A1/2 <1+Hi0€> U
Ak |Tou|'? _ dp
w = wn),  wn)=sn-,
A1/2 (1+Hi0£> U
Qo
T = 3R(77)
(1+7¢)
i T e &2p dp\* /
% = _pogH7 cC = d—7]3 + 51(,5d—n2 + Co (d—77> + ElonR —C11 /Rdn

0
Pacemorpum ciyuan.
Tepmuueckoe TeueHue (Berep orcyrcrsyer, Ty, = 0).
Boga y Gepera mporpera cuiibHee, UeM BJAJH OT Hero. YObIBaHHE TeMIEpaTypbl BOILI HA
MOBEPXHOCTHU MOPSI C YaJIeHueM OT Oepera ONUChIBACTCs CJIeIYIONIeil 3aKOHOMEPHOCTHIO

B Qo
Tl

Ha puc.1 nmpuBejieHo BepTHKAIbLHOE pacipe/iesieHne 6e3pa3MepHBIX CKOPOCTel TedeHus U , W 1
TeMIepaTyphl R, COOTBETCTBYIONUX HaKIoHaM aHa s = 5 - 1074, s = 1073, s = 2 - 1073. Buuno,
YTO TOPU30HTAJIbHAA CKOPOCTbH U IOJIO?KUTEJIbHA B IIOBEPXHOCTHOM CJIO€; 3/1€Ch PACIIOJIaraeTcs

Hy=7-10?% Qo = 16°C.
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TedeHne, HAIIpaBaeHHoe oT Oepera. Huxke pacmosaraercsa mporuorederune. CKOPOCTH TepMUIe-
CKOT'O TeUeHHUs U MeHsIeT 3HaK Ha OoJibIeii riryouse (n ~ 0.45) , 4eM B cjrydae 9ucTo BETPOBOTO
teuennsi(n = 1/3) . C yBeJndeHreM HAKJIOHA JHA § CKOPOCTb U YBEJIUIMBAETCSI, TPOTHBOTEUE-
HIe CTAHOBUTCS WHTEHCUBHEE, €r0 SIAPO CJIerKa IMOJHUMAeTCsI. SHAKN BEPTUKAIBLHON CKOPOCTH
W U TOPU3OHTAJIBHONM CKOPOCTH U COBHAJIAIOT: B CJIOE, 3aHATOM TequHeM(ﬂ > ()), IIPOUCXOUT
omyckanue Bojpl (w > 0), nporusoredenne (4 < 0) cONPOBOKIAETC HOIBEMOM BobI(wW < 0).
C yBesmmueHneM HaKJIOHA JIHA S (M POCTOM MOPH30HTAJIBHON HEPABHOMEDHOCTH PACIPEIC/ICHUST
TeMIIEpaTyPbl) BEPTUKAIbHBIC JIBUYKEHUsI BOJbI mHTeHCcubunupyorcs: |w| pacrer. [Ipoduib
TeMIepaTypbl [ XapaKTepu3yeTcs ee MHBEPCHeil B IMOJIIOBEPXHOCTHOM CJIOE M TE€PMOKJIMTHOM

BHU3Y.

0.75 0.8 0.85 0.9 0.95 1 1.05 1.1

Pucl. BeprukanabHoe pacipejiesieane 6e3pa3sMepHbIX CKOPOCTel TeueHus i, W U TeMIIePaTyPhbl

-3
RanTOx:O,Q:QO<1+Hi0§> o 5=5.10% - ---5s=1-10"3,

CymMmapHoOe TedyeHue, popMupyemMoe AeiicTBIEM BeTpa 1 HEPABHOMEPHBIM Harpe-
BOM BOJBI.

Ha puc.2 npusejienb s1mopbl 0e3pasMepHbIX CKOPOCTell TeueHus i , W U TeMIieparypbl R: cie-
Ba jiy1st crounoro Berpa (Tp, = 1- 71 ¢™2) u cupasa jyig naronnoro serpa(Ty, = —1- 71 c72).

Busro, aro npu Berpe, JyomieM ¢ Gepera (CroH), CKOPOCTH TedeHHst U U W OOJIbINe, YeM B
YUCTO TEPMUYECKOM TedeHuu. KadecTBEeHHO SMIOPHI 4 U W HE MEHSIOTCA: OHU MEHSIOT 3HAK 10
rIyOmHe 7) oJmH pa3. Kak m B cIydae YUCTO TEPMUYECKOr0 TeYeHUs, TPOMUIb TEMIEPATYPbI
R conepkuT MOAIMOBEPXHOCTHBIH ¢jI0iff mHBepcun 1 TepMOKInH. OJIHAKO, IPU HAJMYANA BETPa
JIMana30H U3MEHEHU TeMIepaTypbl ¢ IIyOUHON OOJIbIIIe.

[Tpu Betpe, ayromem K 6epery (HArOH), SMIOPBI CKOPOCTEH % U W KAYECTBEHHO OTJIMYIHBI OT
CJIy4aeB TEPMUAYCCKOT'O U CrOHHOI'O TEYCHUI: CKOPOCTH U W W B 3aBUCUMOCTH OT IapaMeTpa S
MOT'YT JIBAXKJIbI MEHATDH 3HAK C IIyomHoil. Kpome Toro, mpoTuBOTEYEHNE MOYKET BBIXOJUTH Ha
OBEPXHOCTD. [Ipw JeficTBUM HATOHHOTO BETpa MOIOBEPXOCTHBIN CJI0M MHBEPCUU TEMIIEPaTYy-
pPbl OTCYTCTBYET; 0Opa3yeTcd KBa3WOIHOPOJHLIN cjioil. Jlnanazon m3mMeHeHUr TeMIepaTyphl C

rIyOMHOI MEHbIIIe, YeM IIPU CrOHE.
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Puc2. Beprukanbaoe paciipejesierne 6e3pa3sMepHbIX CKOPOCTel TeueHus i, W U TEMIIEPaTyPbl
3

Rupu Ty, = 171 c2(cnesa) u Ty, = —1- 71 c7?(cupana), Q = Qo (1 - Hi()f)_ P —
s=5-107" — — — — — s=1-1073, — —+ — . — 5=2-1073.
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SakaroueHnune. B pabore 1mo/1ytueHO aBTOMOJIEIBHOE PEIIeHne 3aadiu O pacdere CKOPOCTU
TeYeHUsd U TeMIIepaTypbl, GOPMUPYEMBIX BETPOM OPH30BOrO THIIA B HEOTHOPOIHOM Boje. [lo-
Ka3aHO, ITO IIPU CTOHE CKOPOCTH Te€UEHUsT OOJIBINE, IeM ITPU HAroHe. JIMIOPBI CKOPOCTH TeTeHUsT
Ka4eCTBEHHO Pa3JINYHbI: IIPU CrOHE CKOPOCTh TE€YEHUsI MEHsIeT 3HaK C IVIyOMHOIN OJIUH pas, Npu
Harone - JiBaxkKpl. IIpoduan TeMmieparypbl Tak:Ke Pa3JIMIHbL: IIPU HAT'OHE CYIIECTBYET IOJIIIO-
BEPXHOCTHBIN KBa3UM30TEPMUYECKHUI CJIOM, TIPU CTOHE OH OTCYTCTBYET.
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9.1.BE/IOYCOBA, YEPHOMOPCKHUI o®WJIUAJT MI'Y uMEHH M.B. JIOMOHOCOBA,
I.CEBACTOIIOJIb, YKPANUHA

BesovcoB B.B., Mopckomn I'maPO®U3NYECKUIN UHCTUTYT AKAAEMUU HAVK YKPA-
UHbI I.CEBACTOIIOJIb, YKPAUHA
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OB 9KCIIOHEHTE MATPUYHOI'O IIYYKA, SABUCHAIIEI'O
OT ITAPAMETPA, B CJIVHAE KPATHOI'O CITEKTPA

OPEJAEIBHOU MATPUIIHI

K. 1. YEPHBIIIOB
BOPOHEXKCKAS TOCYIAPCTBEHHAS JIECOTEXHUYECKAS AKAJIEMUSI,
BOPOHEXK, Poccus

IIpedaooicer, anrzopumm OUG2OHAAUSAUUY MAMPUYHOL0 NYUKE, 3ABUCAUEL20 OM NAPG-
MEMPaA, 6 CAYHae, K020a NPEIEAbHAA MAMPUUG UMEET, KPAMHOE COOCMEEHHOE 3HAYE-
Hue. B aszopumme ucCnosb3yemes ucuepnueaiouLan Cynepnodultui CneyuaisoHbLr npe-
0bpasosanuti nodobus. Iloaywerv, Gopmyavt OAf IKCTLOHEHNDL MATNPUYHO20 NYYKA NPU
PASAUMHDIT CMENEHAT BBPOHCOEHUA CPYKIMYDHOT MATPULDL.

KEYWORDS: MATPUYHBIN IIYVHOK, COBCTBEHHOE 3HAYEHIE, MAJIBI ITAPAMETP, IPEOBPA3OBAHUE IIO-
AOBUA, TNATOHAJIN3AILINA.
§ 1. BBenenwne. IlocTtanoBka 3aga4m.
[Iycts F — KOHEUYHOMEPHOE ITPOCTPAHCTBO pa3zMepHOCTH m, I — HIPOCTPAHCTBO MATPHIL 110-
psijika m X m, aefictByronux B F, u € > 0 — maJiblit mapamerp. PaccMoTpuM MaTpUYIHBIHN Ty YOK
T

D(e)=Do— Y &'D;usMN.
i=1
B nexkoTopbix dpusmyeckux 3aj1auax BOZHUKAIOT ITPOOJIEMBI, CBA3AHHBIE ¢ ONMUCAHUEM TIOBEIe-
Hust pertenus 3a1aan Ko (3K) misa sureiinoro muddepenimanbaoro ypasaenus (JIIY) ¢
ITOCTOSIHHBIMU KO3 DUImeHTaMu BUIA

dy _

V-DE)§ TeR, 0. 5)=F€F (1)
upu 7 — o0. [locse 3amenst 7 = te™? Bmecro (1.1) momyuaem 3K pra JIZTY
d
@ =DE Y. Y0 9=y B 0<i<T, (12)

U Tenepb npobjiemMa COCTOUT B u3ydeHun nosejenns pemenust 3K (1.2) mpu e — +0.

Permmenue 3a1auu (1.2) ecrecTBEHHBIM 00PA30M CBSI3aHO € MOJIYTPYIOi Ha R || aBjsiomeiics B
HAIIUX YCJIOBUSIX MATPUYHON 9KCIIOHEeHTOl. Ecu nmpu sTom riraBuast (nipejesbaast) marpuna Dy
nyuka D(g) mMeer pasimdHble COOCTBEHHBIE 3HAYEHHs, TO MIyUOK JHATOHAJN3YEM, UTO TTO3BO-
JISTET JIErKO IOJIYYUTDb €ro 3KCIIOHEeHTY. [opasio cIoxkKuee UCeaeLyercs ciydaii, Koraa MaTpuIa
Dy umeer m-KpaTHOE COOCTBEHHOE 3HAYEHUE.

B mannHoit paboTe mpe/roJaraeTcs, 9TO IpejebHast MaTpuiia [y uMeer m - KpaTHOe Co0-
crBeHHOE A, T. e. Do mogobua marpure J + A, riae J — »kopaaHoBa KJIeTKa 1M X 1M, OTBeYaoIas
HYJIEBOMY COOCTBEHHOMY 3HAYCHUIO. 371€Ch OyIyT IPHUBEICHBI PA3IMYHbIC JIOCTATOYHDIC YCJIO-
BUs, HAJAraeMble Ha MJIAJIIIME 9IeHbl IydKa, IPU KOTOPBIX 1mydok D(g) juaroHajamusyem, 4ro
[O3BOJIUT TIOJIyIUTh (hopMyJIbl Jjisd MaTpuilbl exp(e P D(e)t). s ynporienust usjioKeHust jia-
see GyaeM canrarh, uTo 7 = 1, p = 1, m mocrponm Marpuiy exp(e(Dy — eDi)t).

SAMEYAHUE 1.1. Eciaun marpuna Dy — €D nogobHa guaroHaJILHON MaTpulie
diag (A4 p1(€), ..., A+ pm(€)), upudem () # pi(€), ¢ # j Upu Beex JOCTATOYHO MaJIbIX € > 0,
to u Marpuna exp(e ' (Dy — eD;)t) nogobua muaronaabHoil Marpuie exp (e 'At) X
x diag (exp(e~ ust), ..., exp(e ™ ppmt)), vae dyukmum p;(e), 1 < j < m 3aBucar or € PELYJ/ISP-
HO.

3nech Oyer mpeyIozKeH aIrOPUTM IIOUCKa COOCTBEHHBIX 3HadeHuil \;(¢) myuka Dy —eD; B
Buge \;(e) = A+ pj(e). Onun mar anropurma OyneT COmepzKaTh CEPHIO PA3JIMIHBIX IPeodpa-
sosanuit nojobus: ®, I +eQ_,, Ale), @V, I +"Y(e), I +e"Z(e), v > 0, BBOAUMBIX HHKe.
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Cremyer OTMETUTD, IYTO KOJTMIECTBO Tpeo0pa3oBanmii, (GOPMUPYIONINX UX UCIEPIBIBAIOINLYIO CY-
IIEPIO3UINIO, OLPEIE/IAeTCs MOMEHTOM, KOra Bee BosMyteHus /i;(g), 1 < j < m craHoBATCS
MOTTAPHO PA3JIMIHBIMU, U TOTJIA UCCJIeIOBAHUE 3aBEPIIaeTCs.

s kpaTkocTu OyJjieM yrnoTpeOsaTh CeyIoIue 0003HATEHIA:

S =9, S =6; (I + €Q—n), S = 611/\(5), Sy = GHI(I)(I)a

6\/ = 6[\/(1 + €VY(€)), G = GV[ = 6v(] + €VZ(€)). (13)

§ 2. Marpuna nomgodous P.

O6ozHaunM gepe3 ® obpaTuMyo MATPHILY, CTOIOIAME KOTOPO SIBJISIIOTCS COOCTBEHHBIN BEK-
TOP 1 W HMPUCOEINHEHHBIE K HEMY BEKTODBI Vg, ..., (0, OTBEYAIOIIe 1M - KpaTHOMY COOCTBEH-
HOMY 3HaYeHHIO A MaTpHIbl [y U 3allCaHHbIe B ODTOHOPMUPOBAHHOM Oa3HCe €1, ..., €y, TJIE € —
BEKTOP, €JINHCTBEHHBIM HEHYJIEBBIM 3JIEMEHTOM KOTOPOT'O SIBJISIETCS €JIMHUILA, CTOAIIAS HA J - M
Mmecre, 1 < j < m. llpumenenue npeobpazoBanus 110100us ¢ MmaTpuiieir ® mo3BoJIseT IepeHecTr
HCCIeI0BaHNe B IIPOCTPAHCTBO F, cHaOKeHHOe OPTOHOPMUPOBAHHBIM 0A3MCOM €1, ..., €y,.

[Tockonbky @1 (Dy — AI) ® = J, To, oboznadus ®~1D; & = 2, noxyuum

S (D) = M) &= H(Dy—A) —eD;) @ =J — A (2.1)

Crenys [5, 7], mazoBem Marpuity A CTPYKTYPHOI.
§ 3. Crpykrypa npocrpaHcTBa . OgHoAMAroHAJIbHbIE MATPUIIHI.

3.1. Basuc B npoctpanctBe i. Obo3uaunM qepes I mpoctpancTtBo End E BenecTBeHHBIX
MOCTOSTHHBIX MATPUIL TOPSIKA M X M, JIeWCTBYIONINX B MPOCTPAHCTBe F.

B m2-meprom mpocrpanctse N BBeAeM 6Gasuc ¢ momompbio m? marpum Vil yr T
Yy KOTOPBIX €JIMHCTBEHHBIN HEHYJIEBOIH JeMeHT paBeH 1 m pacrosoxkeH B (m — i+ r + 1) -i
crpoke, (r+ 1) -m crosbre win B (r+ 1) -it crpoke, (m —i+7+ 1) -M cTosbIie COOTBETCTBEHHO,
0 <r<i—1, 1 <1 < m. Exuanna pacroiokeHa Ha JIMHAU TapaJLIebHON JIraroHajIn
U COCTOSIIIEH U3 ¢ 9JIeMEHTOB, IIPUIeM Ha ITOH JIMHUU BBIIIE eIMHUIBI HAXOISITCS T HYyJel, a
HKe ¢ — 1 — r myneit. IMeHHO 9TUM 00CTOSATEIHCTBOM O0bACHAETCH BHIOOD 0003HAYMEHUI JIJIsT
Oa3MCHBIX JIEMEHTOB.

B nepsoit rpyrme marpul] ykazaHHas JIMHUSA JIEYKUT HE BBIIIE JUANOHAJN, BO BTOPOIl — He
HUKE ee.

[Iycty uncna r, k, p, ¢ TaKOBBI, YTO

0 5; r <§l)-— 1a 0 5; k}ﬁ; q __17 1 S;l)$; m, 1

N
Q
N
3

BosbMmeM siBe MaTpuIibl U3 1mMepBoil IPYIIIbI

rp—1-—r k,g—1—r
AL (3.1)
JIlemma 3.1. Hpousee@euue MaAmpuy, (31) OMAUYHO O HYAA TMOUYHO moec?a, koeda r — k =
—q=0 J Vo g =m+1
m —q 2 0, u npu 6vnoAReHUY 3020 Ycaosus npoussedenue pasho Voo p+q=m .
[Iycts 00e MaTpuibl IpuHaIEsKAT BTOPOI I'PYIIIe
rp—1-—r k,g—1—r
AR Y (3.2)

Jlemma 3.2. Hpousse@eHue MaAMPUY, (32) OMAUYHO 0 HYAA TMOUYHO moec?a, xoeda k —r =
r,g—1—r

m-—2p 2 0, U NPU 6bINOAHEHUU IN020 YCA0BUA npou%e&euue pacHo ‘/Qm—p—tp P + q 2 m+ 1.
,ZLaﬂee BbIMUCJ/IMM IIPOU3BCACHNEC MaTPUIL
rp—1—r k,q—1—r
e N (3.3)

ITPUHAIIEXKAIIX COOTBETCTBEHHO 1 -if m 2 -it rpynmaM.
JIemma 3.3. [Ipoussederue mampuy (3.3) omauuro om nwyas mowno moeda, xozdar =k = 0,

—q+k,p—1— —ptrg—1—k
U MPU BHINONHEHUL IMO20 YCAOBUA NPOU3BEJEHUE PABHO Vf’éq_q;r) P npup < qu V];fqp” e
npup = q.
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Hakomerr, paccMoTpum ipou3BejieHne MaTPHIT

rp—1—r k,g—1—r
| AN i (3.4)

MPUHAJIEZKAINNAX COOTBETCTBEHHO 2 -if u 1 -ii rpymmam.

JIlemma 3.4. [Ipoussedenue mampuy (3.4) omauwno om nyas mowno moada, xozda r — k =
D — q, U NPU BHNONHEHUL IMO20 YCAOBUA NPOUIBEIEHUE PABHO V_kg_;yr npup=q, r=ku
ngfg‘l"“ npup < q, r<k.

CupaBeyinBoCTh yTBep:KIeHuit jiemM 3.1 — 3.4 ycTaHaBIUBaeTCAd HEIOCPEICTBEHHON ITPO-
BEPKOIi. DTU JIEMMBI TIOKA3bIBAIOT, UTO TPU YMHOXKEHUN OA3MCHBIX 9/IEMEHTOB HUYKHUN WHIIEKC
IIPOU3BEJICHUS PABEH CyMMe HUXKHUX WHJIEKCOB COMHOXKHUTEJIEH, T. €. IMeeT MecTO JIOTAPU®-
MUYECKHUI 3aKOH. DTOT 3aKOH CIIPABE/JTUB TaAKKe U JIJIsT UX KOMMYTATOPA.

B1ech u gasee kommyTarop Marpuil F, G pasubiii FG — GF obosnauaercs depes [F, G.

SAMEYAHUE 3.1. Bee usziioxkennbie B § 3 pe3yJsibTaTbl ¢ OYEBUIHBIMU ITIOIMPABKAMU U YTOYHE-
HUSIMU [IEPEHOCSITCST Ha CIydail MaTpull, 3aBucsmmx ot nepemennoit ¢, ¢t € [0, T.

3.2. Ogaoamaronasibabie MaTpulibl. O603uadnM 3j1eMeHT MaTputibl X u3 N, crosmnuii B
r -it cTpoke, [ -M crosdne, depes x, ;| 1 upejcraBuM X B Buje cyMMbl OJJTHOJUATOHAJIBHBIX
marpun X;, 1 —m < i < m — 1. Duementamu X; aBIAOTCA T, ;, Al KOTOPBIX | — 17 = 0.
IIpu 1 —m < @ < 0370 X1 1,.o0; Tn, mti, @ Ipr 0 < ¢ < m — 1 970 1, i1, -, Tin—i, m-
HemnysieBble ameMeHTHl KaxKI0i 13 MaTpull X; 3aHUMAIOT JINHUAIO MapaJIIeJbHYIO TUArOHATIN C
HOMEPOM, OTCYUTHIBAEMBIM CHU3Y BBepx oT 1 —m 10 m — 1. IIpu sTrom Ha camoil quaronasan
PACIIOIATAIOTCSA SJIEMEHTBL L1 1, ..., Ty, m MATPUIBL X.

C nomorpio 6a3UCHBIX JIEMEHTOB B 1 HAXO/IUM, UTO

m—+1

Xi=Y o VT 1-m i<, (35)
r=1

Xi = Zwr, i+r‘/ir_1, m—i—r’ 0<i<m—1. (36)

r=1

Teneps geiicTBUS ¢ 0JIHOIMATOHAIHLHBIMU MATPUIIAMA X; CBOJATCS K JEHCTBUAM ¢ OA3UCHBIMU
snemenTamu. Vcnosb3ys jiorapudMudeckuii 3aK0H, 3aK/II09aeM, YTO HUYKHUN WHJIEKC TPOU3Be-
JeHud JIBYX OJAHOMArOHAJILHBIX MATPHUIL MM UX KOMMYyTaTOpa paBeH CyMMe HUXKHUX UHICKCOB
COMHOXKUTEJIEH, IIpruYeM CyMMapHBI HUXKHUN WHAEKC HEHYJAeBOU MaTPUIbl IIPUHUMAET 3Ha4e-
Hust or 1 — m g0 m — 1.

YejioBuMmesa 0603HAYATH CYMMY 3JIEMEHTOB OJIHO/IMArOHAJILHON MaTpulbl X; depes fy;X npu
Beex 1 —m<er<m—1.

3.3. IIpsimbie pazsioxkenus npoctpadncTBa N. Ciemyst cxeme u3 [4], ucnonbsyromieit uien
crarbu (3], BBejieM B N cKaIAPHOE IPOU3BE/ICHIE

(A, B) = Tr (B'A),

rJe 3HaK o3navaeT Tpancronuposanue. Hopmy B N 3aaum dhopmysioit

IA[l =

Beenem B N tpu nogupocrpancrea N, N', M.

Omnpepenenne 3.1. Marpuna B € N’, eciun ee HeHy/eBble 3JIEMEHTHI 3aHUMAIOT JIMHUN
napaJiie/ibHble JHaroHaJ i ¢ Homepamu or 1 — m go 0, npudeM Ha KaxKI0# JUHUN 3JIEeMEHTBI
OJIMHAKOBBI.

Onpeaenenne 3.2. Marpuna C' € N, ecin ee HeHyJIEBbIe 9JIEMEHTHI 3aHUMAIOT JIMHUH I1a-
pajesbHble auaroHan ¢ Homepamu or 0 g0 m — 1, mpudeM Ha KarxKI0i JIMHUKM 3JI€MEHTBI
OJIMHAKOBHL.



68 Section 1. Spectral Problems

Onpenenenne 3.3. Marpura II € M, eciu ee HeHy/IeBbIe JIEMEHTHI 3aHIMAIOT TOJIBKO 110
-0 CTPOKY.

Ormerum, uro Bee maTpuisl u3 N’ N, M coxepzkar m HE3aBUCUMBIX [IapaMETPOB.

astee BBejieM errie JiBa mojmnpoctpancTsa F, U B .

Onpenenenne 3.4. Marpuna I' € F, ecou (I', B) = 0 jyist iroboit marpuner B € N'.

Ounpepnesienne 3.5. Marpunia U € U, ecoin (U, C') = 0 gzt sio6oit marpurpst C' € N.

CrpaBeJI/IUBBI CJIEIYIONIIE YTBEPKICHUS:

Jlemma 3.5. Mampuua I' € F <— %F =0, 1-m<i<0.

Jlemma 3.6. Mampuuya U €U <= ¥ =0, 0<i<m— 1.

[IpoBepka yTBepkKaeHuit jemMm 3.5, 3.6 BejeTCss HEIOCPEJICTBEHHO C YUETOM OIIPeIe/IeHHSs
ckassipHOro npomseeenns B 1. C MOMOIIBIO TeX Ke JIEMM ITPOBEPSIeTCsI, ITO

L L
N=NaF N=Nold, N=MaF

Obo3naunM depes J KOPJAAHOBY KJIETKY 1M X 1M, OTBEYAIOILYI0 HYJIEBOMY COOCTBEHHOMY 3HAa-
YeHuIo, a yepe3 J' COnpsiKeHHYIO K J MaTpHILy.

JIemma 3.7. C mampuvyamu J, J' xommymupyrom mampuuyv, us N, N’ coomeemcmeerto
U MONBKO OHU.

SBAMEYAHUE 3.1. B [6] durypupyior pasmoxkenus npocrpancrBa Il B MPIMYyO CYMMY MOJI-
npoctpancts tunia N = M @ F, onHo u3 KoTopbix (F') xapakTepusyer nHTErpupyemyio (B orpe-
JIeJIEHHOM CMBICJIE) 9aCTh HEKOTOPOTO OllepaTopa, UMEIOIero Ha JIpyroM noanpocrpanctse (M)
OTPaHUYEHHYIO BBICOTY.

§ 4. ¥YpaBHeHHus c TpaHcoOpMaTOPOM.

4.1. Ypasuenuns T;, oX =Y, Ty 5, X =Y. Iycrs panst marpunst L € End R, M €
End R*, u nycrs umeercst marpuna Y € Hom (RF, R!).

Beejsem B npoctpanctse Hom (R*) RY) nuneitnbie onepatopbt Ly u M, TIOpOK aeMble yMHO-
»xernneM onepatopa X € Hom (R*, RY) na oneparop L ciesa u onepatop M crpasa:

LX=LX, MX=XM, Xe&cHom (R R,

Caenys |2], nasosem oneparop Ty, = Lyj— M, neiicreytomuii 8 Hom (R, R'), TPAHC®OP-
MATOPOM (JIsmynoBa). V3BecTHO, 9TO yCI0BUS pa3permMocTi U GopMyJia PelleHrs ypaBHe-
nuda 17,y X =Y cylecTBeHHO 3aBUCAT OT B3aUMHOI'O PACIIOJIOZKeHUs ClIeKTpoB Marpull L, M.
Ecim ux crnexTpsl He nepecekatorcs, To TpancdopmaTop 17,y oOpaTuMm, T. e. ypaBHEHHe

LX - XM=Y

MMeeT eMHCTBeHHoe pemenne npu obom Y € Hom (RF, RY).

ITycts J; — KopJaHOBa KJIeTKa My X M, OTBEYAONas HYJIEBOMY COOCTBEHHOMY 3HAYEHUIO,
tuna J, a @ = diag (qi, ..., ¢») — MATPHIA C HEHYJIEBBIMHA TIONIAPHO PA3INIHBIMU COOCTBEHHBIMHI
3HAYEHHSAMU.

CrpaBe/|JTBBI CJIEIYIOIINE YTBEPXK/ICHNS:

JIemma 4.1. Vpasnenue Ty, X = 1 X — XQ =Y paspewumo das moboti mampuys Y €
Hom (R™, R™). Saemenmot ., ; mampuyse X € Hom (R™, R™) nazodames edurncmeserntoim
06pa3om U Tapaxmepusyromca paseHcmeami

mi
xr,j:_ZQ§_1_iyi,ja Il<sr<m, 1<j<n
JIlemma 4.2. Vpasnenue Ty, ;. X = QX — XJ; =Y paspewumo dasn 11060t mampuyov Y €

Hom (R™, R"™). 9aemenmoe x, ; mampuyse X € Hom (R™, R"™) naxodames edurncmseroim
00pa3om U TaAPaKmMePu3yomes paseHcmeamu

n
4
N
&

r
.',Uj7 r = Z q;iliiyj’ i 1 < j < n, 1
=1
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4.2. VYpasnenme c TpaHcdopmaropom K. Beegem tpanchopmarop Ky =T ;=
= [J, . ], meiictBytomuii B M. 13 gemmbr 3.7 Boirekaer, uro K1C' = 0 s J1000# MaTPHILB!
C € N, cnenosarensuo, Ker Ki = N.

Jlanee HemocpecTBEHHBIM 00pa3oM mpoBepsiercd, aro Im K; C F, u, 6ojee Toro,

Im K, = F.

Jlnst mokasaTesbcTBa IIOCJIEIHEIO0 PaBEHCTBa BO3bMEM ITPOM3BOJIBHYIO MaTpuily I' € F' u
nocrpoum U € U Takyto, uro KU = T'. Yeranasusaercs, uto ecau 7y, = 0,
1 —m <1 <0, to ssmementsl Matpuisl U ¢ 47 =0, 0 < i< m— 1 HAXOAATCA €/IUHCTBEHHBIM
obpazom.

SAMEYAHUE 4.1. Oxnoguaronaibable MaTpunbl npu 1 < ¢ < m — 1 Bcerja npuHajje:KarT
nognpocTpancTBy Im Kj.

Urak, crpaBe Bl IPsMbIe PA3JIOKEHUS

1 1
N=Ker K, U, N=NSImK, N=Mae&InKk,,

npudemM oba mojanpocrpancTsa N', M MoryT npereHI0BaTh Ha POJIb HOAITPOCTPAHCTBA

Coker K;. Ormernm, 9TO U3 JBYX pa3JIOXKeHUM, cojepzkaiux [m K, s HaluX Teteii mpeji-
OYTHUTEJIbHEE TI0C/Ie/IHee, TIOCKOJIBKY B MaTpuriax n3 M nMmeercsd He TOJHKO HauMeHee BO3MOK-
HOE YHCJI0 HE3aBUCUMBIX IIapaMeTPOB, HO U HAMMEHBIIIee YUC/I0 HEHYJIEBBIX 3J1eMEHTOB. TakuM
obpaszoM, HIzKe OyJIyT UCIOJIb30BATHCS IIPSMbIe PA3IOKEHMS

N = Ker K, GLBU, N=Mae&ImK, (M=Coker K,) (4.1)
U COOTBETCTBYIOIIE PA3OMEHNs €IMHUIL
I=(1-Q)+0Q, I=(I-P)+P (4.2)
Jlemma 4.3. Vpasrenue K1 X =Y sxeusasrenmno cucmeme

(I-P)Y =0,
{ X =(1-Q)X +K;'PY,

2de Kl = Kl r U.
Bersicuum, kax seitctsyer npoektop I — P u3 Ot ua M. C 510i 11e/1b10 BO3bMEM TPOU3BOJILHYIO
MaTpuity Y u3 O u mpejctaBuM ee B BHJIE

Y=I+F IleM, Felmk.

Taxk xak (I — P)Y =1l =Y — F, a sanementsl F yjoBjiersopsior cooTHommenusam v (t) =
0, 1—m <1 <0, T0oTHUMAs U T00ABJIsISI %Y =0mwna - it quaun, 1 —m < ¢ < 0, mpuxoaum
K BbIBOAY, uTO ([ — P)Y — marpuiia m X m, HeHyJIeBble 9JIEMEHTbI KOTOPO 3aHUMAOT 1M - 0
CTPOKY W PaBHBI Vi . . v .7 ., 1.

Tenepb MoxkHo 1epedpopmyImpoBaTh jJeMmy 4.3 cieyionmum o6pa3oM:

Jlemma 4.4. Ypasnenue K1 X =Y paspewumo mourno moada, xozda v, =0,

1 —m < i < 0. IIpu svinoanenuu smuz ycaosul cywecmeyem eJUHCMEEHHOE PEUEHUE X us
U, obaradarowee ceoticmeom v =0, 0<i<m— 1.
IIpumep 4.1. Ilycts YV = Ufg)n, 2 <n < m— 1, npuuem %Ojn = 0, rae vfi)n — CyMMa

0
9JIEMEHTOB MaTPUIIbL Ul(—)n Tak Kak YCJIOBHE DPa3pEIIMMOCTU U3 JIEMMbI 4.4 BbBIIIOJIHEHO, TO,
(0)

r+n—1, r»

mi
(0) _ (0)
Om, mi+1 — — On—1+r,
r=1

0
0003HAYUB 3JIEMEHTHI MATPHUIIHI Ul(_)n yepes o 1 <r <my; + 1 u 3amerus, 4To
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Haiimem pernenne X n3 U. Yeranasiupaercd, aro X = ()_,,, e

Z Zo'g))l—s—l l VT b Zgn 14r, r ZV] b J (43)

r=1 I=1

4.3. YpasBHeHue c TpaHcdopmaTopom K. Beejem TpaHC(bopMaTop Ky=1Tg o=
=[Q, .|, aeiictBytomuit 8 End R". Ilockosbky Ker T ¢ — 9T0 MHOKECTBO BCEX JIHATOHAIIb-
HBIX MaTpuIl, TO ypaBHerue ()X — X () = Y He aBjsieTcsa paspenmMbiM mipu jrobom Y € End R”™.
ITposepsetca, aro Im T ¢ COCTONT U3 BCEBO3MOXKHBIX MATPHIL C HYJI€BOH AMATOHAJIBIO.

Jlemma 4.5. Vpasrernue QX — XQ =Y pazpewumo mouro moezda, xozda y; = 0,

1 < @ < n. Ipu smom cyuwecmeyem eduncmeernas mampuya X ¢ Hyae6ol duazonanvio,
INEMEHMbL Ty j KOMOPOT TAPAKMEPUSYIOMNCA PAGEHCTNEAMU

T:07 xT,j:yT,j/<QT_Qj>7 r#.ﬂ 1<T<n7 1<]<n (44)

§ 5. Marpuna nmogobust [ + €)_,,.
O6osznauum uepe3 U; ojiHOMArOHAIBHBIE MATPHUIIBI, JIAIOIIE B CYMMe CTPYKTYPHYIO MaTpU-
ny A w3 N, u nupeamnonokum, uro marpuna Uy _, gBiasercs IJIABHOU, . e. Uy, = ... =
= U_, = 0. [lokaxkeMm, KakuM 00pa3oM IpeodpazoBaHue M0100us ¢ ManmLeﬁ I +¢Q_, nos-

0
BOJIACT MCHOIB30BaTh npumep 4.1 jy1a m3daBaeHns OT KOMIOHEHTA U1 n 7 0c 7( ) =08

upeacrasiaenaun U;_, = Di_,, + U(O) ,rme Di_, € M, U(O) e Im K.
C yderom JjiorapudMuIecKoro 3aKoHa BBeIeM 0003HAIEHUsI

Ui o= [Uin, Q], T=m<i<mi—1, Uj1=(-Q) Ugon Oy, I1-m<i<—s—1.

(5.1)
O6o3HaINM TaKKe
s=n—mp=2n—m=m— 2m (5.2)
U 3aMETUM, 9TO YUCJA S, 1 OJJHOBPEMEHHO YeTHBI WA HEYETHHI.
Bynem cuntarh, 9TO JaJiee BCIO/LY BBIITOJTHEHO
ITpennonoxkenue 1. CrupaBemmpo HepaBeHCTBO 1 < s < m.
OrmernM, uTo npemnosoxkenne 1 Biaeder HepasercTsa 0 < my < (m — 1)/2, nwm
m;+1<nm.
U3 yemoBus s > 1, 3anucanuoro B ¢popme 2(1 —n) < 1 — m, BBITEKAIOT paBeHCTBA
2
Ui—on, 0 =U1-nf2n =0, Q2 =0, (5.3)
3HAYUT, IPU JIOCTATOYHO MAJBIX €
(I+eQ ) ' =1-eQ_,. (5.4)

ITocse mpeobpasosaruit ¢ yuaerom (2.1) mosy«anm

mi1—1 —s—1

SH(D(E) = N) &y =J —¢ D1n+ZU — g2 ZUZO—ESZUZ . (5.5)

i=2—n i=1—m i=1—-m

SAMEYAHUE 5.1. Ecou my =0, To n =m, Q_,, = 0. Takum obpazom, Ul((i)m =0,

Di_,n = Ui_,,, n mpeobpazoBanue [ + £€)_,, npeppalaercs B TOXKJIECTBEHHOE.
§6. Curyuaii o0IIero IoJIOYKEeHUH.

Ob6o3na4mM Uepe3 0, | 3JeMEeHT U3 1" - i CTPOKH, | - TO cTOJIONa CTPYKTypHOI MaTpunsl A, a
gepes 7; (6e3 ykasanus 2 B KAUeCcTBE BEPXHErO UHJIEKCA) CYMMY 3JIEMEHTOB OJ[HO[MATOHAJILHOIT
marpuiel U;, nwin ee "cmen", 1 —m <i<m — 1.

Tak HasbBaeMblil CJIVUAN OBIIETNO TOJIOXKEHUA (COII) Gymem xapakTepu3oBaTh COOT-
HOTITEHUSIMU

M—m = -« = V—n = 07 Yi-n # 07 0<m < (m - 1)/2 (61)
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Curyammio, korma m; = 0, n =m, T. e.

Y1-m = Om,1 # 0
Ha30BeM HEBBIPOYKJIEHHBIM ciydaem, wim ciaydaeMm 1. Curyanmio, korma my = 1, n =
=m-—1 m2=3 1e.
Oim =0, Yo = Om—1,1 + Oma # 0,
Haz0BeM cjydaeM CJIABOT'O BBIPOXKJIEHUA, wian ciaydaem II. Bmecre coygan I, IT Oyznem na-
3b1BaTb KAHOHMNYECKIMU.

B §5 ycranosieHo, uro npeobpazosanue mogodust [ + e, ¢ marpurei ), u3 (4.3) npu-
BouT MaTpuity 2, y KoTopoil ogHouaroaabaass mMarpuia U; # 0 ¢ HauMeHbITUM HOMEPOM 1
(naubosbium "Becom'") umeer nysesoit "cien" ; = 0, k marpune ¢ U; = 0. Benencrsue Ta-
KO BO3MOKHOCTH y100HO XapakTtepu3oBaTh COII HeckobKo 60j1ee *KeCTKUMHU 110 CPaBHEHUIO
¢ (6.1) orpammaenusamm

Ul—m = ... = U—n = 07 Y1—-n 7é 07 0 < my < (m - 1)/2 (62)

BameTuM, 9To Jijisi KAHOHUYIECKUX cirydaeB coorHomenus (6.1) u (6.2) coBmamator.
Bwmecre Bce COII ipu 2 < my < (m—1)/2 6ynem HasbBaTh ciaydasmu CUJILHOT'O BBIPOZK-
JAEHUS cTPYKTypHO#T MaTpuiibl 2.
§ 7. Marpuna nogobus: A(e).
Beesem matpuity [1]

A(e) = diag (1,€",e%,....em D) v >0 (7.1)

CPE3AHUSI, JAOILy0 BO3MOXKHOCTEL oTienuTh ("cpesars") or crpykTypHO#t Marpuibr A(t)
OJIHOJIMATOHAJIBHY IO MaTpuily Di_,(t) ¢ HAUMEHBITMM WHJIEKCOM ¥ BO3MYTHUTH €10 MaTpuiyy J
TakK, 4TOOBI y HOBOII IIABHOI MaTPHIbI UMEJNCH Pa3IMdHble COOCTBEHHbIC 3HadeHus. Takoro
PoJia POIIE/lypa B PA3JIMIHBIX CUTYAIUSX HCIOJIb30BaIachk, HanpuMep, B [8]; B [6] ona nasBana
npucoenHeHneM K J MaTpuilbl HaubOoJIBIIEro Beca, Uin, Kopoue, IEPECTPONKOI.

Marpuria A(e) npu geficTBuu Ha OJHOANATOHATIBHBIE MATPUIIBL X; 06Ia/18€T 3aMedaTeIbHBIM
CBOMCTBOM

A e) XA (e) = ¥ X, l-m<i<m—1, (7.2)

B wactHocTn, AV JA = ¢ J.

Dopwmyia (7.2) Jaetr BOSMOKHOCTD BBECTH HEPAPXUIO CPE/IH OJTHOINATOHAIBHBIX MATPUIIL, TIPH-
cBamBasg UM pasjmdnble "Beca'" B 3aBUCHMOCTH OT UX HOMEPOB.

Hapsiny ¢ A(e) masee ucronb3yercs MaTpUIla Cpe3aHust

Ai(e) = diag (1,€7,e%, ... em=D") 5>, (7.3)
neficTytomas B noganpocrpanctse End PE, a Tak:ke MaTpUIIbI
Ai(e) = diag (Ai(e); 0n),  AT'(e) = diag (A7 (e); 0,),

JeficTBytomue B poctpancTtee End E.
C yuerom (5.5), (7.2) nomy4aaem

&, (D) = X)) &= (@ (I +Q_,)A€)) ™ (D(e) = N) & (I +eQ_,)A(e) =

m—1 mi—1 —s—1
=g (J —elmw p,_, — etV Z ey, — 2V Z 5i”Ui, 0— > Z eV i 1) . (74)
1=2—n i=1-m i=1-m
SAMEYAHUE 7.1. Marpuisr _, u A(g) He KOMMYTHDYIOT.
§ 8. Matrpuna nogobus ).
8.1. Marpuna I'. B npasoit qactu paserncrsa (7.3) mojoxum v = 1/n u 06o3Ha4nM depe3
I' marpumy J — Dy_,,.
SAMEYAHUE 8.1. Ecim my = 0, 10 det I' = (—1)"0,,,1 # 0. B 10 ke Bpewms det I' = 0 mpnu
1<m < (m—1)/2.
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Haitnem Bce cobcTBenHbIe 3HaveHus ¢; Marpuilbl I'. IIpoBepsercs, uro ypaBHeHne
det (I' — ¢1I) = 0 sxBuBaslenTHO paBeHcTBy ¢7" (¢ + Y1-n) = 0, my +n = m. CremoBarebHo,

q, ;= Y=n-nexpmjv—1/n), 1<j<n; @ ;=0, n+1<j<m.  (81)

SAMEYAHUE 8.2. [Ipy m; = 0 u upu m; = 1 Bce coOCTBeHHBIE 3HAYECHUA MaTpHIlLI [ 1Mo-
ImapHO pas3/JndHbl. Pazauna B ToM, uTto npu m, = 0 OHM Bce HeHYJIeBbIe, a NP My = 1 cpean
COOCTBEHHBIX 3HAYEHUiT MMeeTcss OjuH poctoii Hyb. lpn 2 < my < (m — 1)/2 umeercs: n
[OIIAPHO PA3JIMYHBIX HEHYJIEBBIX COOCTBEHHBIX 3HAYECHWI U OJHO HYJIEBOE M; — KPaTHOE COO-
CTBEHHOE 3HadYeHue MaTpuibl [

Ob6o3HaTIM

Higi n=Ugi1p, 1<i<s—1; Hygin=Ug1-n+Ugi-9n,0, s<i<s+n—1;

Hiv1 n=Ug1-n+Uip1-9n, 0 t Uig1-30, 1, stn<i<m+n—2. (8.2)
Tora pasencrso (7.4) 3amucoiBaercs B hopme

m+n—2

S11(D(e) = M) &y = 61/”{F — Z Ei/”HZ-H_n}. (8.3)
=1

8.2. Marpuna Banagepmonja u ee obob6iieHue. Beegem B paccMoTpeHne oOpaTuMyio
marpuiy (1| urparorryio poib mpeobpasoBaHus MOI00US, ¢ HOMOIIBIO KOTOPOH VIAeTCs 3allli-
caTb B OPTOHOPMUPOBAHHOM Gasuce {e;}]" mraBHyo Marpuiy I' MaTpUIHOrO IIydKa U3 IPaBOIl
JacTu paBeHCTBa (8.3), MOJYUEHHOTO MOC/Ie ePECTPONKH.

lpennonoxum, uro ¢j = —y # 0 mpu Becex 1 < j < n, 1 BBeJEM B DaCCMOTDEHHE 1 —
MepHBIE BEKTOP-CTPOKH X;. n = (qi, ..., ¢%) u BekTOp-cTONONDL 0, ,, = col (qt,...,q.), i € Z, tae
7, — MHOXKeCTBO Bcex Tesbix unces. CocraBum Matpuity Bammgepmonaa V nopsiaka n X n,

n > 2, CTpOKaMU KOTOPOII CIIyzKaT X;, », 0 < ¢ < n— 1. [Iposepserca, uro cronbrnamu obpaTHOit
marpuipl V! ssistiorest Bekropst (1/n) 6 ,, 0 <i<n—1.

Tasee pacemorpun Marpuiy 1) mopsiaka mXxm, m > n, CTOIOIAME KOTOPOH CJIYZKAT OPTHI
€1, ..es €y, & TAKIKE BEKTODBI W1, ..., Wy, TIe w; = col (1,q;, ...q;”_l), 1 < j < n. locnenaue n
BEKTOPOB 00pas3yioT OJIOK pasMepoB m X M, CTPOKaMU KOTOPOT'O CIYyKaT Xi, n,
0<i<m-—1Tpun=m, m = 0 nomyaaem ® = V. nosromy &1 — o0606menne
MaTpuilbl Bamgepmonja. PasioxkenueM 1mo s/ieMeHTaM MMepBbIX My CTOJIOIOB yCTaHAB/IUBACTCH,

aro det @Y = (H q;j"") det V # 0. Ilockompky 0 < my < (m —1)/2, To
j=1

Iml 0m1 XS (1/7) Iml
((I)(l))_l - ) ((I)(l))2_21 - (1/n)<0—m17 ny ey el—m, n)? (84)

Orscrmy (@V)z

T. e. (®W))5, — MaTpuma mopsaKa n X n BEAA

ot oGt
( (1)) . 1 Q?? Q%ign
D)y =

—mi 1-m




Subsection 1.2. Spectral Theory of Operator Pencils 73

8.3. Marpuna I'V). O6osnasum TV = (@MW)~ gi+l-n) — (eW)~1f,,, &), To-
rja BMecto (8.3) MmoJryuaeM paBeHCTBO

m+n—2

S (D(e) = M) &y = /M T — Y~ g/mptrimy, (8.5)
=1

Bsuy 6s0unoii crpykTypsl MaTpuinl P yiao6HO B TAKOM Ke BHe IIPEICTABUTH BCE MAT-
puIlbl 3 1paBoii vactu pasercTsa (8.5). C 9T0il 1eJIbI0 BBEJEM IIPOEKTOPHI

P =diag (Is,; 0,), I — P =diag (0,,; I,,) (8.6)

Ha nojnpocrpanctsa End PE, End (I — P)E cooTBeTCTBEHHO U CTaHeM 0003HAYATH OJIOKH
JII000# MaTpuibl A TakuM 00pasoM:

Ay = PAP, Ay =PA(I —P), Ay =(I—P)AP, Ayp=(I—P)A(I-P).  (8.7)

Veranapmsaercst, uto npu 2 < my < (m — 1)/2 nmeem I'V = diag (J1; Q), F%) = Fgll)
0, Fﬁ) = Ji — mMarpuna nopsajaka mq X m; tana J, a F%) =Q =diag (q1, 1,---,q1, n). B cuny

(8.1) rmaBmas marpuna @ 6i0ka obparnma. Ecmm m; = 1, n = m — 1, to M) = diag (0; Q).

DTO O3HAYAET, UTO Fglz) = F;ll) =0, Fﬁ) = 0 — cxaJjsp, Fglz) =Q = diag (q1, 1, q1, m—1) —
obparumast Marpuna. Hakower, ecm my = 0, n = m, 1o I'D = Q = diag (q1, 1, -, q1, m) —
obpaTumMasi MaTpHUIIA.

SAMEYAHUE 8.3. B manbreiinmeM HaM MOTPeOYIOTCS MpEJICTABIEHUA OJOUHBIX MATPHIL
H ,izfl_n), —my <i<m+n—2, k, =1, 2. B9, 10] nupusesensl coorsercrBytoiue GhopMyJIbl
JIUIS BCEX 3JIEMEHTOB 9TUX MATPHUIIL.

§ 9. Marpuisl nonobus [ + 'Y (¢), I +¢e"Z(¢).

Marpunsr HF1=" 1 < i < m-+n— 2 u3 npasoif yacTn pasencTsa (8.5) He ABIAIOTCS THATO-
HAJIbHBIMI, TI09TOMY MPEJICTABUM MX COIacHO (8.7) B Buje GJIOYHBIX MaTpull. BmecTto mpapoii
gactu (8.5) monbITaeMes MOJIyYIUTh GJIOYHO-AUArOHAIbHYI0 MaTpuily. [lpu m; = 0 npujgem K
ommoMy 610Ky diag (VS (e)), upu 2 < my < (m—1)/2 nonyuum diag (/7S (g); eV/"By(e)),
rie &(e) = J; — eV/mHET _ g2 @y(e) = Q — e/ HET -

—£2/™ .. JT0 HO3BOIMAT PACIIENUTD IIyYOK HA [[BA HE3ABUCHMBIX IIYUKA B IOIIPOCTPAHCTBAX
End PE, End (I — P)FE coorBercrerno. Ormerum, 9To 1ipu my = 1, n = m— 1 npaBas 9acrb
pasencrsa £/ (M@, () = —/(m=D B~ _ 22/(m=1) " gppgerca ckansproit dbyHKiueit.

9.1. Buyloynasa guaronaymsanusg. Cruleramonue MmaTpunbl. B ciaydae, Koraa
1 < my < (m—1)/2, BBesileM B paccMoTpenne mpeobpasosanme mogobus [ + /7Y (g) co

[o¢]

CIJIETAIOIIEN marpureii Y (g) = Z /Y@y xoropoii Yl(li) = Y2(2i) = 0. CTpoKaMu MaTpUIIEI
. i=0
Yl(;) HOPAIKA 1M X N ABJSIOTCH 1 - MEPHBIE BEKTOP-CTPOKH b; 1Xi+1, ny i, 2Xi42, ns -

bi, ma Xitma, n- CronbraMu MaTPHUITHI YQ(f) MOPSIIKA 1 X M ABJISIIOTCS 1 - MEPHBIE BEKTOP-CTOJIOIBI
a;, 19i+1, ny @, 29i, ny ey Qg m10i+2—m1, n, T. €.

. . i+1 i+2—my
i+1 i+1 a; o Qg

bi, i r - biagr i 1411 i mad, 1
. . i+1 i+2—mq
i+2 i+2 a; 1 oL ay

bi,2q7 s - bioqy i, 141, 2 i, miq1, 2

(@) (6 _
}/’12 - ) }/21
i+m i+m .
bi, m1QL 1 ooob ! i+1 i+2—my

i, m1q1, n a;, 1(]1’ n e+ Qg ml(h7 n



74 Section 1. Spectral Problems

Tpu my = 1 umeem Yyy) = b; 4 (@1 d ), Yy = a; 1 col (¢71, - i ). Hpu

my = 0 mostaraem Y (&) = 0, u Tor/1a COOTBETCTBYIOIIEE IPpeobpasoBaHie MOI00Us TPEBPAIAeTC s
B TOXKJIECCTBCHHOC.

3xaeck a;, r, bi », 1 <7 <my, @ > 0 — HEKOTOPBIE TIOCTOSTHHBIE, TOUCK KOTOPBIX ITPOBOHJICS
B [9]. 31ech KpaTKO M3/I0KIM CXEMY AJrOPHTMA.

Brawasie oTMeTHM, UTO PABEHCTBO

&7 (D(e) — AI) &y = 1" diag (6, (c); 65(c)) (9.1)
MOYKHO II€peIucaTb B popme
D(e) = M + 'Sy diag (&1(c); ®5(c)) 6,7,
CJIeJIOBATEJILHO,
(t/e) D(e) = (t/e) A + (t/) Sy diag ("7, (e); '/"By(e)) &' (9-2)

Yro0bl HaiiTH Hem3BeCTHBbIE MATpPHUILL Yio(g), Ya;(e), samumem Tpebyemoe paseHcrso (9.1),
WA TI0/IpoOHee

m+n—2
{diag (J;; Q) — Y _ &/mHUH=MY (1+51/"Zgz/ny ) =
i=1 =0
= (I +e""> " emyY) diag (&,(c); Ga(e)) (9.3)
=0

B OJ109HOM BHJIe. B pesysibrare MpujaeM K 4eThIpeM YpPaBHEHUAM

m+n—2 m+n—2 00
i/n i+1-n n i/n i+1—n i/n~x (@
Gi(e) =Ji— Y eMHGTTY (YD Sy TTY) (DY),
=1 =1 =0
m-+n—2 m+n—2

@2(6) _ Q . Z €i/nH§g+1_n) l/n Z Sz/nH (i+1-n) (Z €i/n}/1(2i))7
=0

=1

<fj YD) &1(e) = — mZ Sei/"Héi“m +(Q- mz Qei/”H%“”)) (fj ey,
~ mi? ; pn-t -
() e > ST (= Y EMERTTY) QoY)
JJIS 6;0[11013. [Tepsbie aBa ypaBuenus mpu 2 < my < (m — Z1)1/2 IIPEeICTaBIMBI :jzbopMe
Gi(e) = J, — e /mHE™ _2m(glE 4 gy Oy _ g3 (9.4)
Gy(e) =Q — /P HE™ — 2mEE™ + HEY D) — (9.5)

HamomuwmM, ato ipu my = 1 paBeHcTBO (9.4) cOCTOUT M3 CKAISAPHBIX (DYHKIMI U TPHHUMAET
BU,T

El/(m_1)®1(€) _ _52/(m—1)H1(?*m) _ 53/(m—1)(H1(‘1l’m) + Hl(gfm)YQ(lo)) — gd/m=1) (9.6)

st Haxox nennst KoahhUImeHToB pasaozkenuit 610koB Yio(g), Ya;1(e) obparumes K 3-my u
4-My ypaBHEHHUAM OTHOCUTEJBHO Y1, Yo COOTBETCTBEHHO U IpHUPaBHIEM KOI(MDPUITUEHTH! IPH
OJINHAKOBBIX CTEIeHsIX €. B pe3ysibrare mpuaeM K UTePaIMOHHBIM IPOIIELYy PaM

0 0 2 n 1 2—n 0 0 2—n

QY -V =HS T, Qv =Y = HE Y+ HE Y v HST L (9.7)
0 2—n 1 3711 — 0 0 2—n

LYY v =H5, JlYJJ—YmQ:Hm " HEYY YD HE™, L (9.8)

Y
U3 KOTOPBIX C MOMOIIBI0 JeMM 4.3, 4.4 OoTbICKHBaIOTCA Bce KOI(MUIMEHTHI pa3/IoXKeHuin 110
CTEIIeHsIM MAJIoro Hmapamerpa € MaTpuIHbIX QyHKIm Yo (€), Yia(e) coorBercTBemHHO.
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9.2. /Imaronasm3anus my4dka. Marpunpl ¢ HyseBoil quaronasnbio. Coy4daii 1. Yeio-
BuMCst 06o3HadaTh depe3s Ay = diag (a1, ..., Q) MATPHILY, COCTABIEHHYIO U3 JHATOHAJIBHBIX
9JIEMEHTOB JI000it MaTpuitel A = (ay 1), k,l = 1,2,...m, u uepe3 A, marpuiy A — Aq ¢ Hys1eBoi
JINarOHAJTBIO.

[Tycte my = 0. Torna pasencrso (8.5) ¢ yuerom coorHomenns Y (€) = 0 npuHIMaeT Buj

2(m—1)

S H(D(e) — M) &y =e'/™ Z gt/m pli+i=m) | (9.9)

rie Sy = OA(e)V.

(e}

Bresiem nipeobpasosanue nogobus I + e/ Z(¢), tne Z(e) = Z.(e) = Zgi/meH). Kpome
i=0

TOTO, BBEJEM JHAroHajbHbIe MaTpuisl  HY ’H , 1 =1,2,... . IlokaxkeMm, 9TO ¢ ITOMOIIIBIO

marpunst [ + Y™ 7, (e) ymaercst mepeittu ot (9.9) K YPaBHEHUIO, B IPABOH YaCcTH KOTOPOTO
HAXOJUTCH AuaroHaiabHas Marpuiia. C 9Toil 1eJIbI0 pACCMOTPUM ypaBHEHHE

= D O (I 4 Y20 = (14 YD) Q= YY) (9.10)
i=1 i=1 i=1 =1

OTHOCHUTEJILHO MaTPHIL A [IpupaBuuBas K03 dUIUEHTHI TPU OJIMHAKOBBIX CTEIICHSX €

1,2,..., npujeM K UTepaliMOHHON IIPOIEeype

Q, 2V = H®™ -1, [Q, 2] =

z/m’ i =

m 1 Q1
2 ) _qlk (Um 11 + Qn

yaeroM jemMel 4.5 naiiem HY) U3 yesoBmit pazpermmMoCTi MepBoro ypaBHEHNs B (9.11):

Tak kax HZ ™ = (hfl_m)), re h —0Om2), k,l=1,2,....m, 10 C

Y2—m ANm—
Hy = = (@)™ (9.12)

(1)

B T0 ke Bpems 1o dopmyite (4.4) OTBIIEM BCe TEMEHTHI 2, ; MATPUIIBI Z

1
L p— (O 1+ Lo ), kAL ki=1,2,..m (9.13)
m g (Qlk — qU) g1k

2 .
Touno Tak xke H(() ) HAXOJIUTCS U3 YCJIOBHUI Pa3permnMocTi BToporo ypasaerus B (9.11) u ero

(2)

perierne Z,~ 3anucbiBaeTcs corsacuo dhopmyite (4.4). [Tpogomkas aHATOIHYIHbBIE PACCY K ICHNUS,

MOXKEeM HaWTH JTI000€ YUCJIO JIMaroHaJIbHBIX MaTPHIL H(()i), 1=1,2,....
o0 .
Hanomuny, uro & = Sy = PAE)V(I+ Y. /™2 B ciyuae 1. Takum o6pasoM, paBeHCTEO
i=1

(9.9) ¢ yuerom (9.10) npesparraercst B TpebyeMoe paBeHCTBO

S Y (D(e) — M) & (Q Za”"%) (9.14)

Orcro/1a HaXOIUM, ITO

"D(e) = —A”“u mne (Q Zs”mHo > &,

€
=1
1 3Ha4UT, 1pu my = () nuMeem

exp(e *D(e) t) = exp(e ' \t) & diag (exp(tpi(e)), ..., exp(tum(€))) &1, (9.15)
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re 67! = O(e=™)/m)

m—2

pi(e) = et=mim (g g et/m 2m o oam ) g CiCm,
m 1, j

9.3. Caywuaii II. Ilycts m; = 1. Torga Bmecro J; caenyer npuasats 0 8 (9.7), (9.8). B 9]
OBLIIO YCTAaHOBJIEHO, YTO

HY =0, i>3-m, i£klm—1), k=0,1,2,...,

DTO O3HAYAET, UTO P My = 1 UMeeM CKaJIAPHOE PABEHCTBO

oo (k+1)(m—1)—3
D@ () = =3 e gl S ey 0 ) (9.16)
k=0 =0

Kparko (9.16) sammuceBaercs kax /(M V@&, (e) = Zekﬂgk. B [9] mokazano, uTo

k=0
m—1
go = — E Ok, 1 Om, k+1-
Y2—m 1

Hapsy ¢ sTum nmeeMm paBeHCTBO

/M=) 6, (c) = gH/m) (Q _

2m—3
gi/(m—l)H(i+2—m)> (917)

=1

tuna (9.9). JeiictByst gasee mo cxeme 1. 9.2, HAXOIUM, 4TO pu My = 1
exp(e ' D(e) t) = exp(e M) & diag (exp(tim(€)); exp(tur(€)), ..., exp(tpm-1(£))) &1, (9.18)
rie 67 =0(e™), pmle) = go+eg + %,

—m)/(m— m— V3—m m— .
uj(g):é«@ )/ (m=1) (qu+€1/( 1)m+€2/( 1)_“> 1< j<m—1
qi, j

(cpasuu ¢ (9.15)).
3AMEYAHUE 9.2. Ecma 04 4,1 = 0, T0 0 _,,, = 0, m mpeobpazosanue [ +£§2; _,, IpeBpammaercs
B TOXKJIECTBEHHOE.
§ 10. HekoTopble 4acTHBIE CJIyYawu.
10.1. Caywuaii I mpu m = 2. Ilycrs v = 091 # 0. Torma v = 1/2, q11/q12 = —1,

I = 0 1 HO _ l 7o 011 — 022 gL — g12 ( qu1 12
—oy 0 )7 2\ 011 — 02 Yo ’ 2 qu qi2 )’

e Yo = 1'r A = 011 + 099. Kpome Toro,
1 0 2 1 011 — 022
FV =<1, 20= ) =R k£ L k=12
0 9 10 zg) 0 U2 (que — qu) 7
Takum obpaszom,
exp(e 7' D(e) t) = exp(e ' At) & diag (exp(tu(e)), exp(tpa(e))) 67, (10.1)

e 7' =0 V?) n

,uj(z—:) = 8_1/2 ((]17 j +€1/2% +€> , j = 1,2
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10.2. Caywuaii I mpu m = 3. Ilycts 79 = 031 # 0. Torma v = 1/3,

0 10
I'= 0 01
—031 0 0

_ _ 1 _
Bnecy HEY = (h,(C ll)), rie h,(C 11) = gqfkl(am + @032), k.l =1,2,3, B qacrHocty, hl(c Ii) =
dik

1 1
=g v-1. Kpome toro, HO® = (h( )), e hkl = = < o+ q—022 + (QH) 3) ckl=1,23,
3 3 qik Qik
0 1 (1) . 1 qu _
B 4acTHOCTH, h; ) = 570 Tanee, H® = (h; ), rae h = §q1 (012 + q—O'Qg), k,l=1,2,3,
1k
1
B 4aCTHOCTH, h,(fl)k = — ¢1 1 71, u HaxoHer, H?) = (hggl)l), rje h,(:)l = égqf , kol =1,2,3 8
(2 _ 013
YaCTHOCTH, Ny ) = —— q7 j-
Cormacno (9.12), (9.13) naxoaum, 9IT0
V-1 ~—
Fél) = T Q 17
u stemento! 2\ mar AS
1 pULLL Zy ' UMEIOT BUJ,
1
Z]E;:l% = <021 + @0’32% k 7é la kvl = 17 27 3.

3 que (que — qu) ik
CrenoBaTesbHO,

exp(e D(e) 1) = exp(e= M) © diag (exp(tus(€),exp(tpale)). expltia(@)) &7, (10.2)
e 671 =03 n

pj(e) =7 <(11,j+51/3; Ly g2/, ), j=1,2,3.

QI]
10.3. Cuyw4aii I npu m = 3. Ilycrs 031 = 0, 7_1 = 091 + 032 # 0. Torma v = 1/2,
011 0 0 0 00
Hy = 0 o O 091 (033 —0u) [ 0 0 0 |,
0 0 033 1 00
1 1 1 1 0 /vy
o) = 0 g qi2 ) (‘I’(l))_l = 0 1/26111 1/29%1 )
0 g ai 0 1/2q12 1/247,
o1 011 — 033 011 — 033 1 1 1
091(033 — 0
H(O): 0 %(0’224—0'33) %(033—022) —F% —1/2 —1/2 —1/2
0 %(O’gg-O’gg) %(0’224—0'33) —1/2 —1/2 —1/2
B ckaJsispnom paBeHCTBE
2k—1
1/26 ng—l-l < (2k) Z H(% 1- l)Y ) ng—l-l
1=0
nMeeM
1
go=—H) = ——(onos + onoss), g1 =—H - HYVY — HYVY, ...

V-1
Takum obpaszom,
exp(e ' D(e) t) = exp(e ' At) & diag (exp(tus(e)); exp(tpa(e)), exp(tua(e))) &7, (10.3)
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rie 61 =0(e™"), ps(e) =go+eg +e,

pi(e) = e /2 (Ch, j +51/2% +5...> ., Jj=12.

1
SAMEYAHUE 10.1. Eciit 015 =0, TO 7.1 =030, Qo =0mu gy = _’y— 011032 = —0711.
-1
§ 11. Cuyyaii CMJIBHOTO BBIPOXKIEHUS.

11.1. Ilepexoa Kk cucreMe He3aBUCUMbIX ypaBHeHmii. [lycth Tenepb
2 <my < (m—1)/2. Banumewm nosyuennoe B End PE pasencrso (9.4) B Buje

el (e) = et/m (Jl — Zsi/"F““—")) : (11.1)
=1

rie

F(2—n) — ]_]1(?_”)7 F(i+1—n) — H(H‘l n) + ZH(Z n— l)Y'Q( . P2,
1=0
U 0BOZHAMIM 9ePe3 Yii1_n, 1 CyMMY djeMenToB Marpuns F =" Ecmm npr stom Marpuma
FUHI=M) gpigercss MBYXIMATOHAIBHOM, TO YCIOBUMCH, UTO i1 n 1 — 3TO CyMMa 3JIEMEHTOB
MATPHIBI ¢ MEHBITIM HOMEPOM (OOIBIIIM BECOM).
[Ipencrasum (9.1) B Bujie SKBUBAJCHTHON CHCTEMBI

PG (D(e) = M) Gy P =c""®,(c); (I —P)&, (D(e) = AI) Gy (I —P) =e'/"By(e) (11.2)

B nojnpocrpanctsax End PE, End (I — P)E cooTBeTCTBEHHO.
Bropoe pasencteo B (11.2), o cyuiecTBy, HUYEM He OTJIMYAETCA OT Pa3obpaHHOrO B 11. 9.2
ciydad [. Tak kak

(I — P)&,(D(e) = AI) &y (I — P) =&Y/ ( Zel/na(%ﬂ ”) : (11.3)
T'Ie UCIIOJIb30BaHbI O6OSH8H€HI/IH
GO = H™, GO = T ">+ZH§i Y, ize,

u Marpuna  obparuma, To obparumoii sieaserca marpuna (I — P)&~1(D(e) — ) & (I — P).
CrenoBaresbHO,

(I - P)& lexp(e ' D(e)t)S(I — P) = exp(e ' At) diag (Om,;exp(tui(g)), ..., exp(tun(e))),

re 671 = O(e=™)/") u

/"L](5> — 6(1—”)/” <q1’ ; +€1/n 72nn2 _|_ 2/TL> 7 1 gj < n.
Q1 7

Yro Kacaercs mepBoro paBeHcTBa cucreMbl (11.2), To 0HO TpebyeT JasbHERIIero nceieoBa-
Husg. PaBeHCTBO

PG YD(e) = X) & P=¢'m <J1 -y gi/"F““”)) : (11.5)
=1

B KoTopoM & = Sy, 1. e. Z(¢) = 0, nanomunaer no dopme (2.1). Pasauna B Tom, 910 OHO,
BO-IIEPBLIX, paccMmarpuBaercs He B End E, a B nmomupocrpancree End PFE, u, Bo-BTOPBIX,
COZIEPKUT MHOKHUTENb € /™, MeHstronuit PAHD MaJsioro mapamerpa ¢ —1 ma —1 + 1 /n =

= (1 — n)/n. Kpome Toro, npasas dactsb B (11.5) pasioxkeHa He 10 IEJIBIM CTENEHIM €, a I10
cremensam /"
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UccnenoBanne 3aKkaHIMBaETCsl, KOrja B HoinpocTpancTBe End PE BO3HUKAOT KaHOHHWYE-
ckue ciaydan [ winm II. Ecim xe B nmognpocrpanctse End PE uveer mMecTo caydail CUIBHOTO
BBIPOXKJIEHUS, TO IOCJIE TEPBOI PEYKINU 33/Ia9H CJIEyeT MOBTOPUTH aHAJOIUYHbBIE PACCY K-
JICHUS.

Beenem B paccmoTpenne npeobpasoBaHue MOI00MsT BUIA

PGP = P&y 1P = (I+5"Q  )A(e)@PD(T 4 nYi(e))(I + €7 Zi(e)), (11.6)

neitctytomee B End PE. 3nech my = my —ny, 0 < my < (my—1)/2, Ai(g), 7 > 0 onpenens-
erca B (7.3), v; = v+, marpuie ), 1 (omHomHaronamsnas), @@ Y (g) (crteraromast), 7, ()
(¢ HyJIE€BOII IMArOHAJIBIO) AHAJIOTUYHBI OIIMCAHHBIM BBIIIE, U 3aMETUM, 9TO B ciydae | nepsas u
PEJIIOCIIE/IHSAST MATPHIIBI B IPABOi YacTu paBeHCTBa (11.6) sIBJISIFOTCST TOXKIECTBEHHBIMU.

11.2. Caywait I B End PE. llycte my = 0, ny = m;. Buagane ormernm, 910 MATPHUITHI
FU+1=7) yiopgika my X my BeJIyT CBOE HPOUCXOKIeHIEe OT Marpuil H; q_,, IMEONMX OT OJIHOI
JI0 TPEX HEHYJIEBBIX JINHUI napaJiie bubix auaronanu (em. (5.1), (8.2)). Homepa smunit ogHom-
aroHAJILHBIX (MM JABYXIHANOHAILHEIX, Korja 1 < s < my — 2) marpur FH1=")  jeiicrByiomux
B End PE, npu Beex ¢ > 1 mMoryr m3meHsaTbest or 1 — my g0 my — 1. B |9] nokazano, aro
HEHYJIEBBIC JIEMEHTBI OJIHOMArOHAIBLHLIX Marpur F(~  F(=™) pacnonaraorca Ha ammu-
gx ¢ HEOTPUIIATE/IbHBIMU HoMmepamu. Marpura F'0~™) conep:KuT oiiH HeHy/IeBoil S/1eMeHT,
CTOSAIIHII B My - it cTpoKe U 1 - M CcTOJIOINE, U SIBJISIETCS 1I€PBOi OJIHOIUArOHAIBLHON MaTpuIeit ¢
OTPULATEJIbHBIM HOMEpPOM, IpUYeM HaUMEHBIIINM.

BAMEYAHUE 11.1. Taxoii e HoMep umeror Marpurpt FEH) g PO+ (nocennee Bozmoxk-
HO TOJBKO 1pr 1 < s < my — 2).

[Ipeanosioxkum, 4To
Yi-mi, 1 7 0. (11.7)

B 9] mokazamo, uro v = s/(nmy), vy =v+v=1/my, I'; 1 = J; — q](-})ll — F-m)
n+ 1 < 7 < m. Paccmorpum matpurty

51/n6;1 (Jl - Zgz/nF(Hln)) S,.
i=1
Tak xkax &1 = O(1"™/m) &1 = O(e¥t-m)/mm) 1o g ey (11.5) nmeem
S 'P& I (D(e) — M) & P&, = /™ (Q, — /™M FF™ —&¥m ), (11.8)
e F2 = (VPP FCMY)o, nprues PST PG = O(e1-2m)/m1) - Criesosarensho,

6, ' P&  exp(e ' D(e) t)EPG, = exp(e ™' \t) diag (exp(tpins1(€)), s exp(tim(€)); 0n) ,
(11.9)
rie

pi(e) = 5(17m1)/m1q§-})1 + g@=my)/m

Teneps cormacuo (11.4), (11.9) maxommm, aTo
t .
eXp(gilD(E) t) = exp(g >‘) S {(I - P) dlag (Oml;eXp(tlu’l(g))v "'7eXp(tﬂn(€))) (I - P>+

+ P&, diag (exp(tpinii(g)),...,exp(tpm(€));0,) &7 P&, (11.10)

, n+1<7<m.

[Ipu sTom
(I-P)& ' '=0@E0"™M  PeglP&! = O(1-2m)/m),
pi(e) = OE ™M), 1<i<m py(e) =0 ™™/™), nl1<j<m. (1L11)
L&
Yi-n

[Tocko/bKy, Kak MOKa3aHo B 9], Y1—m,, 1 = E Or, 10m, r+1, TO UMEET MECTO

r=m1
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n

CaencrBue 11.1. Ecau Z Or, 10m, r+1 7 0, mo cnpasedauso npedcmasaerue (11.10).
r=mi
11.3. Cuywyaii Il B End PE. Ilycts mg = 1, ny = my — 1. Hamomnum, 9710 9epes Yao_pm,, 1

0603HAMEHA CYMMa JIBYX JIEMEHTOB OIHOAMATOHAIBHOM MaTpumpl F(—m) = Fz(ﬂ)mh 1+
+Ds_pn,, 1 C HOMEPOM JIHATOHAJIH PABHBIM 2 — 1.

3AMEYAHUE 11.2. Tor 3xe HoMep nMeroT Marpuipl F+2) g FE++2) (qocemmee Bo3sMOKHO
TobKO pu 1 < s < my — 2).

[Ipenmosioxxkmm, 910

FO=m) — 0y 1 #0. (11.12)

OTaebHO CIIeAyeT pacCMOTPeTh Ciaydail my = 2, OTIMYaIOmUHACS OT PACCMOTPEHHOIO B II.
10.1 cnywasg m = 2,m; = 0 TeM, uyto s = 2 > 1, HO §1 = n1 — my = 0 < 1, u npejnonoxenne 1
He BbIIOJIHEHO. Takoe mccieoBanme 66110 MPOBEIeHO B |9).

IIycrs 3 <my < (m —1)/2, my = 1. Torga cormacuo [9] umeem vy =1/(my — 1), v =
= (s+1)/(n(m1 = 1)), T, 1= = Doy, 1, i1 =L 1 — gL, n+1<j<m— 1.

[To anamorum ¢ m. 9.3 umeem

exp(e'D(g) t) = exp(e '\t) & {(I — P) diag (0pn,;exp(tii(€)), ..., exp(tun(€))) (I — P)+

+P6, diag (exp(tpum(e)); exp(tpns1(e)), -, exp(tpm-1(¢)); 0,) 67 P&, (11.13)
[Ipu sTom cormacuo (11.6) mveem

P& P=(I+ E(SH)/an—mh 1)A1<5)¢(2)([ 4+ gl/mi=1) Z gi/(ml—l)Zl(i))’
i=0
U, KpOMe TOTO,

(I—P)& =0t/ pPeTIP&™ =0(7?),
pi(e) =0, 1<i<n;  py(e) = 0P ™M) np1<j<m—1,

2
pm(€) = G2, m + €G3, m +€°... (11.14)
1 n
B [9] mokazano, 9TO Yo, 1 = —— g {0v, 10m—1, r41 + (04, 1 + Ori1, 2)Om, r42}. Ciesio-
MN—n
r=mi—1
BaTeIbHO, UMEET MECTO
CaencrBue 11.2. Ecau
n n
E Or, 10m, r41 = 0, E {0/, 10m-1, rs1+ (04, 1 + Or11, 2)Om, r32} # 0,
r=mi r=mi—1

mo cnpasedauso npedemasaerue (11.13).

SAMEYAHUE 11.3. DBOIIONNOHHBIN aHAJIOI IIPOBEJIEHHOIO MCCJIEIO0BAHUS JJIs MATPHIL, 3a-
BucAmux or nepemensoit t, t € [0, T] comepxkurcs, Hapsiny ¢ [9], B crarhax [8, 10]. B [9]
U3YYaJINCh TaKKe CIydan CUIILHOTO BBIPOXKIEHUs, YIOMAHYThIe B 3amedanuax 11.1, 11.2. Pa-
Hee 9BOJIIOINOHHbBIE aHAJIOIM KAHOHUYECKHX ciIydaeB my = 0, my = 1 JyIs MaTpull, 3aBUCAIINX
or nepemennoii ¢t € [0, T] 6bum usydensl B [5, 7| MeTomom PEMYJIAPUSALIMU. Tam ke Obut
AHOHCUPOBAH cjydait my = 2.
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GENERALIZED RESOLVENTS OF ISOMETRIC OPERATORS

M. M. MALAMUD, V. I. MOGILEVSKII
DONETSK NATIONAL UNIVERSITY
DONETSK, UKRAINE

INTRODUCTION.

Let $ be a separable Hilbert space and let A be a not necessary densely defined closed
symmetric operator in $) with equal deficiency indices ny(A) =n 4+ A) < oo,

It is well known (see, for example, [6]) that the Krein-Naimark formula for generalized
resolvents

Ry = Po(A=A) 19 = (A =X =7 (r(\) + M) 7" (N), A€ Ca (1)
establishes a bijective correspondence between the set of all selfadjoint (canonical and exit

space) extensions A of A and the set of all Nevanlinna families T(\) € Ry Here Ay = Ajis a
fixed canonical extension of A, ~(\) is the so-called ~-field of the operator A, and M()\) is a
Q-function of the pair (A, Ap).

A simple derivation of the Krein formula (1) as well as its relationship with a boundary
triplet IT = {H, 'y, "1 } for A* (where A* is the adjoint linear relation of A) has been obtained
in [3], [4], [11]. Namely, it was shown in [3], [11] that

Ayg =KerTy, ~v(\) = (To[Hr)""' and M(N) :=T1y(\)

that is M (A) is the Weyl function corresponding to the triplet IT, and R)g is the solution of
the "boundary value problem"

{f,9} € (A" =), {ToRyg, —T'1Ryg} € T(N). (2)
If A is a densely defined operator then the first relation in (2) takes a usual form (A*—\)f = g.
On the other hand, Krein-Naimark formula (1) has been generalized to the case of an isometric
operator V' (V*V = I) in the works [8] [9], [10] (see also references in [9]).
Later, we have established (see [12], [13]) an analog of the Krein formula for the resolvents
of a dual pair {A, B}. Recall that a pair {A, B} of closed linear operators A and B in ) is said
to form a dual pair (DP), if

(Af.9) = (f,Bg),  [f€D(A), geD(B).
More precisely, the above mentioned formula from [12], [13] has the form (1) and establishes
a bijective correspondence between the set Q2({A, B}, Ao} of generalized resolventsR, being a
holomorphic function at the point Ag and the set of families 7, which are holomorphic at the
point Ao and satisfy 0 € p(7(Xo) + M(No)).

Note, that the pair of operators { A, A} is a dual pair if and only if A is symmetric (A C A*). In
this case, the above mentioned formula from [12] complements the Krein formula and coincides
with it for self-adjoint extensionsA = A* only when the boundary triplet I = {H, Ty, T'1} is
such that A; := kerl'; = Af (i =0,1).

In the paper under consideration we present a more general version of the formula for
generalized U-resolvents (U is unitary in $) D §)) of an isometric operator V (U is a unitary
operator in $ D §.) This formula is more general than the corresponding formula in [9], [10],
and it follows from the general formula from [12]-[13] applied to the dual pair {V,V~'}.

More precisely, each boundary triplet IT of {V,V !} generates the formula for generalized
resolvents of the form (1) and its parameters Ay, M, v and 7 can be expressed (as well as in
the symmetric case ({4, B} = {A, A})) in terms of the boundary operators. Note, however,
that in the case of a dual pair {V,V ™1} the analog of the Nevanlinna class, which in the

symmetric case contains M and 7, is the Schur class of operator-valued contractive functions
inD:={AeC: |\ <1}
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For this reson, the following nontrivial problem arises: how one can describe the boundary
triplets II of the dual pair {V,V '} whose generalized U-resolvents correspond to the operator
valued functions 7(A)~! in formula (1) belonging to the Schur class in D ? We call such triplets
contractive and describe them in Proposition 3. In this case formula of type (1) for a dual pair
{V,V~'} can be transformed into the following one

Ry :=Po(U =) 1 9= (4 — )" +mNENI - MNEKDN) i(N),  xeDs, (3)
where the Weyl function M (A) is strictly contractive in D°¢. Here Uis a unitary exit space
extension with values in §, Ap is a fixed contractive extension in H , Ag[D(V)* is a strict
contraction, and K (\) = 7(A)~! runs over the Schur class in D°. As was done in [3], [11] in this
case, all parameters in (3) can be expressed via the boundary operators of the boundary triplet
IT of the dual pair {V,V~1}.

Note that the set of contractions Ag := ker['y ~" and Weyl functions M (A) corresponding to
the contractive boundary triplets, are described in Corollary 9 and Theorem 11 respectively. In
the case of a special boundary triplet Iy of the form (10) formula (3) coincides with its analog
from [9], [10], and the above described connection with the triplet Ily allows one to complete

(3) in some aspects.
2. PRELIMINARIES.

Suppose that [$1, H2]([9]) is the set of bounded operators acting from $; to o (in 9), P,
is the orthoprojection onto the subspace L of the space $.

Let us introduce the following notations: C(ﬁl, ) (C($)) is the set of closed linear relations
(subspaces) in 5, ® H2 (¥ HDH ), T* € C(ﬁQ,ﬁl) is the dual relation which is adjoint to
T € C($H1,92); D(T), R(T) and KerT are the domain, the image and the kernel of the relation
T respectively.

The closed operator T" mapping $; to $» is identified with its graph, so that T € C (91, 92).
Let p(T) = {\ € C: (T—X)"* € [%]} be the set of regular points of a linear relation T' € C(8),
Ny = D(T)L = T%0), Ny := {0} &Ny € T*. By M\(T) we denote the defect subspace of
the relation T, , i.e.,

M(T):=H6 R(T —N) =Ker(T*—X) and M\(T):={{f.Af}:feM(D}CH®H.

With each pair of Hilbert spaces Hy and H; we associate the operators (fundamental

symmetries) JHO,Hl € [Ho D Hl], J7/10,H1 S [Ho ® Hy, Hy @ Ho], jHO,Hl € [Ho b Hy, Hy @ Ho]
by setting

I 0 0 I =~ 0 I ~ =~
JHo,Hl - < ,6{0 _-['H1> ; J’),-{O"Hl — (_I’HO 751> 5 J’Ho,?‘h - (I'HO 6‘1) y JH — JH,H

Now we recall several necessary definitions and results from [12]-[13].

Definition 1. A linear relation A € C(§) is called a proper extension of a dual pair {4, B}, if

AcAc B* ie., AC A and B C A*. We denote by Ext{A, B}. the set of all proper extensions
of the dual pair {A B}.

Definition 2. The collection of II = {H, @ H;, %, T4}, where Hy and ‘H; are the Hilbert
spaces, and I'P = (T8 TP)T . B* — Ho® Hy and T4 = (T, )T : A* — H; & H, are linear
maps, is called the boundary triplet of the dual pair {A, B}, if

(Z) FBB* = Ho D Hl, FAA* = Hl D Ho;
(ii) the following Green formula holds:

(f'.9) = (f.d) = CPf.T8g) — (CEf.T19),  f={ffYeB. j={9.d A" (4



84 Section 1. Spectral Problems

The proper extensions Ag := Ker['Z and A; := Kerl'? € Ext{A, B}. are naturally related to
each boundary triplet IT = {Hy @ Hy, ', T4} of the dual pair {A, B}.

The following statements are valid:

(1) Kerl'? = A and Kerl'* = B, and I'Z € [B*, Hy @ H,] and T# € [A*, H; @ Ho);

(2) the collection IT* = {H; @ Ho, 4, '8} is the boundary triplet for the dual pair {B, A};

(3)the map T'B : f — {TBf TBf} (f € B*) establishes a bijective correspondence between

the set Ext{A, B} and the set C(Ho, H1) : A — I'P(A) =: 0 € C(Ho, H);
We let Ay := A, that is,
Ag:=(P) 9 ={feB :TPfeb}, 6cC(HoM)
In this case (Ag)* € Ext{B, A} and (4y)* = Ay (for the triplet IT*);
(4) if By := Kerl'{! € Ext{B, A} and B; = Kerl'{ € Ext{B, A}, then By = Aj and B; = Aj.
For a triplet Il we define the ~-field
y(A) = m (07 [ M(B)) (€ [Ho, M(B)]), A € p(Ao),
where 7 (73) is the orthoprojection in $ & $ onto the first (second) component. It is proved in
[12]-[13] that y11(A) is a holomorphic operator-valued function in p(Ay) satisfying the following
identity
() = mA) + (=N (Ao — ) m(N), A p € p(Ag).
Similarly, we define the y-field yy-(2) = m (T8 | M(A)7! (€ [H1,I.(A)]) 2 € p(AY),
corresponding to the boundary triplet IT*. The operator-valued function vy+(2) is holomorphic
in p(Ag).
Definition 3. [12| The operator-valued function M (\) := My(\) defined on the domain p(Ay)
by the equality
TP fy = M(ATE fi, A={fu A} €M(B), e p(Ao) (5)
is called the Weyl function corresponding to a boundary triplet II.

The operator-valued function M (A) is holomorphic in p(Ap), takes values in [Hy, H;] and
satisfies the equality

M(p) = MA) = (= =M m(p), 1, A€ p(Ao).
Moreover, the Weyl function My« (z) (z € p(A§)) corresponding to the triplet IT*, is connected

with M () by the equality Mp-(X\) = M5(A) (X € p(Ay)).

Proposition 1. [12|-[13] Suppose that I = {Hy®H,, ['®, [} is the boundary triplet of a dual
pair {A, B}, M()) is the corresponding Weyl function, Ag := Ker['§ and A = Ay € Ext{A, B}.
Then

(i) X € p(Ag) N p(Ap) if and only if 0 € p(6 — M(N));

(ii) the following formula for the canonical resolvents holds true

(Ag =27 = (Ao = )" +m(N(0 = M) (N, A € p(Ag) N p(Ay). (6)
Definition 4. The lineal F; = B0 = {{T87,TPa} : 7 = {0,n} € Mp} C Hy & H, is called
a forbidden relation corresponding to the boundary triplet II.

Definition 5. A dual pair {A, B} is called a bounded pair if A € [D(A), $] and B € [D(B), $].
Next we present the following simple proposition.

Proposition 2. [12]-[13] Let IT = {H® H;, ', T4} be a boundary triplet for a bounded dual
pair {A, B} such that Ay € [$)]. Then
(i) the operators

i =m(TF [ Np) ™ € [Ho,Np] and e = mo(T5 [ Na) ™" € [Hy, Nl
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are well defined;
(i) Fu € [Ho, H1] and the following equality holds

M) = Fu + i (Ao = M) 7'y, A € p(Ao). (7)

3. CONTRACTIVE BOUNDARY TRIPLETS.
Let V be an isometry on a Hilbert space $ with the domain D(V') and the range R(V'). Set

N=Ny(=D(V)) and M=MNy(= R(V)).

Since (V~1)* = (V*)~L, the following equivalence holds: {f, f'} € (V™1)* < {f', f} e V*.
We denote by C($1,92) :={T € [91,92] : ||T]| < 1} the set of contractions from $); to 9o ,

and Cy($1,92) :={T € [H1,92] : || T]| < 1} is the set of strict contractions; C($) := C($,H)

and Cy($) := Co(9,9). Let C(V) := Ext{V,V "1} N C(H) be the set of contractive proper

extensions of a dual pair {V,V~1}. A contractive extension A of the isometry V is of the form
A=diag(V,T) € [D(V) &N, R(V)@&M], where T € C(N,M).
Hence A is a proper contraction, that is AecC (V).

Definition 6. A boundary triplet II = {H, @ H;,I"", TV} of the dual pair {V,V '} is said
to be contractive, if the following equivalence is valid:

A=A, e C(V) — K :=0"ec C(Hi, Ho)
Let us present a contractivity criterion of a boundary triplet.
Proposition 3. Suppose that II = {Hy @ Hl,FV_l,FV} is the boundary triplet of the dual
pair {V,V~'}, Ay = KerTY" " and Fy is a forbidden operator. Then the following assertions
are equivalent

(i) I = {Ho & H,,IV ", TV} is a contractive boundary triplet;
(ii) Ap € C(V) and the operator

_ A I .
U—<_%,f[* ]_.H>.5§@HO—>5§@H1 (8)

is a unitary operator;
(iii) the following equalities hold

DY UL /Y =-Tof T A =TV AR fYev ) 9)

Under any of conditions (i)-(iii) the Weyl function M ()), corresponding to the triplet II, is
holomorphic and strictly contractive in D¢ := {A € C: |A\| > 1}.

Corollary 1. IfII is a contractive boundary triplet of a dual pair {V,V=1}, then Ay | M €
Co(9M, 9M). Conversely, if Ay € C(V ) and Ay | M € Co(IN,9M), then there exists a contractive
boundary triplet Iy = {Ho ® H1, TV ,FV} so that AO Ay = KerFV

We obtain a simple example of a contractive boundary triplet by considering the triplet
= {MeM IV " TV} of the form

IV f = —DoPuf + (A)" Dyl (f — Aof), T§
I'Y g = —Do.Pmg + A\Dy' (¢ — Abg), T4 =

F=D = Af), f=AL T eV
Dy'g = Asg),  g={g,9} V", (10)
where
Ayi=Ag I, Dy = (I = (A) A € [M] and Dy, = (I — Ay(Ay)")"* € [].
Proposition 3 and formula (6) together yield
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Corollary 2. Let I1 = {Hy & H;, val, 'V} be a contractive boundary triplet of the dual pair
{V,V=1} and let M(X) be the corresponding Weyl function. Then

(i) ifAg € C(V), then Ag[N € Co(MN, M) if and only if K := 071 € Cy(Ha, Ho);

(ii) the extension Ay € Ext{ A, B} is unitary if and only if the operator 0 is unitary;

(111) if o= C(V), then formula (6) for canonical resolvents takes the form

(A= N7 = (Ao = N7+ VKT - MOVE) 55 (), K=0" (1)

Since the matrix U in (8) is a unitary matrix for the contractive boundary triplet II, the set
A = (Ao, Y11, =+, Fu) forms a unitary colligation. The corresponding characteristic function
is defined (see [2]) by

6()\) = f]‘[ + )\"}/f—}* ()\AO — [)71"}/1‘[, A€ D.
Combining this definition with (7), we arrive at the following result

Theorem 1. Let I1 = {Hy @ Hl,FV_l,FV} be a contractive boundary triplet of the dual pair
{V,V=1}. Then the corresponding Weyl function M () is holomorphic in D¢, takes values in
Co(Ho, H1) and is connected with the characteristic function 0(\) by the equality

M) =011 XeD-

Conversely, for each operator-valued function M(X) with values in Co(Ho, H1) which is
holomorphic in D¢ there exist an isometry V and a contractive boundary triplet 11 for the
dual pair {V,V =1} such that the corresponding Weyl function Mi(\) coincides with M(N).

4. THE FORMULAS FOR GENERALIZED RESOLVENTS AND
GENERALIZED COREZOLVENTS.

For a linear relation T' € C($)) we put Ry\(T) = I +2X(T — X\, X € p(T).

Definition 7. (i) The operator-valued function R, which is holomorphic in D U D¢ and takes

values in [9)] is called a generalized U-resolvent of an isometry V' if there exist a Hilbert space

$H D $ and a unitary operator U in § such that V C U and Ry, = Pﬁ(ﬁ—)\)_l I 9, e Dub-.
(ii) The operator-valued function

Ty=I1+2\Ry=PyR\(U) 19, UDV, AeDuD*
with V and U as above is called a generalized U-coresolvent of an isometry V.

In the following theorem we describe the set of the generalized U-resolvents of an isometry
V.

Theorem 2. Suppose that 11 = {Hy® H;, v, 'V} is a contractive boundary triplet of a dual
pair {V,V=1} and M()\) = My()\) is the corresponding Weyl function, and My-(\) = M*(\)
is the Weyl function corresponding to the triplet II* = {H; ® Ho, TV, TV} for the dual pair
{V-1V}. Let also Ay := KerTY " and Ay := KerTY ™' = (A2)~'. Then
(1) D¢ C p(Ap), D C p(Ay) and the formula for generalized resolvent (in the Krein-Naimark
form)
Ry = (Ao = )" +m(NKAN) I = MANKN) i-(X),  AeDbe (12)

Ry = (A = )7 = A0 AOKT A= MWK ) i), AeD (13)
establishes a bijective correspondence between the set of all generalized U-resolvents Ry and
the set of all operator-valued functions K(X) which are holomorphic in D¢ and take values in
C(H17H0>;

The generalized resolvent Ry in (12), (13) is canonical if and only if K(\) =: K = (K~1)*
is a constant unitary operator from C(Hy, Hy) (the canonical extensions exist if and only if
dim My = dim N,);
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(ii) the formula for generalized resolvents admits the following representation (the A. V.
Straus form)

(Anoy =A™ AED,
where T1(\) == K~1()\), A € D¢, and 7»()\) := K*(X_l), A € Dy
(i1i) for each g € §) the vector-valued function f := Ryg is a solution of the following boundary
value problem with the spectral parameter K(X) in the "boundary condition”
V=KDV A € Dr,

) r
F={L A +gte V), {F(‘l)/lf —K*Q OV f, AeD.

Ry = {(Aﬂ()\) - A)ila A e D¢

A description of the set of all generalized U-coresolvents of an isometry V' is immediately
implied by Theorem 2.

Theorem 3. Under the assumptions of Theorem 2 the following statements are valid:
(1) the formula for generalized U-coresolvents (in the Krein-Naimark form)

T, = Ra(Ag) + 2m(NEW (I = MOE(N) i (R), A eD* (14)

—1 41

Ty = Ra(Ay) — 20 Iy A HE (N ) (1 - MH*()\‘l)K*(X_l)) (), rebD (15)
establishes a bijective correspondence between the set of all generalized U-coresolvents Ty and
the set of all operator-valued functions K(X) which are holomorphic in D¢ and take values in
O(Hl, Ho),’

The generalized U-coresolvent Ty in (14), (15) is canonical if and only if K(\) = K =
(K~Y* is a constant unitary operator from C(Hi,Ho) (the canonical extensions exist if and
only if dim My = dimN,);

(ii) the formula for generalized U-coresolvents admits the following representation in the A.
V. Straus form.:

T+2\(A, - N7, AeD*
YT T4 2 Ay — AL AeD,

where T1(\) == K71()\), A € D¢, and 1»()\) := K*()\_l), AeD;
(1i1) for each g € $) the vector-valued function f := Tyg is a solution of the following boundary

value problem with the spectral parameter K(X) in the "boundary condition”
. Y f=K\NIYV ' f A€ De
={f—g MNf+9))e (VY o RN ’

f {f 9 (f g)} ( ) {FY 1f _ K*()\ 1)11})/ 1f, A eD.

Remark 5. Emphasize that only the both formulas (12) and (13) describe generalized U-
resolvents of the operator V. More precisely, the first one by itself describes only the generalized
resolvents generated by all contractive extensions, and the second one describes the generalized
resolvents generated by those expanding extensions of A € Ext{V,V =1}, for which 0 € p(A).
The same is also true for formulas (14) and (15) for the generalized U-coresolvents as well.

Remark 6. Let IT = {M @ 9, TV " IV} be a contractive boundary triplet of the form (10).
Then B N

m(A) = = (Ao = A" Dow, 71 (A) = = (A5 = A) 7' Dy
and

M) = (Ag | N)* + DoPn(Ag— A)"'Dy,, A e D"

Now formula (12) can be rewritten as

Ry = (Ag — A"+ (Ag — \) Do K\ (I = M(AK (X)) "' DoPn(Ag — N1, AeDe. (16)
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Formula (16) for generalized resolvents coincides with that from [9, 10|, where it was derived
in a different way.

However, an analog of formula (16) for A € D has not been obtained in |9, 10|. Moreover, we
note that A; = (A4;)~" in (13), in general, is a linear relation but not an operator.

5. A BOUNDARY TRIPLET OF AN ISOMETRIC OPERATOR AND THE
CORRESPONDING FORMULA FOR GENERALIZED RESOLVENTS.
Let V be an isometry and let IT = {Hy & Hy, v, 'V} be a contractive boundary triplet of
the dual pair {V, V~'}. Setting
To:=TY =nlV" and Iy:=TV =mI"", (17)

we conclude that the map I' = (I'p,I';)" is a surjection. Since the triplet II is contractive
relations (9) allow us to reduce the number of different mappings in the Green formula (4) from
fore to two. So, combining (17) with (9) we obtain the following version of the Green formula

(4)
(f/mg,)_(fvg) - (FO.]EvFOg) _<F1.]E7F1g>7 f:{faf,}v g:{gagl} S (V_l)*‘ (18)

Summarizing we arrive at the following definition wich is important in the sequel.
Definition 8. A triplet II := {Hy & H;y, o, 1}, where Hy and H; are Hilbert spaces and
Lo: (V)" - Hoand T'y : (V71)* — H; are linear mappings, will be called a boundary triplet
of an isometry V if

(i) the mapping T' = (T, ;)" : (V™1)* — Ho & H; is surjective,
and

(ii) the Green formula (18) holds true.

We associate with every boundary triplet Il = {Hy®H;, o, 1} of the isometry V' a boundary
triplet IT" = {H; @& Ho, [y, T} of the isometry V!, where the operators T'y : V* — H; and
[} : V* — Hy are defined by

Fé]{faf/}:_rl{flaf}a F/l{f7f/}:_F0{f/7f}7 {f7f/} eV (19)

Next we set
) = m (To I VN, My(h) == M(A), X € p(Ag)
and v (1) == m (T1 [ (V1) 7, pweD.
Consider the operator function M;(u) defined by
Lofu=Mi(WT1fu,  fu={fuufid €V, pep(A).

It is clear that M is holomorphic in p(A;) and takes values in [H, Ho]. Moreover the following
relations hold true

WA =m(), () =—p"m () and  Mi(p) = M (u).
We mention also the following important relations
I = Mg(2)Mo(A) = (AZ = D)yg(2)%0(A), Az € p(Ao)
and

I = Mi(w)My(p) = (1 — pw)yi(@)n(p),  pw e p(Ar).
It follows that both My and M; are contractive in D¢ and 1D respectively, that is

IMo(N)[| <1, AeD and |[Mi(p)|| <1, peD.

Note that the linear relation A;(= (A5)~!) in (13) has the form A; = Kerl';.
Now formulas (12), (13) can be rewritten in a more symmetric form:

Ry = (Ao — A = A oKW (I = Mo(WEW) % (X ), AeDs,
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Ry = (A =N '+ A WK (T = MK D)) (X ), AeD.
where K ()) is holomorphic in D¢ and takes values in C(H1, Ho);
Similarly formulas (14) and (15) can be rewritten in the following form:
Ta = Ra(Ao) — 20 (VKN (I~ MWEMW) (R ), AeD’ (20)
and
Ty = Ra(A1) + 2 (VK X (I = MWK X ) e(N ), AeD. (21)
6. L-PRERESOLVENT MATRICES OF AN ISOMETRY.

We associate with every boundary triplet II and each subspace L of $ the matrix-valued
functions

oz [ M) =V ) 1L
Anp(A) = (CLZ](/\))i,j:I = (\/ﬁpL’h()\) PL]%\(Al) 'L ) A€ p(Ar) (22)

and

M\ V2PN PLRA(Ag) L
with values in [Hi & L, Ho @ L] and [Ho @ L, H1 & L] respectively.

The matrices Az (M) and App(A) will be called the L-preresolvent matrices of the operator
V' corresponding to the triplet II.

Note that L-preresolvent matrices A (\) and Apz(\) are not contractive. Starting with

Anr(N) = @5V —( My () ﬂm‘)m) Nepld)  (23)

Apz(\) and App(\) we introduce the new matrix-functions
. all()\) + alg()\) (CLQQ()\) + I)flagl ()\) \/5&12()\) ((122(/\) + I)fl
B () = ( “Vass(N) + D) an (V) I = 2(an(A) + 1)~ )  AeD
and
Bur()) = (5110\) = a(A\)(a2(A) — 1) 'an(N)  V2a2(\)(ax2(A) - 1)
e —V2(@n(N) = )12 (N) I +2(@pn(\) — 1)
which are already contractive.

Note also a simple relation (B (\))* = EHL(X_I), A eD.
Further, we associate with each boundary triplet II of an isometry V' and each subspace L
of $ the matrix-valued functions

Go(A) == (A = A" (P (AL = AH 1L)7Y, AeD,
Go(A\) == A""4g(Ag — N) " (P(Ag— NPT L)Y, AeDe

), A e D

and

GA) = (-1 4+ Go(NPL)m(A) Go(N) e Hi@ L, $], AeD
GO = (1= Go(VPW() —GolN) € Mo @ L, 5], A €D~
Now we are ready to state the following proposition.

Proposition 4. Let II a boundary triplet for an isometry V' in $), let L be a subspace of §
and let B (\), Bnr(A), G(A\) and G(X) be as above. Then the following relations hold true

I = Biy(\)Buz(p) = (1= MG (NG(n), A\ peD, (24)
I =By (NBur(p) = = DG (NG(n), A p D, (25)
In particular the matrix-valued functions By () and Brr()A) are contractive,

IBur(M\)|| <1, AeD and |[Bp(\)|| <1, XeD-.
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7. L-RESOLVENT MATRICES AND FORMULAS FOR L-RESOLVENTS.
7.1. L-resolvent matrices. Let V' be an isometry in §) and let L be a subspace in §). A
point A € C is called L-regular if A € p(V') and the direct sum decomposition holds
H=Im\(V)+ L. (26)

The set p(V, L) of all L-regular points is open in C. Next for each pair of subspaces Ly, Ly of $
we set
pv(Lo, L) :={A € C: A€ p(V, L), X €p(V,Ly)}.

Let II be a boundary triplet of an isometry V, let L be a subspace of $), and let
Anr(N) = (ai;(N))7 =, and Anr(\) = (@i;(X))7 =1 be the preresolvent matrices defined by
(22) and (23) respectively. It is not difficult to show that for A € p(A4y) and u € p(A;) the
following equivalences hold true

Aep(V.L) <= 0€pan(N) and pep(V,L) <= 0€ plaz(pn))-
Definition 9. To the matrices Az ()) = (ai;(A))7,;-, and Ann(N) = (V)2

ij=11
valued matrices

Wi () = V2A <a21(>\) +EL%2()\)G1_21()\)G11(>\) a22(/\_)1a1_21(>\)) L Aep(A)np(V,L)  (27)

the operator-

ary (A)ar(N) g (A)
o _ 21 (N) — A (N)ay (A)an (X)) an(N)ag (A)
Wi (0) = V2 ( —ayy (N)an () s (N) ) » AepA)npViL) - (28)

can be assigned in a unique way. We shall call them (cf. [8], [9]) the L-resolvent matrices of the
isometry V, corresponding to the boundary triplet II or for brevity the ITL-resolvent matrices
of the isometry V.

The operator-valued function Wi (A) (Wi (X)) is holomorphic in p(A;)Np(V, L) (in p(Ap) N
p(V, L)) and takes values in [Hy @ Ho, L @ L] (in [Ho @ Hi, L & L]).

7.2. Formulas for L-resolvents.

Next, let L be a subspace of §). Formulas (20) and (21) make it possible to describe all the
L-resolvents of the isometry V. Recall, that an operator-valued function P, T, [ L (A € DUD*)
is called an L-coresolvent of the isometry V. Here Py is the orthogonal projection onto L.

Recall also that a non-decreasing operator-valued function X (t) = X, (t —0) (t € [—m,7]) is
called an L-spectral function of the isometry V| if it admits a representation X (t) = P E(t) |
L, where E is a generalized spectral function of the isometry V. The function ¥ is called
orthogonal if E' is orthogonal, that is E is the spectral function of the canonical unitary extension
UDV, Uel[n].

Note that the orthogonal spectral functions exist if and only if dim D(V)+ = dim R(V)*.

The formula

it )\
PT, rL:/e.tJrA ds(t), AeDUD,
et —

establishes a bijective correspondence between the set of all spectral functions of V' and the set
of all generalized L-coresolvents P; Ty | L.
Next we describe the set of all L-coresolvents of the isometry V.

Theorem 4. Let V' be an isometry in $ and let Lo and Ly be subspaces in $ such that D N
p(V.Lg) # 0 and D° N p(V, L) # 0. Suppose also that I1 = {Hy ® H1,To,T1} is a boundary
triplet for V- and Wir,(X) = (wi; (X)), (WHLl(A) = (wi;(X))};=1) is the corresponding I1Lo-
resolvent (I1Ly-resolvent) matriz of the form (27) ((28)).
Then the first (second) of the following formulas
1

Pr,Ty [ Lo = (wit(N)K(A) — wi2(N)) - (war (A) K (A) — waa (X)), AxeDnp(V,Ly) (29)
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PoTy | Ly = (@)K (V) + @0) - (@ (VKR +wn(V) ™, AeD np(V, (Ln)
30

establishes a bijective correspondence between the set of all Lo-coresolvents Pr, Ty | Lo (L-
coresolvents Pp, Ty | L1) and the set of operator-valued functions K(X) holomorphic in D with
values in C'(Ho, H1).

The generalized Lg-coresolvent (Li-coresolvent) in (29) ((30)) is canonical if and only if
K(\) =: K = (K Y)* is a unitary constant from C(Ho, H1) (the canonical extensions exist iff
dimD(V)* = dim R(V)*).

Jloxasamenvcmeo. Let A € DN p(V, Ly). Then the required formula (29) is immediately implied
by formula (21) for the generalized coresolvents of V. Indeed, in view of definitions (22) and
(27), it follows from (21) that

1«

PL,Ta [ Lo = PryRa(A1) | Lo+ 2P, (NEN) (I = Mi(WVEN) (3 T Lo
= agn(A) = an (VKM = an (MK (V)] ain(N)
= ag(N) = an (A K (N)[ar2(N)HT = ann (VK (M)
= {a2(N)as(\) ™" = (a2(Nap (Va (A) + aza (V) K () Hay' () - alzl()\)all(A)K(A)}fl
= (wll(/\)K(A) - w12 ) (wzl wzz()\)yl
Formula (30) is implied similarly by formula (20). O

8. SPECIAL FORMULAS FOR L-RESOLVENT MATRICES OF AN
ISOMETRY.

Following [7| and [9] we consider two holomorphic operator-valued functions defined on the
set p(V, L) : Pr()\), the operator of projection onto L parallel to 9, (V'), corresponding to the
decomposition (26) and

Qr(A) = Pr(A) = 2APL(V = \) (I = PL(N),
where Pp, is the orthogonal projection of §) onto L. It is clear that both Pr()) and Qr()\) take

values in [9, L].
Next we set

~

PrL(A) = (PL(A)  APL(N)), Or(\) = (Qr(\) AQr(A) —2AP)

and

QL()\)) A (QL( )) A A
Gr(N) = =col(Qr(A) Pr(N)), Gr()) = =col(Qr(N\) Pr(N). (31
0= (P = eor@un u. Ga = (F3) = eol@un) 2. a1
Both operator-valued functions P, and Q; take values in [$@ ), L]. Moreover, P;(\)L C V*
and 0% (V)L C V*.
Note also that the operator-valued functions G (\) and G'(\) take values in [$), L& L]) and
(9@ 9, LD L| resprctively.

Theorem 5. Suppose that 11 = {Hy @ H1,To, 1} is a boundary triplet for an isometry V,
' = {Hy, & Ho, T}, T} is the corresponding boundary triplet for V' (see (19)) and L is a
subspace of ). Let also T := col(Ty T}) and I" := col(I, —T). Then

(i) the operator-valued functions

DOV DT epainaviy @)

A

W) = ('Gy)" = (
and

W= e = (S0 BPE ) epanavin @
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coinside with the T1L-resolvents matrices Wi (\) and Wi (\) of the form (27) and (28)
respectively, that is W(X\) = Wnr(X) and W(X) = Wi (N); N

(i) for all A\, p € p(V, L) the I1L-resolvent matrices Wi (X) and Wi (X) satisfy the identities

Wrtr (1) T34, Wi (A) = (A = 1)GL() G (A) — QMXJL, (34)

Wi (1) Frto 1, Wi (V) = (1 = pA)Gr() G (V) + 26N T (35)

Proposition 5. Let IT = {Hy & H1,T, 1} be a boundary triplet for an isometry V| let L be

a subspace of § and let W (A) and Wi (A) be the corresponding I1L-resolvent matrices. Let

also Wy, (M) and Wn 7 (A) be the I1 L-resolvent matrices corresponding to a boundary triplet II.

Then there exist a pair {Z, Z} where Z is a Jy;, 3,-unitary operator in ‘H; @ Hy and Zis a
JH, H,-unitary operator in Hy @ Hi, such that

Wa, (N = Wi (N2, Wi, () = Wi (V) Z. (36)
Moreover Z and Z are connected by the equality Z = ~ Ty 70 Z Iy 1,

Conversely, for each pair {Z, Z} of operators with the above properties there exists a

boundary triplet II such that the corresponding IIL-resolvent matrices W4, (X) and WﬁL(x\)
satisfy (36).

Remark 7. A concept of L-resolvent matrix W(A) of a symmetric operator A in $ with
deficiency indices (1,1) has been introduced by M. G. Krein [5]. Further, M. G. Krein and S.
N. Saakyan have discovered the following abstract version of the Christofel identity for Wi (\)

WL (N JWi(p) = J = i(A = p)GL(A) G (1) (37)

where G'(A) := col(—=Qr(A) Pr(A)) and the operator-valued functions Pr(A\) and Qp(A) are
defined similarly to that for an isometric operator. Both functions Pr(\) and Qp()) are the
abstract analog of the orthogonal polynomials of the first and the second kind respectively.
Formula (37) allowed Krein and Saakyan to obtain an explicit formula for W (\) by means of
the operator-valued function G()) in the case p(4; L) NR # ().

In [3] and [4] V. A. Derkach and one of the coauthors associated with each boundary triplet
II={H,Ty,I'1} for A* and each subspace L of §), the IIL-resolvent matrix Wy (\) and obtained
the explicit formula Wiz (A\) = (IG*(A))". This formula shows how to evaluate Wi (A) by
means of Pr(\) and Qp(\) and the boundary mapping I' = col{I'y I'; } and is valid even in the
case p(A,L)NR = 0.

It is worth to note that, as it was found out in [3] and [4], formula (37) for Wy (A) is a
cosequence of the abstract Green identity and a special J. von Neumann type formula for A*.

Formulas (32) and (33) generalize the above mentioned formulae from [3] and [4] to the case
of an isometric operator. Moreover, as in the case of a symmetric operator, both (34) and (35)
are implied by the Green identity (18) and a special J. von Neumann type formula for V*. Note
also that formula close to (34) has been established by a different way in [8], [9].

We mention also the paper [1] close to the topic of our one. A result close to Theorem 4 is
also contained in [1].
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SOME EQUIVALENT QUASINORMS ON OPERATOR IDEALS

NICOLAE TITA
BRASOV UNIVERSITY, BRASOV, ROMANIA

Some special quasi-norms on the s-number ideals Ly(E, F'), [5], [6], [11], are considered.
The special case of the entropy numbers is also studied.

AMS subject classifications: 47B06, 47B10

Keywords: symmetric norming function, approzimation numbers, s-number.

1. Introduction Let T € L(X) be a linear and bounded operator T': X — X, where X is
a Banach space. The sequence of the approximation numbers (a,(7")) is defined as follows:
an(T) =inf{||T —Al| : A€ L(X) rankA<n},n=12....
If X is a Hilbert space and T' € L(X) is compact, the sequence (a,(T")) coincides with

the sequence {\,(TT%)z}, where \,(T) is the sequence of the eigenvalues of T', ordered in a
convenient way |[2[,[5],[11]. Are also other s-number sequences for an operator 7' € L(X), [10],
[11]. For example the Kolmogorov numbers d,,(T) = inf{||QxT|| : N C X and dim N < n, }
where Q% is the canonical surjection from X onto X/N.

In the following by (s,(T)) will be denoted an additive s - number sequence
(s20-1(S+T) < 5,(S) +5,(T), n=1,2,...). The approximation and the Kolmogorov
numbers are additive. We recall that the sequence (s,(7)) is such that ||T|| = s1(T) >

So > ... > 0. Let [ be the space of all bounded real sequences. For = € I, card(z) =
card{i € N : x; # 0}. Let K C Il be the set of all sequences z such that: card(z) < n and
Ty > 29> ... > 0.

A function ¢ : K — R is called symmetric norming function [2], [4], [5], [6], [11], if:

>0 for all x#0 (1)

olax) = ap(x), z€ K,a>0 (2)

¢(x +y) < ¢(x) + ¢(y) (3)

$(1,0,0,...) =1 (4)

IfY 2 <Yy k=12 then o6(z) < o(y). (5)

Example of such functions are

Poo() = 21, 91 (2) = sz‘% bu(2) = Z 7
1 1
12],[5],[11]. It is known, [3], [11], that for all symmetric norming functions ¢, the functions
1
by (1) € K — (®({2}))», 1< p < oo, are also symmetric norming functions.
Ifzel,and z; > 29 > ... >0, we take

O(z) = lim ®(zq,...,2,,0,0,...).

n

By means of the symmetric norming function and the sequence (s, (7"), the class Ly(X) is
defined [5], [10], as follows

Le(X) ={T € L(X) : @({sn(T)}) < o0}.

Because sq,_1(T1 +T13) < $,(T1) +5,(T2),n = 1,2,... and s,(aT) = |a|s,(T), « beeing a scalar,
from the properties of the function ¢, it results that || 7" ||,= ®({s.(7)}) is a quasi-norm.
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We remark that, more generaly, Sy n—1(11 + 13) < s,(11) + $n(12), [3],]6],[11].
It is obvious that || T"||4> 0 and || o1 ||4= |a|- || T ||4- The relation || T7 + 15 ||4< 2(|| T1 ||s
+ || T% || results from the properties (2), (3), (5) of the functions ¢ and the fact that

k k
an(T1+T2 <2 an T1 +SnT2)),k:1,2,....
1 1

The last inequality is a simple consequence of the relation s, 1(T7 + T2) < $,(T1) + s, (73)
since
k

k k
Z (T +T3) < Z sp(Ty +T3) = Z Son—1(Th + Ts) + Z Son(Th + 1) <
1 1 1

k
<2 Z Son—1(T1 + Ts).

1

If X is a Hilbert space, || T" || is a norm [2], 3], [6]. The study for the case of Banach spaces is
made in [5], [10], [11]. In the following we present some equivalent quasinorms on Ly(X).

2. Equivalent quasi-norms on L,(X)

Firstly we present some well-known results,|6],[11]:
Proposition 1.1 The quasi-norm || T || = ®({s2,-1(T)}) is equivalent with || T ||, .
The equivalence results from the fact that:

k k k
D s 1(T) <Y 5a(T) €2 sona(T),k=1,2,...;T € L(X).
1 1 1

The left inequality is a consequence of the fact that (s, (7)) is decreasing and the right inequality
is presented above.
Proposition 1.2. The quasinorm | T |4, 4s a equivalent with || T ||¢V)<p):

w ({20, s(T)}), 1<p<oo.

This is a consequence of the Hardy’s inequality, namely:

AGEDS (%Zsmp) < (]ﬁ)pzsw), 1 <p<oo

and the properties of the functions ®.
Now we generalize these results as follows:
Proposition 1.3 The quasinorm ||T|5 = ® (spe——1)(T)) is equivalent with ||T||e, for all
k> 2.
Proof. For k = 2 we obtain proposition 1.1. For all k& > 3, because (s,(T")) is decreasing, we

can write:
r r rk
Z s(nfl)kJrl(T) < Z Sn(T) < Z Sn(T) =
1 n=1

nk r
Z SZ(T) SkZS(nfl)kJrl(T)?r: 1727""
n—1)k+ n=1
) an

n=1 ;= (
By using the properties (2

1
d (5) of the functions ®, we obtain

1T < ITlle < kIT|5-
Theorem 1.4 [f the sequence (cv,) is such that oy > ... > a, > ... > 0 andlim v, # 0, then the
quasinorm || T ||, is equivalent with || T ||;(p>: D) (‘{m Yoy O@S,‘(T)}) 1< p<o0.
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Proof. Since the sequences (a;) and (s;(7)) are decreasing it results that

1 " 1 - 1
nOénSn(T) = - Sn(T) S - 1
naoay aq o+ ... n “

If lim o; = o # 0 we obtain:

o o 1 &
nT 191 S _ zT .
Sl s S e Oé(n“s())

i=1

From the Hardy’s inequality we obtain:

4 = ' i a\? [ 1 < .
() § (e p) £ ()
< () (2) S, 1<peno

“\a p—1) & "7

From the properties of the functions ® it results
o | T ||¢<p)§|| T ||;(p)§ %ﬁ | T ||¢(p), ie,|T ||¢(p) is equivalent with || T’ ”25(,]) .
Remark. For the particular case, «, = %, we obtain the proposition 1.2 and if ® is ®;
(sn(T)) — >_ s,(T') we obtain the results from [7].
The following result will be of great interest for applications. We remark that, for all ¢, the
function @ : (z;) € K — ® ({e;z;}) is also a symmetric norming function, if 1 = ¢ > € >
. >0, [11].
Theorem 1.3 The quasi-norm || T ||;= ®({s,(T)}) is equivalent with
| T ||, r > 2 if exists a constant c such that €, < —==€,, ¥n € N.
Proof. Firstly we remark that

k

k
Zensnr(T) < Zensn(T), k=1,2,...,
1

1

because (s, (7)) is decreasing.
Let now j € N such that j” <k < (5 +1)". Then we can write:

k k
Zensn ZJ: — D" teprsnr (T) < (27 — 1) Z €nSnr(T).
1 1 1

From the properties (2), (5) of the functions ¢, we obtain:
D (6,5, (T)) < P (,5,(T)) < (2" = )P (5,0 (T)) .
Hence [Tz < [Tl < @ -1IT 5.

3. The special case of L ,.(X) The class

Q=

o)

Lo gn(X) ={T" (Z[(l +logn)?s,(T)]7 - n1> < oo}

1

has been studied in [2], [11], 0 < ¢ < oo, —é < v < oo. It is simple to prove that

1

1
q
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is a quasi-norm on L 4~(X).
Remark. If the sequence {(1 + logn)® - n~'} is decreasing, the function

1
[e.9]

& (5u(T)) - (Z[a +log n)Wsnm]Qn—l) q

1

is a symmetric norming function, 1 < ¢ < oo, and hence the class Ly 4-(X) is a special case
of Ls(X). For a = 0 we obtain the class

Ly, (X)={T: (Z S%fl—T)> < 00}

1

Here we present some quasi-norms equivalent with || 7' |[|wq for all ¢,7, 0 < ¢ <
00, —;<7<oo.

Theorem 2.1 The quasi-norm || T ||%, .= (Q_[(1 +logn)]7s,x(T)]7 - nil)% is equivalent with

[T [loo,q -
Proof: Because s,,(T') is decreasing it results that || 7' |1, <I[ T [[cc gy -

On the other hand

[e's) n-i—l)k 1 q
1T loc.qn= Z Z [(1+1logi)s; ()i " | <
i=nk

Q=

IN

< <Z(2k — D) maz{(1 +logn®)”, (1 + log(n + 1)*) }s,x (1)) - n_k>

q

(Zc 7.4,k 1+10gn)“q8ik(T)'n_1> = (7,05 | T 0 -

1
Hence

” T ”ooq'y<H T HOOQ’Y< C(ﬂy?q’ ) ” T ”ooq'y
Now we denote ay,(T) = sgn-1(T),n = 1,2,...,[6], [10] and we consider the class

Lrg(X) ={T € L(X) : (i <n%an(T))q : n—1> < ool

n=1

with the quasi-norm

Y
17 1;0= (O (nan(@) 07" 0 < g < oo

Theorem 2.2 The quasi-norm || T |7, is equivalent with | T o qry if ¥ = +

1
.

Proof. We consider log, n and we obtain

| T oo,gr= (Z [(1+ log n)”sn(T)]qn1> —

1

Q=

Q=

(f: Z (14 logk)? (T)}qk:‘1> <

n1k2n1
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< (Z (max{(l +1og 27, (1 + log 2")7} - SQn—l(T))q _ 21n2n1) _

1
q

< er(7,9) (Z <man<T>>q> =
c1(7,q) (Z (niéanm)q)q =) I T,

1
q

- (Z (max{n”,(n+ 1)} - Oén(T))q>

On the other hand

1

q

|| T ||007q772 (S%(T) + Z (min{ (1 + log 2”—1)'y ’ (1 + log 2n)’7}82n(T>)‘1 .o, 2n—2> _
1

1
q

) ( (1) + 3 (mingn”, (n + 1)} o (1)) - 22)

(azm + 3 (mingn™, (0 + 1)}t ()" i) >

() 1T 7,

Hence

(V@) I TSI T Nloogn< er(r, @) 1 T2, -
Remark. If v = 0 it results r = ¢ and

T = (Z S%EZT)) T (D)

1

Q=

(see [6]).
4. Applications

If X and Y are normed spaces, and (X,Y’), , is the interpolation space, [1], (0 <p < oo, 0 €
(0,1), it is known [10] that the e— entropy numbers verify the inequality:

n2 (T (X,Y)gp — A) <den(Ty: X — A) e, (T1: Y — A
where A is an other normed space (T = Ty + T3.)

By using the Hélder type inequality it results:

Proposition Lg(po)(X, AN Lg(pl)(Y, A) C L ) ((X,Y)g,, A), for

1 1-6 0
- = +—, 0<po<p <00, €€ (0,00).
p Po p1

Proof. We recall that Lz (X,Y) = {T : D) ({(ea(T))})}, where ¢ is a symmetric norming
function and ®,) has been defined above.

Now, since HTHg(p) ~ HTHE(W for r = 2 (theorem 1.3), we obtain:

D) ({en(T 1 (X, Y)gp — A)) ~ Bp({en2 (T2 (X, Y)gp, — A)}) <
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4By (en(To: X = ) )8y (a(T1 1Y = A)Y) =
4D () (€n(To : X — A7 Dy (€a(T1 1 Y — A))? < 0.
Remark. Recall that the entropy numbers €,(7") are defined as follows:
en(T)=1inf{o > 0: 3y1,y2,...,yn €Y : TUxe U {y; + cUy }},

where T: X — Y and Uy = {z € X :|| 2 ||< 1}.
By means of these numbers it can define the ideals . (X,Y), as above, only for the

functions @), [10], [11], because the numbers €, (T') are not additive in the classical way.
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O ITOJIHOTE CUCTEM COBCTBEHHBIX U
IMPUCOEANMHEHHBIX ®YHKITUN INP®PEPEHIIMNAJIbHBIX
OIIEPATOPOB IIOPAJKA 2 —¢

A.B. ATuBAJIOBA, JI.JI. OPJOPOTA
JIOHELIKU HAIIMOHAJIbHBINI YHUBEPCUTET,
JIOHEIIK, YKPAUHA

Xoporo n3sectHo (cM [5]), aTo cucrema coberBeHHBIX U Tprcoe nHEHHBIX yHKImil (CCIID)
oneparopa IIrypma—/luysuiis

—y" + q(x)y = Ny (1)
y'(0) = hoy(0) = ¢/ (1) — hyy(1) =0 (2)

nosiHa B Lo[0, 1] npu r060M KoMIuteKcHO3HATHOM HoTeHtmane ¢ € Lq[0,1] u mobbix hg, hy €
C. Tlomo6uslit pesynbrar mMeer Mecto (CM. [5]) Tak:Ke Jyist TPOM3BOJIBLHBIX HEBBLIPOXKICHHBIX
IPAHUYHBIX YCJIOBHI.

Jls1 OOBIKHOBEHHBIX N depeHIaIbHbIX YPaBHEHNN TPOM3BOIBLHOIO TIOPAIKa 1 > 2 TOJ-
Hora CCII® 3amaun ¢ HeperyIgpHbBIMU PaCHIaIAIONUMUACT I'PAHUYHBIMUA YCJIOBUAMHU BIEPBBIE
anoncupoBana M.B. Kemngpimmem B [2], a mokazana B pabore A. A. [llkammukosa [6]. B coBmect-
Hoit pabore M. M. Masamysa u omHOro u3 aBTopoB [4] sror pesysisrar A. A. [IkasukoBa O6bLT
pacIpocTpaHeH Ha CIydail ypaBHEHUI TPON3BOIBLHOTO JIPOOHOTO MOpsIKa N — €, IJe n > 3.

B nacrosieit pabore aHaJOTHYHbIE PE3YAbTATHI MOJYYeHbl I JTuddepeHInaabHOro ole-
paTopa JpobHOTO mopsijika (2 — €) ¢ paclaIAlNMMIC TPAHUIHBIMEI ycsoBusiMu. Kpome Toro,
UCCJIeIOBAHO aCUMIITOTHYECKOe TTOBeJIeHNe COOCTBEHHBIX 3HAYEHNII TAKOTO OllepaTopa B CIydae
HYJIEBOT'O TIOTeHIMasa. [Ipu 3ToM, OKa3bIBaeTCsd, 9TO B OTJINYINE OT YPABHEHUIT II€JIBIX TTOPSIKOB,
cOOCTBEHHBIE 3HAYEHNs aCUMITOTUYECKU IIPUO/IMZKAIOTCH He K JIydaM, & K HEKOTOPOH KPHUBOIA,
JI/IsI KOTOPO# IIOJIy4€HO SIBHOE yPaBHEHUE.

Pacemorpum Ha orpeske [0, 1] quddepenimanbioe ypasaeHne [podHOTo mopsijika (2—¢), € €
(0,1)

Yy + q(2)y = Ay, (3)

C paCHa,ZLaIOHII/IMI/ICH KpaeBbIMI/I YCJ'IOBI/IHMI/II
hy (0, A) +y79(0,A) =0, (4)
hayT (1, N) +yU (1, 0) = 0. (5)

31ech
2
y@ = L ey (6)
dx? ’

a J®—omneparop JpOOHOr0 MHTErPUPOBAHUS:

xT

€ (l’ — t)s_ly(t)
J y(x)/ﬁdt (7)

PaccmoTpuMm BHAvase cirydail HyJ/IeBOro MOTEHIUAJA, T.€. YpaBHEHUE BUIA

e =y (8)
D70 ypaBHEHHE UMeeT CJEYONLYI0 BYHIAMEHTAILHYIO CUCTEMY DellleHuii:
c(x,\) =Tl —¢e)z™"E 1 (A*51—¢), 9)

(A*75,2—¢), (10)

s(x, ) =1(2— 5):1:1_8E2i
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YIOBJIETBOPSIIOILYIO HAYaJbHBIM YCJIOBUSIM:

{c<—6>(o, A) = s0-9(0,\) =1,

11
c179(0, ) = s579(0,\) = 0, (1)

Bnecw E,(z; p)—dyuxuus tuma Murrar-/leddiiepa, KoTopast OnpeesseTcs CTeIeHHbIM PsIOM

Zk

o0
E(z;p) = _— > 0), 12
rJIe [t, BOOOIIE TOBODSI, IIPOM3BOJIHHBIN KOMILIEKCHBIN napameTp. Xoporro n3sectHo (cM.[1]), aro
E,(z; p)—nenas GyHKIuA nopsaka p u Tama 1,
Ucnosnp3yst acumnrorndeckoe nosejerne dbyskmii tuna Murrar-Jleddiepa (em.[1]), Bbimn-
meM acuMnToTuKy Jyist pyuknuii c(x, A) u s(x, \):

o F(]' - 6) = ac)\ﬁ x4

clx, ) = ﬁ)@—se +0 ( NE > : (13)
F 2 - e—1 %5 e—

8(1’,)\) = %)\2—66”\2 + @] (a‘cM;) . (14)

Ucnonb3yst onenkn (13) u (14), mokazkeM CIIEYIONIYIO TEOPEMY.

Teopema 1. Ilycmv hy+h(e —1)+hhy # 0. Tozda cobcmeenmvie 3naverua A, kpaesot 3adauu,
(8), (4), (5) acumnmomuuecku NPubAUNHCAIOMCA K KPUBOT, ONUCHIEAEMOT YPABHEHUEM

1
Al gks AT 2—¢

= m(h1+h(5—1)—l—hh1),|/\| > Ao. (15)
IIpu smom 6oavwue 1o MOYAI0 COBCMBEHNBIE 3HAUEHUA Ny YOOBAEMBOPAIOM. ACUMNIMOMUKE
Im <)\515> :R+27m—sgn(n)g(3—8)+o(1), n € Z, (16)
2de
R =arg (hl + fiffgill))+ hhl) . (17)

Jlokasameavcmeo. Ilycts y(z, A)—obiree pererne ypasaerus (8), yI0BIETBOPSIONIEe IPAHNY-
HOMY ycsioBuio (4), T.e.
y(x,\) = c(x,\) — hs(z, \). (18)
st Toro arobbl A GBLIO COOCTBEHHBIM 3HAUYEHHEM HEOOXOMMO U JIOCTATOYHO, ITO0BI (X, \)
YJIOBJIETBOPSLIIO yeaoBuio (4), T.e.

X(A) = hs" (1, 0) — (L) + by (RsTI(1,0) — 79 (1, 0)) = 0. (19)

Tak ke Kak u Jjisi ypABHEHH IeJIbIX TTOPSAIKOB Oy/IeM Ha3bIBATH AHAJIUTHIECKYIO (DYHKITHIO
X(A) Buma (19) xapakrepucrundaeckoit dbynknueit 3agaun (8), (4), (5). Ilpu srom cobersenmbie
snadenus 3agaqn (8), (4), (5) u TOMBKO OHM ABISIOTCH HyIAMA QYHKIN X ().

BanuriiemM acuMITOTHIECKHE OIEHKH JiJisl POOHBIX MPOU3BOAHBIX (yHKImii c(x, \) u s(z, \)
B TOUKe & = 1:

C(_E)(l, )\) _ %GAQEE . EE;_:?;% +0 (#) , (20)
191, 0) = Fg%_;))@ife’wig +0 (#) ’ (21
LI, 2) = F(22_ s)xﬁ&ﬁ P(lg(;e)%jLO (ﬁ) (22)
S0-9(1, )) = F(22_ 66)6Aﬁ ?Ei = i;%Jr o (#) _ (23)
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Tora xapakTepucTudeckas (PyHKIUA TPUMET BT

r'a- hT(2 — ) — hyI'(1 — hhT'(2 — L
X(\) = TUze)y (pRog) Zhl—e)  hul@229) | \op) arte
2—¢ 2—¢ 2—¢
MI'(1—e¢)—hI'(2—¢) hnT'(2—¢)\ 1 1
— — =z ). (24
+< Te 1) () O () @
Jlns1 ymobeTBa 3aiuc 0003HATIM
_I(1-¢) _ A hT'(2 —¢e) — hyI'(1 —¢) N hhiT'(2 — ) _B
2—¢ 2—¢ 2—¢
hh,I'(2 —¢€) hMI'(1—¢)—hI'(2—¢) hhI(2—¢)
- C — =D. (25
2—¢ ’ I'(e—1) I'(e) (25)
Tenepb xapakTepucTHUECKy0 (BYHKIMIO MOKHO [IEPEIUcaTh B BUJIE
_1 __1 215 1
() = (A/\H + B+ CA ) T+ DI +0 (ﬁ) -
1 1 . D 1 1
— 7= “7< APme L Tyl —1-3=
— (A/\2 + B+ CA ) (e + A >+O(|/\| : ) (26)

Torna, o Teopeme Pyie, kopuu dyHKImm X (A) Oy1yT UMETh TaKyto »Ke acCHMITOTHKY Kak
U KOPDHH ypPaBHEHUS

L 1

1 1 2 D,
(AAE +B+cxm) (eA + o ) = 0. (27)

1 _1 .
Ypasuenune A\>—< + B + C'\” 2= = () uMeer KOHEYHOE YUCJIO KOPHEi, MO3TOMY UHTEpEC IIPeJI-
CTABJISTIOT KOPHU YpaBHEHUSI

L D 1
AT+ ZA*“H =0, (28)
T.€. 5 ,
AT = 2 o 2T (b~ bt he + hhy). 29
‘ AT Teopt T hthethi) (29)
O6oznaunMm yepes P ancio
2—c¢
=|—(h1 — h+ he+ hh P > 0. 30
|1—\(€_1)( 1 + he + 1)|7 ( )
Torna
b= P
i (31)
A
1 1+L
L Re( AZ—2 1 1 1=
Tak xax |[e** | = e < ) m (AT = [AT=| == | 10
1
Re( A\2—=¢ P
¢ ( >=7+ (32)
|)\2£5| 215
Orkyna
Re(M5)  up 14
e (33)
T
CireioBaresibHO,

arg ()\H?%e) = (3—¢)arg ()\Tis> — sgn(Im /\Tis)g(?) —¢€), [N — +oo. (34)
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Bepst aprymenT sieBoii u nmpaBoii dacreii papeHcTBa (29) MOJIYIUM, IPU JOCTATOTHO GOJIBITIX
SHAUYEHUSIX |A|,

hi+ h(e — 1) + hhy

Im </\2%5> +sgn(1m/\27is)g(3 —¢)=arg ( > +2m+o(l), neZ. (35)

Ie—1)
N
1 hi+ h(e —1) 4+ hhy s
=) = - “(3- 1 :
Im ()\2 > arg < T 1) + 27n. sgn(n)2 (B—¢e)+o(l), neZ (36)
Teopema j10kazaHa. Il

Teneps, ucnonb3ys onenkn (13) u (14), a Takke joKa3anHoe B 3] cyliecTBOBaHIE TPEYTOJIb-
HOTO ollepaTopa IpeobpasoBaHus I yPaBHEHUs [IPOU3BOJIBHOIO JIPOGHOrO MOPSIKA 1 — &,
nokazkeM Teopemy o moaore CCII® zamaqan (3), (4), (5).

Teopema 2. [Tycmov q(x) — anasumuueckan GyHryus.
Tozda CCID 3adavu (3), (4), (5) noana 6 npocmpancmse La[0, 1].

Hoxasamenvcmeo. Ilpusenem 31ech Jaulib HAOPOCOK JTOKA3ATETHLCTBA TEOPEMBL.
Beeném dyukkmuio w(x, \)—perrerne ypasHenus (3), yJI0BI€TBOPAIONIEE HATAIBHBIM YCJIO-

BHUAM
W (0,0) =1
Y Y 37

{w(ls)((), A) = —h. (37)

Takast GpyHKIMS IpU BeeX A yJI0BIeTBOpsieT rpannanoMy ycjosuto (4). [Tosromy A Gymer cob-
CTBEHHBIM 3HAYEHUEM TOTJIA U TOJIHKO TOTJIA, KOIJA

XA = hw9 (1, 0) + w9 (1,0) = 0. (38)

[Ipu 5TOM KpaTHOCTb HyJId A XapakTepucTudeckoii dbyHkimu x(\) coBHAJAET ¢ KPATHOCTHIO
cobcTBeHHOrO 3HaueHns A oneparopa (3), (4), (5).

[Ipeamonoxum, aro byuakus f(x) oproronansaa CCIID 3amaun (3), (4), (5). Pacemorpum
ckaJsisipHOoe tiponsBesierne dyukmii f(z) u w(x, \) :

F(\) :/f(x)w(x; A)dx. (39)

OdgeBuIHO, YTO F (A)—uenas dynxusa. Kpome Toro kaxkjoe cobcTBeHHOE 3HAYEHHE A KPATHO-
cru p aBisercs HynéM byskimn F(A) nopska e ke p. CregoBaresbHO QyHKINS

()
) = 5 (10)
ABJISIETCS TEJION.
Ussectro (eMm [3]), aro dynkims w(x; A) MOXKeT ObITH MOTyUeHA ¢ MIOMOIIBIO OIIEPATOPA IIPe-
obpaszoBanus u3 Gyuknun wo(x; \) = c(x, ) —hs(z, \)—pemenns 3anaan Koru s ypaBaenus

(8) ¢ HAYAJBLHBIMU YCIOBHSIMHE
0,0 =1
{wo (0,%) =1, )

w70, \) = —h,

T.C.

whz) =1+ K)wo(x; \) = wol(z; \) + /K(x,t)wo(t; A)dt, (42)

re K—Bo/IbTeppOB MHTErPAJIBLHBIN OTIEPATOP.
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U3 dbopmymsr (42) u onenok (13) u (14) BeITeKaeT ciefyromias omneHka GyHKImu w(A; x) Ha
MHUMO# ocu:

'l — e L
w\;z) = %?)ﬂse“ﬁ (1+ O(ﬁ)) + O(x7°). (43)
Ananornano mys y () mosrydaercst orneHka
I'l —«¢ e 15
) = - o), (44)

U3 onenok (43) u (44) Berrekaer, uto F'(\)—dyHKIMs mopsijika He BbIIIe 2 — £, & TaKyKe 9TO
F(X\) — 0 xoryia A cTpeMuTcst K 6€CKOHETHOCTH 10 MHUMOIi OCH.

Torya, mo reopeme Pparmena—/Tungenéda noaygaem, aro F(A) = 0, a ciepoBarebHo, u
F()\) = 0. Ho 510 o3magaer, uto f(x) opToroHambHa w(x; \) IPH BCEX A H, CJICIOBATEILHO,
(I +K*)f(x)=0.

Ho rak kak omeparop K Bosbreppos, To omneparop I + K* obparum u, suaqur, f(z) = 0.

Takum 0b6paszom, He cymiecTByer Henysesoil dyukiwn f(x) oproronanbuoit CCIID 3amaun
(3), (4), (5), T.e. ara cucrema dyHKIHUIT TOTHA. O
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HEKOTOPLIE CBOVICTBA N-IIAPAMETPUYECKUX
KOCUMHYC-OYHKIINN

B.M.I'OBOPOB
HTYY «KUEBCKUil ITOJMUTEXHUYECKUN THCTUTYT»
KMEB, YKPAUHA

Hacrosimiast pabora mocBsieHa n-nmapaMeTpuIecKuM KOCHHYC-(DYHKIUAM, 3/1€Ch M3y IatoTCsT
HEKOTOPbIE UX CBOHCTBA 6€3 JOMOJHUTETHLHOTO MPEIIIOJI0KEHUS O YeTHOCTH 10 KAayKJIOMYy W3
APryMEHTOB B OTJEJIbHOCTH, & TAKXKe yCTaHABIUBAETCS CBA3b MEKJIY BBIPAKEHUEM JIJIsI CAMO
KOCUHYC-(DYHKITUH U €€ TIOKOOPIMHATHBIMU CyKEHUSIMHE.

Keywords: kocunyc-dyukims, Toxaectso I’ Aambepa.

[Tycts X — GanaxoBo mpocrpancTBo, L(X) — mpocTpaHcTBO JIMHEHHBIX OrPAHUYEHHBIX OIle-
paTopoB HaJT X.

Onpenenenne 1. n-napamerpudeckoii kocunyc-pynknueit (KO®) nasbBaercs yHKIws
C:R" — L(X), y1oBIeTBOPSAIONIAsT CIYILYIOMINM YCIOBUSIM:

i) C(0)=1.
ii) C(t) cunbHO HenpepbiBHa B HyJe: Vo € X ling C(t)x = .
iii) C (%) ynoBJjeTsopsier Toxaecty /1’ Asambepa:
Vis€R": C(t+s)+Ct—s)=2C1)C(s). (1)
[Ipusenem npumeps! n-napamerpudeckux KO®.
IIpumep 1.
[Iycrs C(t) — npousBosibhas oguonapamerpudeckas KO®D. Ilycrs @ = (ay, as, . .., a,) — 1npo-

u3BOJIbHBIN siemenT R™ ) rorma dbyukius W (ty,ta, ..., t,) = C(aity + aste + ... + auty,) Gyuer
n-mmapamerpudeckoit KO®.

B npocreiitiem ciiygae, korga X = R, npumepamu n-rapamerpudeckoit KOD OyyT cayxuTh
dbyukum cos(art; + asty + ... + apty) u ch(art; + asta + ... + apty,).

IIpumep 2.
[Iycte X = R3, n =2.

1 0 0 1 0 0
Wi(z,y)=1 0 1 0 Wy(z,y) = 0 10
%xQ %yQ 1 %@2 +y°) 01

)

Herpynuo nposeputs, aro Wi (z,y) u Wa(z,y) ymosaersopsitor ToxmectBy /1’Amambepa. Bor-
IOJIHEHNE yCIoBuil 1) u ii) odeBuHO.

VYrBepxkaenue 1. [lycts C(t) — n-mapamerpudeckas KO®. Torna IM > 0 u Cy > 0, rakue
4TO

VEeR": [|C@®)|| < Ml (2)

3ameyaHue.
B dopmynmmpoBke yTBepkeHus 1 He yTOoUHsAETCS KOHKPETHBIN BHJI HOPMBI, TaK Kak B R™ Bce
HOPMbI SKBHBAJIEHTHBI.

JlokazaTeabCcTBO ocHOBaHO Ha ujee BaH Jep Jluna. J[ng ciaydas n = 1 ero MOKHO HAWTH B
[4]. Ha n-mepHblii ciryuait oHO mepeHoCHTCst 6e3 KAKUX-JH00 CYIIEeCTBEHHBIX U3MEHEHHMIA.

YrBepxkaenue 2. n-nmapamerpudeckas KOD cuibHO HelpepbIBHA MIPU BCEX 3HAMEHUSX ap-
ryMEHTA.

JokazaTeabcTBO ist citydasi n = 1 MOXKHO HaiiTu B [4], KoTopoe TakKe 6€3 CyIeCTBeHHBIX
M3MEHEHUH ITepEeHOCUTCA Ha N-MEPHBIN CIydail.
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Pacemorpum Bompocsr puddepermpyemoctu n-mapamerpudeckoit KO®. [Iasa caygas n = 1
M3BECTHO, YTO CYIIECTBYET IJIOTHOE MoaMHOKecTBO X, Ha Koropom KO® cunbao nuddepenim-
pyema 1pu ¢ = 0. JIjist BEKTOPOB 5TOr0 MHOMKECTBa OHa OKasbiBaeTcs AuddepenupyeMoii i npu
BCEX OCTATBHBIX 3HAYCHUAX ¢ (JI0KAa3aTebCTBO MOKHO Haiitn B [4]). s n-mapamerpirteckoit
KO® 6ynem paccmarpusarh MHOKecTBO Ds, na koropoMm KO® gpazknpr cuibao mudddepen-

nupyeMa Kak (DyHKIHUA OT 7 IepeMeHHbIX B Touke t, myctb Dy = N Dy, Te. B Dy BXoagaT Te
teR

BeKTOPHI, Ha KoTopbix KO® mpaxpl cuibno auddepeniupyema pyu BCeX 3HAYCHUAX Iapa-
MeTpa t.
Pacemorpum Takzke muOXKecTBO D = {y,(s) f K(s,u)C(u)zdu | = € X,s € R}, rue

{K (s, E)} — )-0bpasHasi I10C/Ie/I0BATEIbHOCTD.

[Tokaxkem, aro D C Ds.

st sroro 3adurcupyem t u uccieyem npupartienne KO® B Touke ¢ Ha TPOU3BOJILHOM BEKTOPE
yz(s) u3 D.

Ot + W)yu(s) — COyals) = [ CE+R)CW)K (s, w)zdu — [ CE)C(w)K (s, u)rdu =

R"” Rn
=3 [ Clt+h+u)K(s,u)zdu+ ) Clu—1— WK (s, u)rdu —
R
— L [Ct+h)K(s,u)zdu — f C(u—t)K(s,u)rdu =
Rn

=1 fC’(E—i—i)(K(s,a—ﬁ)—K(s,u))xdujL% fC(ﬂ—%)(K(s,E—l—E) — K(s,u))zdu =

==} J ClutD) (255, u), 7) wlu + 4 ke u+t)< £ (s, w)h, ) awda —
— & [ Clu+1) (3‘23(3,u — OR)(R)h, h) wdu +
+ %an C’(E—E) <g—lf(s u) h) zdu + 1 f C )(ng(s u)h h) wdu +

12fCu—t)( (Su—i—nh)(h)h,h)xdu,meogﬁg1HO§77§1.

TaK Kak K u Bce e€ MPOM3BOJHbIE OI'PAHUYEHBI, a KOCUHYC-(PYHKIIMS UMeeT OIEHKY POoCTa
(2), To TOCTIE/THEE BBIDAXKEHIE MOYKHO IIEPENUCATh B BUJIE

ol + 5 [ e (g (s wh h) rdu+ O(| Bl

R

Taxum obpasom, suano, uro KOD npaxiel muddepennupyema B ToUKe t Ha BEKTODaxX U3
D, 6oJtee Toro, ciraraeMoe, cojeprKairiee h BO BTOPOI CTEleHu, HeIPEePbIBHO 3aBUCUT OT t. Tak
KaK ¢ BOIGHPAIOCH IPOU3BO/IbHO, T0 KO® 1BAXK bl CHJILHO HEIPEPLIBHO nuddeperiupyema Ha
BeKTOpax u3 [ Ipu Bcex 3HaYeHUAX ITapaMeTpa t. D10 o3nadaet, 9to D C Ds.

Teneps yoemnmest, aro D miorno B X. Tak kak K (s, E) — JleJibTa-o0pasHast MoC/Ie/I0BATE b
HOCTh, TO TIpr § — 0 y,(s) — C(0)z = z. Tak xak 2 BbOUpasoch B X NPOU3BOJILHO, TO D
IJIOTHO B X .

[Mockonbky D mnorao B X u D C Dy, To Dy Takke TI0THO B X . DTUM MbI JIOKa3aI1

VrBepxkaenue 3. Dy = X.
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Beenem cremytomnme oboznavenust: Ci(x;) = C (0 ,0,24,0,...,0). OgeBunno, uro C;(x;) —
onnonapamerpudeckag KO®. Oyukimio S;(z;) f C;(s)ds npuHATO HA3BIBATH OJHOIAPAMET-

pUTIecKoil cuHyCc-(hyHKIHe, COOTBETCTBYIOIIEH C’l( ;), IpPUYIeM MHTEerpaJ OHUMAeTCsl B CHJIb-
HOM CMBICJIE.

Jlemma 1. Ecomm w : R — X, w — aBax/ibl HelpepbIBHO jud hepeHnupyemMa u yI0BIeTBO-
pser cieayioniei 3amade Kormm:

Lw) = Aw(t)
w(0) = =z (3)
&0) =,

riae A — reneparop Hekoropoil ogronapamerpudeckoit KO® C(t), € D(A), y — Bekrop, Ha
koropoM C'(t) onun pas cuibHO auddepeHnupyema B Hys1e, S(t) — COOTBETCTBYIOIIAs €l CHHYC-
dbyHKIMA, TO W TpeAcTaBUMa, B BUJIEC

w(t)=Ct)z+S(t)y VteR.

JokasaTeabCTBO MOXKHO HafiTh B [5].

VYrBepxkaenue 4. Ecin u € Dy, To ogHonapamerpudeckas kocunyc-pynknus C;(z;) aBa-
Kbl cuiibHO Juddepenimpyema Ha BeKTope C(Y1, Y2, - - ., Yn)U U CUIBHO nuddepeHnnpyema
OJIMH Pa3 Ha BEKTOpe 5 9C (yl, Yoy Yn)U VY1, Yn, T € R.

doka3zareabcTBO.

N3 Toxpecrra /I’ Anambepa HETPYIHO TOJIYYIUTH

Tak kak u € Dy, 1o Cyi(x;)u mBaxkapl guddepennupyema. [loyb3ysich HENPEPbIBHOCTHIO
C(y1,-..,Yn), BHECEM €€ 1OJ| 3HAK MPOM3BO/HOIM. Takum obOpasoM, mpaBasi 9acTh PABEHCTBA
IBaXK Il g depeHiupyemMa 1o r;, a, 3Ha9UT, U JeBas.

Jlns mokazarebCTBa BTOPOM YaCTU YTBEPXKIAEHUS 3aMETUM, 9TO Jjisd U € Do mMeeT CMBICIT
BbIpazKeHUe

1820( ) 1320( )
5 9 92 yer s Yi—L Yis Yitly - -5 Yn) U T 59 92 yer s Vi Yis Yitly - - -5 Yn) U .
5 ayf Y1 Yi—1,Yis Yi+1 Y pimtm 2 8%2 Y1 Yi—1,Yis Yit1 Y B

[IpeobpazoBbiBast €ro K BULY

10 0 0
58—@ (82 (C(yl, s Yir1, 2 T Yig 1, - 7yn) U) - & (C<y17 ey Yi—1,2 — Tiy Yit 1y - - - ,yn) U))
1 TO0JIb3YsICh ToXKIecTBOM I’ Aytambepa, mosryanm

6228,2(0(07”'707 Ty, 07“'70)C<y17"'7yi—17zayi+17"‘7yn)u)_86:93(;‘? (Zc(yh"‘?yn)ua

1-41 HO3HUIIAS

9TO U TPeDOBAJIOCH JIOKA3ATh.
YT1BepxkKaenue 5. [lna smoboro mmyekca ¢ = 1,n m joboro BekTopa u € D dyHKINA

flz, 29, ..., 2,) = C(x1, 29, . .., 2,)u YIOBIETBOPSET CieyIOMIei 3amade Kormm:
2f  _ 92C ([
22 = a2 (0)f
f(JJl, N 7 I O, Titly---, T ) = C(,’L‘l, R O,JJZ‘Jrl, Ce 71'”)’11,
f)
8—;[1_(.131,...,LE‘Z',hO,SCZ'Jrl,...,ZL’n) = gf (xl,...,mi,l,xi,xiﬂ,...,xn)

;=0 |
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Joka3zaTeabCcTBO. BhillogHEHE BTOPOTO U TPETHEr0 COOTHOINEHUI OYeBUIHO, /I J0Ka3a-
TeJILCTBA IIEPBOT0O BOCIOJIb3yeMcst ToxKaecTBoM JI'Arambepa

C(l’h e T, T+ T, ;%)U-i- C(l‘h e T,y — Ry T, 7'Tn)u =
=2C(0,...,0, h, 0,...,0)C(x1,...,2z,)u.
1-4 IIO3UIA

[Tonb3ysich yrBepkaenueM 4, npoauddepeHiupyeM obe 4acTu JBaK/Ibl 110 h U 10cjie 9Toro
nosioxkum h = 0:

320 0?C
a 2 (371, e ,.’IZn)U =2 a—xg((DC(le, ce ,xn)u.
Takum obpaszom,
0 f 0°C _
52 2($1,-~,$n) = a—x?(O)f(xl,...,xn),

9TO 1 TPeDOBAJIOCH JI0KA3ATh.
YrBepxkaeHue 6. [Ias goboro uuigekca ¢ = 1,n u ja000ro BeKTopa u € X CIpaBeIinBO
PaABEHCTBO
C(zy,...,xp)u = Ci(x)C(z1,. .. 21,0, 2501, ..., Tp)u+

(4)

ac
+ S ( )3w (ZL‘l, ce ,$i_1,07$i+1, ce ,xn)u.
HoxkazarenabcTBo. Boipaxkenue f(z1,2s,...,2,) = C(x1, 2, ..., 2,)u Kak QyHKIHA TEpe-
MEHHOU x; pu u € Dy Oyarogapst yTBEPKIAECHUIM 4 U 5 yJAOBJIETBOPSIET YCIOBUAM JIEMMBI 1 €
2 o
oreparopoM A = %(0), [O9TOMY IPEJICTABAMO B BHJIE
@

C(xy,...,xp)u = Ci(x)C(xy, ..., xi21,0, 201, ..., xy)u+

-+ S(l’l) (.771,...,$i,1,0,$i+1,...,$n)u.

[TocKOJIBKY OIepaTop, CTOAIIMIA B JIEBOI 9aCTH, a TaKyKe OlepaTOpbl, IPUCYTCTBYIONHE B IIEP-
BOM CJIaraeMOM IIPAaBOil 94acTU paBeHCTBa, OIpeIeIeHbl Ha BeeM X 1 OrpaHUYeHbI, TO OlepPaTop
Si(x;) gm (x1,...,2-1,0,2;11, ..., x,)u TaK¥Ke ONpeiesieH Ha BceM X U orpaHndeH. BButy mioT-
Hoctu Dy 1ocieHee paBeHCTBO MOXKET ObITh pacipocTrpaneno Ha Vu € X, 9To u TpeGoBaIoch
JIOKA3aTh.

OGozuadenue. Bocroab3yemes CUMBOJIMYIECKOl 3alMChI0 U HEPEINIIeM IPaByio 9acTh pa-

BercTBa (4) B BHJE Biwi (Si(xi)C’(ajl, ces®io1,0,T441, ..., Ty)U ), TIE CIIEJIYEeT HOHUMATH, YTO
BHaJaJIe POU3BoaAuTCs auddepeHmpoBanne, a 3aTeM B BblpaxkeHuax it C' U Beex ee IPOou3-

BOJHBIX ITojaraercd x; = 0.
[IpunepkuBasich 3TOI CUMBOJIMYECKON 3aIIMCH, TTOJIYyInM, 9TO Vu € X

C(xy, ..., x0)u = %(Sl(:rl)C’(O,xg, . ,$n)u) =

=ai<51<“"1>a (52(;,;2) 852(0,0,x3,...,:cn)U>> =

== 2 (S0 5% (Salw2)5% - 52 (S (@) 5% (Su(@)CO)) ) ) ) =

n

_ ﬁ(nl Si(w)C(Ou).

Takum obpasom, goKazaHa
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Teopema 1. (OcHoBHast Teopema).
Vue X :

a" - —
C(ry, .. x0)u = Dy . HSZ(%)O(O)U

Caencrsue 1. JIng n = 2 nonydennas (popMmysia npuobperaeT B
0*C
0 .Z'la i)

Caencrsue 2. g X = R, ecin B kauectse KOD B3a1h co8(T1+ 22+ . . .+, ), MOTyIeHHAST
dopMysIa IPUBOAUT K U3BECTHOH (POPMYJIe TPUTOHOMETPHH JJIsl KOCHHYCA, CYMMBI.

C(z1, z2)u = C1(21)Cq(x2)u + Si(21)S2(x2) (0,0)u Yu e X.
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CYMMUPYEMOCTD IT1O PUCCY CIIEKTPAJIbBHBIX
PABJIO2ZKEHUUN CJIABO HEPEI'YVJIAPHBIX KPAEBBIX 3AJIAY

A. II. T'vpEBUY, A. II. XPOMOB
CAPATOBCKUI I'OCY/IAPCTBEHHBIN YHUBEPCUTET,
CAPATOB, Poccusda

B cmamve usyuaromea obwvikrnosenmbie aunetinne uddepenyuarvive onepamopst ¢
CYMMUDYEMBLMU KOIPHUUUEHMAMU U 0SYTIMOYEUHDLMUY KPAEGHLMU YCAOGUAMU, 0becne-
YUBAIOWL UMY DPOCT, AODA PE30OABEEHMDL N0 CNEKMPANDHOMY NAPAMEMPY HE GbIUE CMme-
nenwnozo. Jlaa maxux onepamopos natidenv, 0oCamovnsle Yeiosus Ha PA3AA2aeMYI0
PYHKYUI0, NPU KOMOPHIT UMEECT, MECTMO PAGHOMEPHAA CTOOUMOCTD HA AMOBOM OMPESKE,
AEHCAWEM GHYMPU OCHOBHO20 UHMEPEara, obobuernnbx cpednur Pucca no cobemeeh-
HOLM U NPUCOCOUHEHHBM PYHKUUAM. YCMan06ACHA MAKHCE PAGHOCTOOUMOCTD MAKUT
CPETHUT OAA DBYL NPOUSBONOHBLT ONEPATNOPOE PACCMAMPUBALEMO20 8UIG, UMEUUL 00U~
HAKOBBLT NOPAJOK.

Keywords: cymmupyemocts 1o Puccy, nuddepeHnuaibHblil 0IepaTop, Pe30IbBEHTa OLepaToOpa, COOCTBEHHBIE
byHKIMN

1. BBEJEHUE
[Iycts L — oneparop, MopoxK/ieHHbIi J1nddepeHIuaabHbIM BhIpaXKeHneM
Myl = y™ + po(2)y™ 2 + ..+ palz)y, 2 €[0,1], p(x) € L[0,1],
u HopmuposaHubiMu (|2], ¢.66) KpaeBbIME yCIOBUSME

U(y) =U(y) + Ul (y) =0, j=1,...,n, (1)

rae U (y) = Zaky’”(), Uj(y) = Zbgky (1),

|ajo.]|—|—|bﬂ,j| >0, n—1>0; > 09 > .20, 20,0;> 049
Cpenuue Pucca nopsijika «y (77 > 0) pasiozkeHuit 110 COGCTBEHHBIM U TIPUCOEJINHEHHBIM (DY HK-
UM orepaTopa L mpeicTaBiasdior coboit mHTerpaJibl

1 )\4 Y
— (1_F> Raf d),

271
[A|l=r
rje Ry — pesosibBeHTa orieparopa L, a KOHTYD |A| = r He mpoXoauT depe3 cOOCTBEHHBIE 3HAYE-
HUSL.

Ecau kpaesbie ycstoBust peryssipasl ([2], ¢.66-67), To M.Croyn nokasas [6], 4To mMeer MecTo
PaBHOCYMMUPYEMOCTh Ha, J1000M orpeske u3 (0, 1) TaKuxX cpeIHIX U aHAJOTUIHBIX CPEJHUX JIJIs
06bIMHOTO TpUroHOMeTpHYecKoro psiga Pypwe npousposbHoit dbyakimn f(x) € L0, 1]. TosHoe
pelierne Bopoca 0 paBHOMEPHOIH cxoauMocTu Ha BeeM otpeske [0, 1] cpenaux Pucca mis taknx
onepaTopoB Jauo B [4], [5], mpuuem B [5] uccienyercs u cXoqUMOCTh CPEJHUX B MPOCTPAHCTBE
Cc* [0,1], k = 1,2,...,n — 1. PeryasgpHocTh KpaeBbIX YCJOBHUII HPUBOJUT K TOMY, UTO SJPO

G(z,t,\) pesosnbBenTbl R) mmeer mnpu 6o0Jbimx |A| onenky O (|/\|1_T"> !, B macrosmeit cra-

The U3yJaroTcs Takue jauddepeHiuaabable onepaTophl, s KOTopbix y G(z,t, A) gomyckaercs
JII00as cTeleHHasl OIeHKA.
Haum TodHOE OolMcaHne paccMaTpUBAEMOro Kiacca ormepatopoB. Ilycte A = —p" u p €

S = {,0 |0 <argp < 2%} Ob6oznaunm 1epes S;, j = 1,2,3,4 ceKTOPLI B p-IJIOCKOCTH: S =

lCﬂe;LyeT UMETb B BU/Y, 9TO 9TO HaMMEHbIIasd U3 BO3MOXKHbBIX OII€HOK.
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4
{p | 5-(j—1) < argp < %j} OueBwnyiHo, uTo S = jL:J1 S;. Uzsectno (|2], ¢.58-59), 4ro B Kazk10M

u3 cekropoB S U Se u S3 U Sy ypasuenue [[y] + p"y = 0 umeer dyHIaMEHTATBHYIO CUCTEMY
perennit {yx(z, p)}7_,, KoTopas upn OOJBIIHX |p| JOIMYyCKAET CJIELYIONEe aCHMITOTHIECKOE
peJjicTaBIeHIe:

d"y(z, p)
m
7m:(pwk) [Hexppwkx? m:0717"'7n_17
dz
rie {wy }}_; — pa3indHbBle KOPHU N-0ff CTENeHN N3 — 1, 3aHyMepPOBaHHbIE TaK, ITO BLITOTHIIOTCS
uepasencTBa Repw; > Repws > ... > Repw, (Hymeparms wy 3aBHCHAT OT ceKTopa), [a] =

a + O(%). O6oznatnm Uj(y,) = A, + Bji exp pwy.
XapaKTepuCcTUIecKuil olpe1e/IuTe b

AH + Bnef’wl Ce Aln + Blnep“’”
A(p) =det(Uj(yr)) = |- oo

PA3JIOXKUM OYEBHIHBIM 00Pa3oM B CyMMYy, KayKJoe cjaraeMoe KOTOPOIl IpeJCTaBjseT coOOi
OIIpeJIe/INTellb, CoCTaBIeHHbIl U3 Aj, u Bjj,, yMHOXKEHHBII Ha 9KCIOHEHTY Buaa exp p(wj, +
...+ wj,). llycrs umcso v onpefensercsa u3 ycjaoBus: npu p € S; Boinosnsercs Re pw, > 0 >
Re pw,41. OgeBngno, v 3aBuCHT OT BhIOOpa S;. Bciomy B nasbHeiimem OyneM CUHTaTh, UTO
n=4ng+ 1, ng=1,2,.... OcraJbHble CIyIal UCCJIEAYIOTCS aHAJOTUIHO.

O6oznaunm uepes Py, P, (FPy, P1) onpenenurenun B passioxkenun A(p), crosinue npu

v v+1

exp p( > wk> u exp p( > wk,) COOTBETCTBEHHO, IIPU YCJIOBUH, YTO YHUCJIO UV BLIOPAHO B IIPE-
k=1 k=1

nostoxkernn p € Sy (p € S3). IlpeamonoxkumM, 9TO BBIOTHSIETCS YCJIOBHE: CYIIECTBYIOT Belle-

CTBeHHbIE (v, 31, (1, f1 Takue, 4TO

P, P
lim —~ # 0, 1im717é0, peES US,,
pl

p—00 po‘l p—00
B P 2)
lim — #£0, lim — #0, pe S3US,.

p—oo p1 p—00 pﬁl

B [3] mokazano, uto Kpaesbie yciaous (1) OyayT peryJsipHbl, TOIJIa U TOJBKO TOIJA, KOIJA
~ n
ar =01 =0 =1 =0, 11e 0 = ) ;. OnepaTopsl ¢ yciaosueM (2) Ipu IPOU3BOJILHBIX Bellle-
Jj=1
CTBEHHBIX (v1, 31, A1, 31 U MPEJICTABISIOT cOOO0I PACCMATPUBAEMBII KJIAaCC CJI1a00 HEPETYISTPHBIX
OIIEPATOPOB.
B macroseit crarbe wusydaroTcss 0000IEeHHBIE cpejHne Pucca  cieayoomiero Buja
L[ g\, 7)Ryf d\, tae g(\, r) ynosiaersopsier ycaosusm (|1]):

T 2mi
[A|=r
a) npu jiobom r > 0 g(\, ) HenpepbiBHa 10 A B Kpyre |A| < r n aHaIUTUYIHA IO A B Kpyre
Al <7
6) cymecrByer Takag koucranta C, 9o npu Beex r > 0 u [A| < r BBIIOJHAETCS HEPABEHCTBO
lg(A 1) < C;
B) CYIIECTBYIOT TIOJIOKUTEIbHBIE Y U A TaKue, 9To
O(le), el < h, ecau n = 4ng
g(rexpip,r) =< O(lp —7|"), | —7| < h, ecmun=4ng+2
O(le+3"),

px §| < h, ecim n — HEYETHOE

(OlleHKM paBHOMEPHBIE 10 T°);
r) g(A\,r) — 1 mpu r — 00 U GPUKCUPOBAHHOM .
OCHOBHBIE PE3YJILTATHI CTATHH COAEPIKATCA B CJCAYIOIINX TEOPEMax.
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Teopema 1. [Tycmo f(z) € C[0,1] u ydosaemsopsaem mem xpaesvim ycaosuam us (1), xomo-
pole He codepoicam npousdeodnvix. To2da Npu NOAOHCUMEALHOM Y MAKOM, YMo Y > 0 — «, 20e

o= min{abﬁl,@l,gl}; uhe (Ov %)

lim || f(z)

+ —
r—00 271
[Al=r

g\, r)Raf dA =0, (3)

Clh,1—h)

ede r maxue, wmo Ha oxpyscrocmu || = r nem cobemeennvr 3navenuli onepamopa L.

OTMeTHM, 94TO BOIIPOC O TOM, MOXKHO Ji B (3) mosiokuth h = 0, ocTaercst OTKPHITHIM.
[Iycts L' — apyroii omeparop paccMaTpUBaeMOro BHIA € mapaMerpamu o, (31, &y, (1, o' =

n ~
> 0}, o/ =min{ay, 8,43, 81} u R\ — ero pesosbeenTa.
J=1

Teopema 2. [Tycmo v > max{c — «o,0’ — o'} (v > 0). Toeda das mwobot f(x) € L[0,1] u
a06ozo h € (0,3)

'3
= 0. 4
Clh,1—h] (4)

T—00

[Al=r

lim H / g()\,r)(RAf—R’Af)d)\H

N
s g\, 1) = (1 — ;}—i) 9TOT pe3yJIbTar 6e3 J0Ka3aTeIbCTBa COIEPKUTC B [3).

2. ACUMIITOTUKA G(x,t,\) IIPU BOJIBIIUX ||

1

Ussecrro ([2], ¢.46), uro Ry f = [ G(z,t,\) f(t)dt, rae byukuua Ipuna
0

H(z,t,p)

G(x,t,A) = m, W (x, p) — oupenenurens Bporckoro cucremsr {yx(z, p) }i_y,
g(at,t,p) yl(xap) yn(af,p) i
yilz, p)Wilt.p), t<uw
Uilg)  Ur(ys) . Uiy 2
H(l’,t,p): 1(9) ! yl) 1(y ) ) g(l'atap)z _1n W.
............................... B (. (o). t>e
Udg)  Un(y1) .. Unlyn) 2 vl p)Wilt, p) x

(n—1)
Wi(x, p) — anrebpandeckoe JOIMOJHEHHE JIEMEHTa ¥;

pesynbrar npuMenennst U; k g(x,t, p) kak dyHKIUN 2.

(x, p) oupenemurens Wz, p), U;(g) —

[Iyctn
1 e 1
w1 W
Q= "
n—1 n—1
Wi Wp

u (); — asrebpandecKoe JOIOJIHEHNE SJIEMEHTa, w?‘l onpeeuress 2.

O6osmaumnm, masee, Y. = >, , > = > Sw=wp.

% Repw; >0 1 Repw; <0 14
Jlemma 1. Ilycmv h — npoussosvHoe GuKCUPOBAHHOE YUCAO U3 UHMEPEAAL (0, %) Tozda 6
obnacmu {0 <t <1, h <x < 1—h} uborvwux |p| cnpasediusv. acumnmomuueckue Gopmyavi:
ecaut < x, mo

(n=1)(n-2) "
H(x,t,p)=2p 2 : {Z Q;[1] Py exp pw;(z — t) + O(p” exp pw,,ﬂh)} exp pwo, p € S,

Z (5)
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(n=1)(n-2)

H(z,t,p)=2p =2 : {Z Q[1] Py exp pwi(x —t) + O(p° exp(—pwyh))} exp pwy, p € Ss.

Dopmyaa qas H(z,t, p) npu p € Sy nosmydaercss u3 mocyaenHeit hopMmysibl 3aMeHoit Py Ha
Py, ampu p € Sy nomyuaercst u3 (5) 3amenoit Py ma Py. ®opmymsr aas H(x,t p) npu t > x
[IOJIYYaIOTCS U3 COOTBETCTBYIOMIMX (POPMYJI IpH ¢ < I IyTeM 3aMeHbI Z HA —Z :

i

Jloxazamenvcmeo. TIpoBesieM 1oKa3aTeILCTBO JIMIIL JJISI CJIydast p E S1, TaK Kak B JIpyTHUX
cJlydasx OHO COBepIeHHO aHasorudHo. [Tpu Gosbimx |p| mveem

n(n—1) (n—=1)(n—2)
Wi(z,p)=Qp =z [1], Wit,p)=Qp = [l]exp(—pwit).

amee, Tak KaK KazK/Iblil 9JIeMEHT TIepBOro cTosi0na onpeaenureis H(x, t, p) paBeH cymme n
cylaraeMbIx, TO, npejcrasus H(x,t, p) B BUje CyMMBbI N CJIaraeMbIX, MOCJIEe HECJIOXKHBIX TPeos-
pa3oBaHU NpugeM K

H(x,t,p) = (" R ZQ (z, p) exp(—pwit), t<uz,
(n— 1)(n 2)
H(z,t,p) = ZQ (x,p) exp(—pwit), t >z,
e
ePvit(1] e, (1] o ePri-17[]] 0
Mir,p) = | P A T e At B
Byiet Apy + Bpeft Lo Ay 4 Bpie™itt Ay
ePrit1 (]| o ePn (1]
Atipr + Bygpef?itt o0 Ay, + Bipefer
An,iJrl + Bn,i+1€pwi+1 ce Ann + Bnnepwn

Oupenenurens N;(x, p) ormdaercs or M;(z, p) Juiib JByMst SJIeMEHTAMU: B [IEPBOIl CTPOKe 1
repsoM crosibie y uero crout 0, a B nepBoit crpoke u (i + 1)-m crosbie crour e”i*[1]. Eciu
Re pw; < 0, To B onpesesiuresie M;(x, p) BBIHOCHM U3 BTOPOro cTojibma e/l u3 Tperbero — 2
u T.J0., u3 (V+1)-ro — e, 3areM pasaraeM MOy 9eHHBIH OIPE/IeTUTEb O SJIEMEHTAM [IEPBOTO

cToNbNA, M, yIUTBIBas, 9TO byHKImn /1@ epwr(@=1) epwvior - epon® iy g € [h, 1 — A
9KCIIOHEHITHAIbHO YOBIBAIOT, IIPHUIEM K IIPEICTaBIEHHIO
Bll <. Bly Al,l/+1 s Aln
M;(x,p)exp(—pwit) = S [1] | o onvni exp pwi(x —t) +v(p) ¢ €xXp pwo,
Bnl Bm/ An,u+1 Ann

rae depe3 Y(p) 3mecb u B JajbHejieM o003HaYaeTcs (DYHKIUSA, WMMEMOMasi OIEHKY
O(p? exp pw,11h). Orciona

M;(z, p) exp(—pwit) = {Fo[1] exp pwi(x — t) +v(p) } exp pwo.
AHajloruvuHble pacCcyKJIeHUs MOKA3BIBAIOT, YTO IIph ¢ > T
Ni(, p) exp(—pwit) = v(p) exp pwo.

Ecom xe Repw; > 0, To mpuaem K CAEAYIONUM ACHMITOTUYECKUM IIPEICTABICHUSIM:
M;(z, p) exp(—pwit) = (p) exp pwo npu t < z, Ni(z, p) exp(—pwit) = {—Fo[1] exp pwi(t — z) +
v(p)} exp pwo mpu t > x. Jlemma mokazana. [
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JIemma 2. Ecau gynxyus M(z, p) pasromepno oepanuvena npu eécex x € [h,1 — h] u ecex
p € Sy, mo

/pkg(—p”,r”)M(w,p) exp pwyrhdp = O(r*™7),
ol
ede C, — dyea oxpyorcnocmu |p| = 1, aescawan 6 cexkmope Sy.

aN\ Y
Dro yreepxkaenue npu g(A,r) = | 1 — — | UpHHAIIEKUT M.Croyny [6], u JoKazaTeLCTBO
r

B HAIlIEM CJIydae MOJTHOCTHIO COXPaHSIEeTCs.

Ob6osznauuMm uepe3 Ss 00J1acTh, MOJYUAIONLYIOCT U3 CEKTOpa S IOC/e YAAJEHUs BCeX UnceI
pr = (—\)Y™ (A — cobeTBennbie 3nadenns onepaTopa L) BMecTe ¢ UX KPYTOBBLIMH OKPECTHO-
CTSIME OJIHOTO U TOTO Ke JIOCTATOIHO Majioro pajuyca d. [lomyanm mist |A(p)| orenky caHusy B
obsactu Ss. OcraHOBUMCA JHIIb Ha caydae p € S15 = S1 NS5, TaK KaK B OCTAJIBHBIX CIIydadx
paccyKIeHus aHAJIOTUIHBI.

B cuny (2) nmeem

A(p) = (Po+ Prexp pwyi1+6(1)) exp pwo = bp™ {1+ (a+0(1))p™ " exp pwy1+06(1) } exp pw,

(6)
rjge @ u b — KOHCTAHTBI, OTJMYHBIE OT HyJsd, 0(1) IKCIOHEHIMAILHO CTPEMUTCS K HYJIO [PH
|p| — oo.

JIemma 3. Qyuruua z(p) = pw,i1 + Blnp omobpasicaem e3aummno 00no3HawHO 06AGCTIY
{p| pe€Si, |Ip| > po} na obracmo, codeporcawyro noaynosocy npouseosbHOT WUPUHDL, 0CHIO
Komopoti asasemca ay« argp = 3. 30ecv 3> 0, pg — Jocmamouro 60avU0E NOAOHCUMENBHOE
YUCAO.

loxazamenvcmeo. B3anMmuas OJHO3HAYHOCTD OTOOPAYKEHUA IPH |p| JTOCTATOYHO OOJIBIIIX
OYeBUJIHA, IIO9TOMY OCTAHOBUMCH Ha JIOKA3aTE/IbCTBE 3aKJIIOUATEILHOTO yTBEPIKICHIA JTeMMBI.
o o _ . T -
C ar0it 1eJIbI0 paccMOTpUM 00pasbl Jiyuell p = T U p = T exp 5-i Upu T > po. Vimeem

s s
pumg 1 _— 1 - ) 1
z(x) = xsin o + Blnz — ixsin 5

z(:cexp;i) zﬁlnaj—i<x— 21)
n n

T
Buaunt, npu r — +o0o dyskipn Re z(x), Im z(z), Imz<xexp 2—2) CTpeMATCa K —00, a
n
™ .
Rez(:v exp 2—z> — +o00. Jlemma jokazana. [
n

Jlemma 4. IIpu p € S5 u docmamouro 60ALWUT O MOOYAIO CIPAGEOAUBH OUEHKA
[A(p)| = Clpl™| exp puwy). (7)

Jlokasameavemeo. Ecm f = 1 — a; < 0, 1o onenka (7) nomxydaercs u3 (6), kKak u B [2],
c.78-79. Ecru 3 > 0, To, mOJIOKUB 2 = pw,11 + [ 1n p, moayanm

1+ ap® exp pwyi1 = 1 + ae?,

U, UCIIOJIL3Ys JieMMy 3, oneHuM pyHKImio 1 + ae* cuuzy kak u B [2|. B urore u3 (6) mosyuaem
oreuky (7). Jlemma mokazama. [

Jlemma 5. IIpu p € S5 umeem mecmo acuMnNMOMU4ECKoe NPedcmasaerue

Py

A(p)

= {1+ O(p™ " exp pwy 1) + (1) } exp(—pup).
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Joxazamenvcmeo. B cuy (6) nmeem
P {1_ Py exp pwyi1 + 0(1)
A(p) Py + Py exp pw, 1 + 0(1)

u Tpebyemoe yTBepKIeHUe creyeT u3 jeMmbl 4. [

b exp(—pun).

Teopema 3. B obnacmu {0 <t <1, h<x <1—h}, adeh € (O, %), CNPAGEINUBDL ACUMNMO-
muveckue gopmyavi: npu p € Si5, p € Sus

1 " o ~
oy Z Q1] exp pwi(x —t) + O(p” " exp pw,i1h) +6(1), t<x (8)

G(z,t,\) =
1
Qpn*1

npu p € Sas5 u p € S35 dopmyav, das G(x,t, N) noayuaromes us (8), (9) samerot exp pw,1h
na exp(—pwyh).

G(z,t,\) = —

S Q1) exp (e — £) + O(p" 1 exp p 1 h) +6(1), @<t (9)

Ilpu p € S;5 dopmyist (8), (9) crenyior u3 jemm 1, 4, 5. B ocraibHbIX CIydasX OHH IIOJIy-
YAIOTCA aHAJIOIMYHO.

3. JIOKABATEJIbCTBO TEOPEMHBI 1

B [1] monyuena dopmyia:

f@)+ 5 [ SODEA A= @)L= glr) + F@) = fo@) + D B (10

[Al=r

rae fo(x) € C™0,1] u U;(fo) =0, j = 1,2,...,n; fi = l[fo] — pfo, p — mpoussosbHoe buk-
CHPOBAHHOE YUCJIO, He SIBJIAIoNneecs COOCTBEHHBIM 3HaYeHIeM ollepaTropa L 1 jiexKalee BHYTpH
OKPYZKHOCTH |A| =T,

1 g(A\, 1) 1
—ori | SRR B= o [ aOnR - )i

[Al=r [A|=r

Ilr

[Tokazkem, 4o mpasas 9dactb (10) mpu GOJBIIUX T CKOJb YIOAHO Maja. ViMeeM odeBHIHbBIE
OIIEHKU TIpu p € Si:

[ 150l exppata — 0ldt = O(1), i=v+ L. (1)
[ 150l exppato = ldt = O(If), =1 (12
1"E

rie &(p) = m(l —exp Repw, 1), [|[f]| = | fllcp.u-

Bagagnm £ > 0 u mogbepeM fo(x) tak, arobsl ||f — fo| < . Hasee, Boibepem ro(e) Tax,
9TOODI IIPU 7 > 7(€) BBIIOIHSIIOCH HepaBeHCTBO || fol| |1 — g(u, )| < €. Paccmorpum Terneps I,

92 4
[Ipoussenem zameny A = —p”, 0 < argp < B pesyabrare nosyanm I, = Y. I1,.(j), rue
n j=1

L1 fg(=p"r) =
I,(j)==— | =————R "dp, C.; = =r,pe S}
1r(7) 2m'/ pra— Afinp™ ™ dp, Cry = {pl [p| = I/r, p € S;}
Cy;
Ouennm I1,(1). s j = 2,3,4 paccyKjieHus aHAJIOIHIHBI.
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ITo Teopeme 3 nmeem:

1
G(z,t,\) =0 (F) + O(p” "% exp pw,41h) + 6(1).
[TosTomy

1 —a—-n ~
IMUZO(H1>+O [ 1ot rp7 e sl | +o(0)

T n

rl

Torya o slemme 2 mosyaum [q,(1) = O<r¥>. Cunenosarenbho, I, = O(rl_Tn>.

4
Onenum reneps Iy, = Y I5.(7). ITo Teopeme 3 B cuty (11) u (12) umeen:
j=1

L) = 5 [ 9" DB = foup dp =
Cr1
=0 (IF = foll [ lot=p"eeto)ldpl | + 13)
Cr1

+OIU—EW/MPWWM“%MM%HMMM L af - ol
CT 1

B nepBom mHTErpase, crosgmem B mpaBoii dactu (13), caemaem 3amMeHy

m .
p = |p|exp (2— — @) i, & 3aTE€M BOCIIOJIB3YEMCsI YCJIOBHEM B).
n

B pesynbrare nmomydnm

s

/|(_n Yee(p)| |dp| = O /@vﬂd@ _
gl—p ,r)e(p)||ap| = Sn O =
Cr1 0

1
rn

N|:‘

n

1 1—et
=0 v d¢ | =0(1).
- !5 e | = o

Bropoit uarerpasi B (13) nmo siemme 2 umeer onenky O(1). Snauur, Ir.(1) = O(||f — foll)-
[IpoBosist anasioruyaHbie paccyxKaenust st Io.(7), 7 = 2, 3,4, 3akmouaem, ato I, = O(||f— fol|)-
Teopema 1 nokazana.[]

4. JIOKABATEJILCTBO TEOPEMBI 2

ITo Teopeme 3 mmeem npu = € [h,1 —hlu p € Sy

"
riae G'(z,t,\) — aapo R). Orcrona mo jiemme 2 (CM. JIOKA3aTeIbCTBO TEOPEMBI 1) mosrydaem

/ GO PGt ) — G, £, M]dA = O(1). (14)

[Al=r

1
G(z,t,\) — G'(z,t,\) = O ( ) + O(p”* " exp pwy41h),
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[Iycts D — muoxkecTBO yrKnunit u3 C"[0, 1], yI0BI€TBOPSIONNX KPAEBbIM YCIOBHIM OIEPATO-
pos L u L'. Torna D Bcrogy miaorao B L]0, 1. Tlycts p1 He siBiisieTcst cOBCTBEHHBIM 3HAUEHUEM
oneparopos L u L'. Torga nns f(x) € D

f(x) Rfi  flo) , e BAfo
A= R e ¥l w

viae f1 = l[f]—uf; fo =U[f] — pnf ul'[f] - ntuddepennnanproe BeipazKkenue st oreparopa L.
[Tostomy s f € D

+Raf =

1 1 g\ 1) 1 g 7)
— A — R\ fld\ = — A\ — — )
2mi / g = B 2mi A= By 2mi A—p
Al=r IA|=r IAj=r

fodX.  (15)

Uurerpasbl B mpasoii dactu (15) , Kak MOKa3aHO HpPU JIOKA3aTeIbCTBE TeOpeMbl 1, ecThb
@) (rl_Tn) Buaunt, (4) cnpaBemmuso miaa f(x) € D. A B cuny (14) mo teopeme Banaxa-

Hlreitaraysa oo mmeer Mecro s joboit f(x) € L]0, 1]. Teopema 2 nokazama.
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A.P. Gurevich, A.P. Khromov Riesz summability of the spectral expansions of weakly non-
reqular boundary problems

This paper contains the study of ordinary linear differential operators with summable
coefficients and two-point boundary conditions which provide at most power growth of the
resolvent’s kernal as a function of the spectral parameter. Sufficient conditions are found
under which generalized Riesz means of a given function in eigen and associated functions
of these operators converge uniformly on each segment inside the main interval. For two
arbitrary operators of this type and the same order the equiconvergence of their means is
also established.
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O IIPEJCTABJIEHNU SITIPA cos(a — 3) KOMIIO3UIIUEI
CIIENIUAJIBHBIX SI/IEP

M. 3. JIBEiPUH, A. B. ®OKIIIA
JIOHELIKU HAIIMOHAJIbHBII YHUBEPCUTET,
JIOHEIIK, YKPAUHA

Keywords: pan @ypbe, s1p0 HHTErPAJIBHOIO OIIEpaTOpPa

Ha xondepennuu 1. I'. Tlerposckoro 2001 1. . B. BosioBud cdopmyanpoBas Cieyomnyio
3a,/1a9y.

SBagada. Onmcarb MHOXKECTBO BEIIECTBEHHBIX ¢ € R JyIs KOTODBIX CYIIECTBYIOT JIBE H3Me-
pHMbIe 27T-IIePUOMIECKHe 110 00OMM II€PEMEHHBIM BelecTBenHble GyHkimu u(x, ) u v(z, )
takue, 910 |u(x, )| < 1, |v(x, )| < 1 u cupaBeIuBO paBEHCTBO:

2T

1

gcos(a— ) = o /u(x,a)v(a:,ﬁ)dw. (1)

0

Ara 3a7a49a TECHO CBA3aHA C 3aJa9aMU CTATHCTUYCCKOrO IIPOrHO3a B KBAHTOBOI MEXaHUKE
U, B 9aCTHOCTH, ¢ Teopemoii Bera (cm. [2]). Dra reopema yTBepKiaeT, 9T0 KBAHTOBbBIE KOPPe-
JSIUOHHBIe (PYHKIMH He JOIYCKAIOT IIPEeJICTABICHUSA B BHUJIE KJIACCHYECKUX KOPPEJIAMOHHBIX
byHKIMil pasieeHHbIX CaydailHbX nepemennbix. O ¢Ba3n TeopeMbl Beilna ¢ KpuTepues Jio-
KaJILHOCTH JIJIsl TayCCOBBIX BOJHOBBIX (byHKIHM cM. B [3].

CuenaeM IpeaBapUTEILHO OUEBHIHOE 3aMEIAHNE:

(i) ecm mpegcraienne (1) mmeer Mecto st HeKoToporo go € R\ {0}, To oHO nmeet mecto

s moboro g ¢ [g] < [gol;

PaccmoTpuMm pazjenbHO ciydan paBHBIX U HEPABHBIX MEXKJLy cOOON (PYHKIUN u U 0.

1. B sTOM myHKTE MBI NIPHUBEJEM IIOJHOE PEIIeHUe 3aJa9u JjIsd Caydasd paBHBIX (DyHKIIHI
u = v. CpaBeyINBO ClIeLyIomee

IIpennoxkenune 1. Pasencrso (1) B cayuae u(z, ) = v(z, ) umeer MecTto TOrja M TOJBKO
Torja, korma g € [0, 1/2].

HokazarenscrBo. Paznoxum byskmumio u(z, «) B pag Pypee mo nepemennoit . Kosdbdurm-
€HTBI pa3JjIozKeHus OyayT (PYHKIUAMU OT I
u(r, o) = Z(Ak(x) cos(ka) + By (x)sin(ka)), (2)
k=0
rje:
2w

mm:i/wwm

0

Ae) =+ [l cos(i)dy

2m
Bule) =~ [ uta.y) siniy)dy:
0
3 reopembr Pybunu cieayer usmepumocts byakmmit Ag(z) u By(x), 9ro BMecTe ¢ orpaHu-
YEHHOCTDBIO TAPAHTUPYET UX CyMMHUPYEMOCTb.
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[Moncrapisist pasnoxkenne (2) dyuxiwm u(x, ) B ypaBaerune (1), moyanm

2mg cos(a — 3) = 2mg(cos acos B + sin asin )

= Z ((Ag, Ay) cos kacosf + (Ag, By) cos kasin 3
k,1=0

+ (By, A)) sinka cos 3 + (By, By) sinkasinlf3), (3)

e 3HaK (-, -) obosHavaer ckajsipaoe npousseenne B L2([0, 27]). Obe uacTu paBeHcTBa SBJIst-
torest psiiamu Pypbe ofHOl QyHKIME, OTKYya CIejyeT COBIAJEHHe COOTBETCTBYIONUX KO3bh-
durmento Oypbe. B gacTHOCTH, 1OTyYaeM paBeHCTBA:

(A()?A()) = (AQ,AQ) == (Ag,Ag) == ... = 0,
(Bo, Bo) = (Ba, Bz) = (B3, B3) = ... = 0;
(A1, A1) = (B, Br) = 27y;
(A1, B1) = 0;
13 nepBbIX JBYX PABEHCTB CJIE/LyeT:
Ap(z) = Ay(z) = As(x) = ... =0; By(z) = Be(z) = Bs(z) = ... =0; (4)
OTKY/Ia
u(z,a) = Ay (z) cosa + Bi(z) sina. (5)

DJIeMeHTapHO MOKa3bIBaeTCs, YTO IpH bukcupoBantoM = € [0, 27 makcumy™m dyHKImn u(z, «)
Busa (5) mMMeer BUJT

max u(zr, o) = \/A%(x) + B¥(z). (6)

a€l0, 27]

Orciona ciemyer, 9To Jjis yaosjaerBopenns yeaosus |u(z, «)| < 1 HEOOXOAUMO U JOCTATOTHO
BBLIIIOJTHEHIE HEPABEHCTBA

VA @) + Bi) <1, xelo, 2a]. (7)

Haee, moydaem

drg = (A1, A1) + (B, By) = /(A%(a:) + Bi(x))dx < 2, (8)
Jns Takux ¢ GyHKIMN
Ai(z) = /g; Bi(z) = \/gsgn(x); (9)

yI0BJIeTBOPAIOT ycaosuaM (7) u, 3naunt, Gyukims u(z, o) = /g(cos a+sgn(x) sin ) apnagercs
MCKOMOY.

oTkyZa 0 < g < %

2. B 910M myHKTE MBI PACCMOTPHM CJIydail HEpaBHBIX MexKIy co0oi yHKIWH u u v, T.e.
korya u(x,y) # v(z,y).

ITpennoxkenune 2. Ipegcrasnenue (1), B kotopom |u(z, )| <1 u |v(z, o) < 1 umeer mecro
npu |g| < 2/pi.

Jloka3aTeabCcTBO. YKaxKeM (PYHKIUU U U U JJId § = %, OTKYyJ1a OyJleT CJIeJIoBaTh UX CYIIe-
crBoBanne s [g| < 2. Tlomoxum

u(z, o) = sgn(cos(z — a)), v(x, B) = cos(z — ). (10)
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Mg dyskmun u(z, a) m3sectro (eM. [1], erp. 115) paznoxkenne B psag Pypbe

400
_;;

[cos(2k + 1)z cos(2k + 1) + sin(2k + 1)z sin(2k + 1) (11)

v(z, 3) = cosz cos 3 + sin x sin 3. (12)
Ucnonbays OpTOFOHaJIbHOCTb CHCTEMBI TPUTOHOMETPUYECKIX (DYHKIIUH, HAXOJIM:

—/ u(z, o)v(x, f)dx (cosozcosﬁqumozsmﬁ) = %COS(O( - B). (13)

Remark 8. Ormernm, uro pesynbrar [pemmoxkerus 1 6611 m3pecter . B. Bomosuay. Kpowme
TOro, OH JOKa3ajl HeBO3MOXKHOCTL mpescrasienus (1) mpu |g| € [1/v/2, 1]. Takum obpasom,
COIIOCTABJICHUE 9TOTO yTBep/eHus ¢ [IpesyioxkenneM 2 moKasbIBaeT, YTO B UCCIIELyeMOil 3a/atde
ocTaeTcs HeHCC/IeOBAHHEIM ciIy4ail |g| € (2/7, 1/v/2).

B zakrrouenne Mbl BbipazkaeM pusHaTebHocTh M. M. Majiamy 1y, KOTOpbIii O3HAKOMUI HAC
Kak ¢ 3amadeit 1. B. Bojosuua, Tak u ¢ nadopmarmeil, cogepxkaiieiics B 3amedanun 1.

CIIUCOK JINTEPATYPHI

xuezep H. U. Jlexyuu no meopuu annporcumayuu. — M.: "Hayxka", , —408 c.

[1] A p H. U. Jlexy D D Y M.: "Hayka", 1965, —408

[2] Bell J.S., — Physics 1, 195, 1964.

[3] Volovich I. V. Bell’s Theorem and Locality in Space.— arXiv:quant-ph/0012010 1 Dec 2000.

MATEMATUYECKUN ®AKYJILTET, JJOHEIKUN HAIIMOHAJIBHBIM YHUBEPCUTET, VJI. YHU-
BEPCUTETCKAMA, 24, I'. JIOHEIIK, YKPAUHA
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K BOITPOCY O PACCMOTPEHN KBAHTOBBIX CUCTEM
METOA0M NMHTEI'PAJIOB JABVN2KEHIN A

E.B. IBAHOBA
MOCKOBCKUI1 ABUAIIMOHHBIM MHCTUTYT
(I'OCYIAPCTBEHHBIN TEXHUYECKUI YHUBEPCUTET),
MoCKBA, Poccuda

Bomnpochl JBUzKeHNsSI U U3JIyYeHNs 3apszKeHHbIX YaCTHUIl B 3JICKTPOMATHUTHBIX IIOJISAX IIPHU-
BJICKAIOT BHUMAHUE B CBA3U C IIPOOJEMaMU acTPOMPU3NKH, ¢ 3a7a9aMu pabOThl YCKOPUTEIei
apyrumu 3agadamu. Ocoboe 3HadeHne 3Ta IpobieMa IprodpeTaeT IpU paspadboTKe IprOOPOB,
B KOTOPBIX UCIOJIL3YETCS UHJLYIIMPOBAHHOE U3JIyUeHUE MOTOKOB KOJIEOIONIMXCS 9JIEKTPOHOB B
9JIEKTPOMATHUTHBIX MOJIsIX pasindaoil koudurypanuu (cMm. [1]). Ograko aHamurudeckoe pe-
[IeHKre TIOJ0OHBIX 3aJ1a9 CTAHIAPTHBIME METOJAaMU, OCOOEHHO B CJlydae IEepeMeHHbIX MOJIei,
yJaercs JIMIIb B HEMHOIMX CJIydasdX. BecbMa IJIOJOTBOPHBIM IIPU UX PEIICHUU SBJIAETCS Me-
TOJ, UHTEIPAJIOB JIBUKEHUS U CBSI3QHHBINA C HUM METOJ| KOrepeHTHbIX coctosuuit (em. [2], [3]),
pa3pabaThIBaBIINIiCH JIJIs PelleHus 3a1ad u3rydenus B paborax [4]-[8]. Merox korepeHTHBIX
COCTOSIHUI yI00€H TaKKe U TeM, UTO JIAeT BO3MOKHOCTH HAIJISIIHO IPOCIEIUTD CBIA3b MEXKLY
KBAQHTOBBIM M KJIACCHMYECKUM IOJXOJaMU K Pacdery U3JIydeHust, CBECTU KBAHTOBYIO 3aJa4y K
3a/1a49e KJIaCCUIECKOM.

B nacrostieit pabote METOIOM HHTErPAIOB JBIzKeHus (cM. MOHOrpaduio 3], a TakzKe CChLIKH,
IpUBEJICHHBIC B Heil) n KBasusHepruii (cm. [9]-[12]|) paccmarpuBaeTcs IBUKEHHE U U3JIyUICHUE
CHCTEM 3apSKEHHBIX JaCTHUIL B IEPUOIMIECKUX 110 BPEMEHH 3JIEKTPOMATHUTHDIX MOJISIX, KOTOPBIE
MOI'YT ObITH OIMUCAHBI KBAIPATUIHLIMA 110 KOOPAMHATAM U UMILY/IHCAM MaMUJILTOHUAHAMI BUIA

6N
H(t) = Bap(t)QuQp + Ho(t) = QBH)Q" + Ho(t); H(t+T) = H(1), (1)
a,B
rae B(t +T) = B(t) — 6 N-mepHas cuMMeTpryeckas jefictBuresbaas Marpuiia, Ho(t + 1) =
Ho(t) — mepuopmieckas dyHKIms Bpemeru, a 6/ N-mepHbiil BekTOp () = (p, ¢) HOCTPOEH 110
sakony: p = (p1,..-, pn), ¢ = (q1,- -+, qn), UpHIeM s = (Gs1, Gs2, ¢s3) — OUEPATOP KOOD/IMHAT,
a ps = —i0/0qs — onepaTop MMILyJIbca 3apsKeHHON JacTurpl ¢ HoMepoM s (s = 1,..., N).
3/1ech u j1ajiee UCTIOIB3YeTCsl CUCTeMa eMHUI], B KOTOpoit ¢ = h = 1, re ¢ — CKOpOCTh CBeTa,
a h — nocroganaga Ilnanka.
st cucreM ¢ raMuiibTOHHAHOM (1) B cilydae NMPOM3BOJIBHON 3aBUCUMOCTH OT BPEMEHH B
paborax .A. Masikuna u B.J. Maubko (cMm., Hanpumep, [3]|) 6610 nocrpoero 6N 5pMUTOBBIX
UHTErPaJIOB JIBUKEHUS

I =At)Q; (2)
npu 91oM 6 N-MepHas marpuna A(t) HAXOIUTCA U3 ypaBHEHHUsI
A(t) = —2A(t)JB(t) (3)
C Ha4YaJIbHBIM YCJIOBUEM
A(O) — EGN; (4)

rje marpunnt J u B(t) umeor Bu

_ (0 —Esn _ (B B
J_<E3N 0 ) B—(Bg 34)’ (5)

snech Fsy — 3N-MmepHas equananas Marpuiia. Marpura A(t) sBiseTcst CUMIIEKTHIECKOI, T.e.

AJAT = J.
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OrMernM, 9TO HHTErPAJIbL IBIZKEHUST OIIPEEIAIOTCS TEM YCIOBHEM, UTO UX CPEJIHee 3HaueHIe
He 3aBucHT OT Bpemenu (cM. [3]). st sroro gocrarodHo morpe6GoBaTh, UTOOBI BIIOIHSIIOCH
CJIeJIyIOIee COOTHOIIEHNE:

{22 — H(t), I} U(t) =0, (6)
ot
rjae H(t) — ravuabronnan cucreMsr, a W(t) — perenue ypasaenus [Ipenunrepa.

[Tockombky cucrema (1) sBJIseTCS TEPHOMTIECKOM, TO IIPU pacueTe U3JIYyIeHUs CIEyeT Pac-
CMaTPHUBATh [EPEXOJIbI MEXK Ly KBasmsHepreTudeckumu cocrosauamu (em. [9]-[12]). Ksaszusnep-
PeTUYECKIE COCTOSIHUS SIBJISIIOTCS perieHusiMu ypasHenus [lpennnrepa, yaoBIeTBOPSIIONIME
YCJIOBUIO TIEPUOJUTHOCTH 110 BPEMEH:

U(q; t+ 1) = exp(—ieT) ¥(g; t). (7)

VceioBue MepuoMIHOCTA MOYKHO 3aIUCATh U JIPYTUM 00pa30M:

U(g; t+T) = p(g; t) exp(—ieT); (8)
o(g; t+T) = (g t).

Bemmunny e nasbiBaror kBasmsHeprueil. OHa ompesesieHa ¢ TOYHOCTBIO JI0 SHEPTUH IEJI0T0
qrcsia KoaebarebHbIX KBaHTOB (cM. [12]):

£ = nw, w=— n=0,=+1, £2,.... 9)

OTMeTHM, YTO CIIEKTDP KBa3I/I9HepFI/H7I 1 KBasUHEPreTuIeCKne COCTOAHMA HaﬁﬂeHbI JINIIb JIJIA
HeMHOruX cucreM (eM. cebuiku B (3], [7]). Bmech caemyer ykasars na pabory B.M. Babwuda u
B.C. Bysupipesa [13], rje paccMarpuBagoch akCHaJdbHOE JBUXKEHHE B IOJISIX BOJHOBOJIHOIO
tuna. B paGore [11] Ha OCHOBE TEOPETHKO-TPYIIIOBOIO MOJAXO/a B CIEIUAIbHBIX [€PEMEHHBIX
IIOCTPOEHbI KBA3UIHEPIeTHIECKIe COCTOAHNS U CIIEKTD KBA3MIHEPIUil epuoIniecKoil KBaIpa-
TUYHOIT cucTeMbl 0011Iero Bujia. VsyueHnne KBaJpaTHIHON CHCTEMBI ¢ TaMUJILTOHHAHOM Bujia (1)
Ipu 1epexoax MeXKJ1y KBaSHUIHCI'CTUYICCKHUMHN COCTOAHUAMMU B CJIydac AUCKPETHOI'O CIIEKTpPa
KBasmHepruii mponssesieHo B pabore [6].

B nacrosimeit pabore paccMaTrpuBaeTcs JIBUXKEHHE U U3J1yIeHUe HePEeIsiTUBUCTCKON YACTUIIHI
C 3apsIJIOM € M MAcCCOii m B 3aBUCAIIEM OT BPEMEHH OJTHOPOITHOM MATHUTHOM II0JI€ C TIOTEHITUAIOM
H(t) = (0, 0, H.(t)), ¢ BEKTOPHBIM IOTECHIUATIOM

Alr, ) = % M) x ], Alr, t+T) = A(r, 1) (10)

1 3aBUCAIIEM OT BPpEMEHU HEOAHOPOJHOM 3JIEKTPUYICCKOM II0JI€ C ITIOTCHIIMAJIOM

pr. 1) = ox(t) (22 +7). (1)

rie H.(t) = H.(t +T) u x(t) = x(t + T) — nepuogudeckue dyuxmuu Bpemen. [lomobmbie
HOTEHINAIBI paccMaTpuBaanch B paborax [14]-[16]. Ilorenmumamnst (10), (11) yaosiersopsitor
ypaBHeHHAM MakcBesia u IOCTATOYHO TOYHO OMKUCHIBAIOT SJICKTPOMATHUTHOE HOJIE B COJCHON-
Je.

OrMernm, 9TO UH/YIUPOBAHHOE U3JIyUeHHE 3aps/ia B [OJISIX, sIBJISTIONIIXCSA TACTHBIME CJIyda-
SIMU TIOJICH, OIIUCHIBAEMbIX FAMIJIbTOHHAHOM (1), B KJIACCHYECKOM TIPeJIe/ie METOIOM yCPEIHEeH ST
paccmaTrpuBasoch B pabore [17].

Bmxkenne 1o ocu Z TpuBuasbHoe. [/lajiee OyjeM paccMaTpUBATDL JIBUZKEHUE U WU3JIyUCHHE
3apsjia JUIb B IIockoct X, Y.

lamuteronnan 3apsia B nosrsax (10), (11) umeer Bz
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1
Hxy (1) = —(P = eA(t)" + ep(t), (12)
rie P - onepaTtop MMITyJIbca 3apsia.

st norenrmados (10), (11) B pabore 5] 6bn HafiIeHbI HHTEIPAJIBI JIBHZKEHUS:

Alt) = ﬁexp % / wo(r)dr b [e(t) (Px + iPy) — ime(t) (y — iz)] |

t (13)
1 7 . .. .
B(t) = N exp § —3 /wo(T) dr p [e(t) (Py +iPx) —imé(t) (z — iy)],
rie wo(t) = ean(t)’ a €(t) ynoBIeTBOpsieT yPaBHEHUIO
€(t) + Q4(t) e(t), Q2(t) = wi(t) + 4x(t), (14)
1 YCJIOBUIO

€(t) = [e(t)] exp ¢/|e(7)|—2d7 | (15)

Bynem monarars s onpemenennoctu, aro e > 0. Jlna waTerpamor A m B cripaBeyiuBbI
KOMMYTAIMOHHBIE COOTHOIEHUA OO30HHBIX OIEPATOPOB POXKJICHUSA U YHUITOKCHUS:

[A, AY]=[B, B"|=1, [A, B]=IA, BY]=0. (16)
OrpamuauMcst pacCMOTPEHHEM YCTONUNBOIO KJIACCHYIECKOTO JBUIKEHUs 3apsjia. Torga co-
riacuo Teopeme Puoke-Jlanynosa (cum. [3]) pemenue ypasaenus (14) nmeer Buj

e(t+T) =exp(isxT)e(t), »x= % / le(T)| 2 dr. (17)

s oneparopos (13) B coorBercrBum ¢ (17) mosyanm

A(T) = exp(iT) A(0), B(T) = exp(iQT) B(0), (18)
rie

o = ;O/T (1”02(7) + Ie(i)P) dr. (19)

B cuy (19) HeTpYy/IHO BUIETH, YTO

o, 8; T) = exp(—ixT) |exp(—iuT)a, exp(—i€2T)3; 0) . (20)

Orcriona MOXKHO 3aka09uTh (cM. [11]), 9TO OpTOHOpPMHUpOBAHHBIE COCTOSIHUS |n, No; t) B

ycroitanBoM cirydae (17) sBISIFOTCS KBa3MIHEPreTHIeCKUMHE, TIOCKOJIBKY KOI€PEHTHbIE COCTOsI-

Hust |o, 3; T') SABISIOTCST TPOU3BOIAIIUMHE JIJIst (DOKOBCKUX COCTOSIHUI |nq, Ng; t), T.e. (OKOBCKHUE
COCTOSIHUS yJOBJIETBOPSIOT COOTHOLICHUIO

N1, no; t + 1) = exp (—iT (3 + Qny + Qong)) g, no; ). (21)
Takum 06pa3oM, CIeKTp KBasmdHepruit 3apsia B nossx (10), (11) mmeer Bu
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1 1
Enl ng — Ql (’I’Ll + 5) + QQ (’I’LQ + 5) . (22)

PacemorpuM Terepn usiydenue 3apsiia. Bocob3yemest cXeMoii n3J1y 9eHnst HeCTalliOHAPHBIX
CHCTEM METOJIOM MHTErPaJioB JIBUKeHUs, passuroil B [5], [6]. Orpanmdammcs ciaydaem, Korjia
BEKTOD IOJIIPU3AIIN U3/IydaeMoro (hboToHa JIEXKHUT B IJIOCKOCTH X, Y, T.e. IPEJIIOIaraeM, aTo
BEKTOD TMOJISIPU3AIINN UMEeT BT

exp = ((exp)x, (exp)y, 0). (23)
Byunem npeanonarars Takzxke, 9To
2T

O + Qy # 1w, QLHA%“’, n=0£L %2 .., w=—. (24)

,ZLHH MOHITHOCTH CIIOHTAHHOI'O JUIIOJIbHOI'O U3JIydYeHUA IIPU IIepexoJax ME2KAYy KOI'€¢pEHTHBIMU
COCTOSTHUAMH |vy, (31 t) — |aa, [2; t) ¢ m3ayderneM (HOTOHA ¢ YACTOTOM, JexKaleil B MHTep-
BaJle MEXKIy wy U wy + dwy, ¢ BEKTOPOM MOJISIPU3AINY €) , BuAa (23) BOIN3M HAIPABIICHHS

kA = ((k)\)X7 (kA>Y7 O) HOJLyIM

P(ny, wy, ex,) =
ewi

i~ /d2051 d* By d*ag &y Pin (i1, 1) Pr(, B2) exp (—|ar — Bif* — |ag — Baf?) x

+o0
x > {ImOP [laaPo(lw — Q1 + w) + [aa6(lw — 2 — wy)] +

l=—00
+[na ()| [|51|25<lw — M+ wy) + [Be?(lw — Qs — w,\)] } , (25)
rJIe Ny — eJIMHUYIHDIA BEKTOD, HAIPABJIECHHBIA BJIOJIb BeKTOpa ky, 1

?

t
3 1
malt) = (63 Juu)€) exp | 35 [anlr)ar+uat |
0

2
400 A
. 1 .
me(t) = Z ma(l) exp(iwlt), ma2(l) = T /77172(7) exp(—iwlt) dr.
l=—00 0

B (25) cymmupoBaHue 10 KOHEUHBIM U YCPEJHEHUE MO HaYaIbHBIM COCTOSHUSIM JAeTCs MPU
IIOMOIIH COOTBETCTBYIONIUX MaTPHIL INIOTHOCTH p;n U Py, 3AIUCAHHBIX depe3 P-dynkiun Lay-
oepa P, u Py (cm. [2], a Taxxke [3]) ciaemyrommm obpasom:

P = / PadBa, 5 1) (a, B: t| Pas(a, B). (26)

Yepes 0 Gyem obozmauars s-Mepuyio d-dynkimio. [lonaras B (25)
Py, = 5(2)(041 - ao) 5@ (51 - ﬁo), Pf = 7r*2, HaiigeM

P(n)\a Wh, eA,p) =
2 to©
ew
2N {mO [laolo(w — Q1 + wy) + (Jao* + 1) 6(lw — ) — wy)] +

l=—00

B 8mm

(D [1Bol*0(lw — Q2 + wy) + (180l + 1) d(lw — Q= wi)] } . (27)
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B npubmmkennn ||, |Bolggl coornomenue (27) mepexouT B KJIACCHIECKOE BHIPAYKEHUE IS
MOIIHOCTI U3JIy9I€HNS, €CIIH MOIOKNTh

1 . o .
oy = m [€(0) (Pox + iPoy) — imé(0) (yo — ixo)],

) (28)
o [€(0) (Poy + iPox) — imé(0) (zo — iyo)] ,

= m
rie qo = (zg, yo) u Py = (Pox, Poy) — COOTBETCTBEHHO HAYAJIbHBIE KOODJMHATHI U HAYATHHDII
00O0OIIEHHBIN UMITYJILC 3aPs/Ia.

Cpenuss 3a nepuos, 1 MOITHOCTL CIIOHTAHHOI'O JIAIIOJILHOTO U3/IyYeHUs IIPH Iepexo1ax BUIa
[n1, ng; t) — |my, my; t) pabma

Pa(n)u Wi, eA,p) =

2 fo
ew
= A {|771(l)|2 Ona.ma (1105, —1,m, 0 (lw — Q1 + wy)+

8™m £

+<n1 + 1) 5ﬂ1+1,m15(1w - Ql - wk)] +
+ ’772(1”2 6n17m1 [n25n2*17m25(1w - QQ + W)\)“‘
(1 + 1) B 1Bl — 5 — )]} (29)

U3 Beipazkenust (29) BHIHO, 9TO TIEPEXOJ [Ny, Na; 1) — |my, ma; t) 1aeT cepuio JTMHUIL.

PacemoTpuM HyIMPOBAHHBIE JUIOILHBIE TIEPEXObl. ByjeM cuuTaTh, 9TO BHEIIHAS BOJIHA
€ MHTEHCHBHOCTBIO [,(n), w)) MOHOXPOMATHYIHA M MMEET KaKyI-JIHOO OIHY 4dacToTy wy. Ilpm
nepexojiax |ny, ng; t) —— |my, mg; t) BOBMOXKHO Kak W3JIydeHHe, TaK U morJorienne (Goro-
HOB. PeasibHo Hab/II0IaeMOli BEJIMIMHON SABJISIETCA CPEJIHSAA 3a HePUOJL MOIIHOCTH CyMMAapPHOIO
s dekTa OIHOBPEMEHHO UIYIIUX [IPOIECCOB IUIIOJIBHOIO MHLYIUPOBAHHOIO U3/IyUeHUsT U JIH-
HOJILHOTO MHAYIMPOBAHHOIO TOTJIOIEHNsI IIPU [IEPeXoax 3apsia U3 HaYa bHOrO KBasuaHepre-
TUYIECKOIO COCTOAHUA BO BCE KOHEUHBIC KBA3UIHEPIeTUIECKHUE COCTOAHUA:

w2e? I, (ny, | — lw|)‘

m Qj—lw ’

Psum(m, ’Qj — lw[, 6)\7[,) = — g = 1, 2; leZ. (30)

Bripazkennem (30) maercst Takzke cpejHsis 3a mnepuoj, T cymMMapHask MOIIHOCTD JIUIOJIBHOTO
UH/TyITIPOBAHHOTO W3JIYUEHUs] U JUMOJHHONO WHJIYIIUPOBAHHOIO IOTJIONMIEHUsI TIPU MEPEX0/1axX
3apsjia Me¥K/ 1y KOPepeHTHBIMU COCTOsTHUAMU, ecan P-dyukiun [aybepa B3ATHI B TOM 2Ke BHJIE,
g0 U B (26).

Ecim Q; < 0, To n3 dopmyset (30) cireyer, 910 cucreMa CrocoOHa HHILYIIUPOBAHHO U3JTydaTh
Ha OCHOBHOI1 dacrtote |();|. H1ynupoBaHHoe n3/IyIeHne BO3MOXKHO TakzKe Ha dacToTax §1; —lw,
ec/ii HoMepa caTeunToB | BeIOpaHb! Tak, 4To0b! §2; — lw < 0.

[Ipescrasisitor uHTEpec dacTHble cirydan norenmuaios (10), (11). Ilycrs MarauTHOE 1OJIE
[IOCTOSIHHO, a CKaJISIpHBIiL moTeHImas (11) u3MmensieTcst o 3aKoHy

X(t) = xo coswt, Xo = const, (31)

IpUYeM CIUTaeM, ITO X MaJIo, a w = wy + 7, rae v — 0. Byaem mosarats Takke, 970 BO3HU-
KAIOIIUM BUXPEBBIM MATHUTHBLIM IIOJIEM MOYKHO IpeHebpedb.
B srom cayuae B pemenun (17) ypasuenus (14) koadduiment » mveer BuJ
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Torna mas gactorsl (2, onpeesnenHoi B (19), mosyanM cieyromiee TpUOINKEHHOE COOTHO-
nieHue:

0= -2, (33)

T.e. MHJIyIIMPOBAHHOE M3JIydeHre BO3MOKHO KaK Ha OCHOBHOII 9acTOTe, TaK U Ha 4acTOTaX CO-
OTBETCTBYIOIUX CATEJIJINTOB.

Takum obpasom, cucrema moseit (10), (11) moxker GBITH MCIOIB30BAHA [Tl YCHICHHST BOJIH

COOTBETCTBYIOIIUX YaCTOT.
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3AJTAYA KOIIU JJIs1 JIUMHENHOT'O
MHTETPOIN®DPEPEHIINAJIBHOTO YPABHEHUS BTOPOTO
IOPSI/IKA B TUJIbBEPTOBOM ITPOCTPAHCTBE.

H. JI. KOITAYEBCKUN
TABPUYECKUN HAILIMOHAJIbHBII YHUBEPCUTET,
CUM®EPOIIOJIb, YKPANHA

Paccmorpena 3a1aua Ko

d*u n 0 ' 1
pTEl + Aou + Z/Uk(t,s)Aku(s)ds =f(t), w0)=u", u(0)=u,

k=1 0

Jutst uaTerpoinddepeHudILHOTO YypaBHEHU BTOPOTO MOPsiIKa, 0000IAIOIIero rumepbonde-
CKOe ypaBHeHHe B abCTpakKTHOM TIuabbepToBoM mpocTpancrBe H. Ilpm ycioBusix, Oau3kux K
CTaHJIAPTHBIM, JOKa3aHa TeopeMa O CUJIbHON Pa3perinMOCTH Ha ITPOU3BOILHOM HHTEpPBAJIE Bpe-
Menn. M3y4dena acconnnpoBannas 3aga4da Ko mjs1 cucreMbl TUHEHHBIX AuddepeHnnaabHbIX
ypaBHEHHI B OPTOrOHAJILHOI CyMMe THIILO0epTOoBBIX mpocTpancTs H™ 2. Chopmynmuposana ac-
COIMUPOBAHHAS CIEKTPAJIbHASA 3a1a9a.

1. BBEJIEHUE.

B pab6ore [1] mpu nccienoBarnn MaJbIX JBUKEHUI WJIea bHOM PeTaKCUPYTOIeil KUJIKOCTH B
orparmderHoit obractu ) C R” BosHuKIIa cieytoras 3aad9a Komm fajis TuHETHONO HHTErpo-
muddepeHIaibHOro ypaBHeHusl BTOPOTO MOPsiIKa B THILOEPTOBOM TpocTpaHcTBe Lo(€2):

t
d*u —~(t—s) 0
yro) + Agu — [ e "V Aju(s)ds = f(t), >0, u(0)=u, wu

(0) = u. (1)
0
31ech orepaTopHble KOA(MMUIMEHTH 00/1a/1al0T CBOMCTBAMU

Ay=A5>>0, A=A >>0, D(Ay) C D(A) C Ly(Q). 2)

EcrectBennbiv 0600mennem 3asa4an (1) — (2) aBisierca 3aada Kormm B mpon3Bo/IbHOM THITb-
O6epToBOM TIpocTpaHcTBe H /IS ypaBHEHUS

t
d2 m /
d—tg + Apu + Z/e_%(t_s)z‘lku(s)ds = f(t), w0)=u" wu(0)=u', (3)
k=17
0<< Ag = Aé, D(Ak) D D(AO), Y >0, k=1m. (4)
B gacraocTH, PR
Ak = OékAo, ay > 0, k= 1,m, (5)
MoJTy9aeM pa3jInydHble MOJIC/TH PEeJTaKCUPYIONIEil KUJIKOCTH, & IIPH

ap€R, k=1,m, (6)

— OoJtee cy10KHBIE (DUBUIECKIE MOJIEIN.
B paborax [1], [2] mokazanbl Teopembl 0 cylecTBOBaHIN 00OOIIEHHBIX perenuii 3aaan (1),
B [3, 1.2, ¢. 398-401| m3yuanuch cuiabHble pertenns 3agadn (3) — (4). B mamnoit pabore Oyaer
JIOKa3aHa TeopeMa O CUJIBHON pa3pentmMocTy 3a1a4dn, 6osee obieii, yeM 3a1a4da (3) — (4).
Ormernm, uto B pabore [4] nzyuena 3ajaua
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IpH Tex ke npefnosoxkenusax (4) m Ay = Af >> 0, npudeM H0IPOOHO PACCMOTPEHBI Kak
9BOJTIOIIMOHHAS, TAaK W COOTBETCTBYIOIAs CIEKTPAJIbHAS 3aatN.

Bamernwm erre, 910 B 5| nccsrenoBanbr abcTpakTHbe HHTErpond dGepeHIaibHble ypaBHEHsT
BTOPOTO TOPsJIKa B IMPOU3BOJILHOM OaHAXOBOM IpocTpaHcTBe. [Ipu ompe/iesleHHBIX TTPenoso-
JKEHHUSAX B 9TOI paboTe YCTAHOBJIEHO CYIIECTBOBAHNE U €/IMHCTBEHHOCTH Pelltennii 3ataqan Ko
na orpeske [—71',T] ¢ mocrarouno masbiv 1 > 0.

2. IIOCTAHOBKA 3AJIAYN.

B npousBosibHOM cenapadbesbHOM M'JIBOEPTOBOM ITpocTpaHcTBe H paccmoTpuM 3aj1a4dy Korrnm
JUTsT TUHEeTHOTO nHTerpoinddepeHIma bHOro ypaBHeHNsT BTOPOTO TTOPSTKa

% + Aou + ; / Up(t,s)Agu(s)ds = f(t), u(0)=u", wu(0)=u', (8)

rje onepartopbl Ay yrosserBopsitor yeaosusam (4), a Ug(t,s) — oneparop-dbyHKImN ¢t 0 S €O
suadenusivu B L(H), k= 1,2,...,m. Orpanndenus Ha 5tu QyHKIUA 6yyT cHOPMYIUPOBAHBI
nozxe (cm. (18), (19)).

OTMernM, ITO IPHU YCITOBUAX

Ay =0, k=1,2,....m, (9)

3aj1a4a (8) mpeBparaercs B cTaHapTHyo 3agaay Ko st quddepeniimaibHo-01epaTopHOro
ypaBHEHUsT TUTIEPOOJIMIECKOTO THIIA

— + Agu = f(t), u(0)=u’, u(0)=nu' (10)

Xoporro u3BecTHbI (CM., Hanpumep, [6], c. 301; [7], c. 177) TeopeMbl 0 pa3penmMoCTy 3a,/1a5H
Kommu (10). Eciir BBIIOIHEHB! yCIOBHS

W € D(A), u' € D(AZ), f(t) e C ([0, T:H), (11)

To 3a/a4a (10) mMeeT eIMHCTBEHHOE CHIIBHOE perienne u = ug(t) na orpeske [0, T, Bbpazkaemoe
dopmynoit

¢
uo(t) = cos(tAé)uO + sin(tAé)Ag%ul + /sin <(t - s)Aé) A(;%f(s)ds. (12)
0
Eciin BBIIOIHEHBI YCIOBUS
WEDAY), uleH, f()eC(0,ThH), (13)

To 3aa4a (10) numeer exuHCTBEHHOE C1ab0€ PellleHne, TakKe Bbipazkaemoe dopmydioit (12). s
CHJIBHOTO ¥ €1a00r0 pelIeHuii ClpaBe/InB 3aKoH Oajianca IOIHOM SHeprun

¢
1 . du 1

1 1 1 1
G et SIAGu(O = S+ 518+ Re [ (Fo)ulehds. (1)
0

3/ech JeBast 4acTh, T.e. MOJHAs (KHHETHIECKAasi IUIFOC MOTEHIAJbHAS) SHEPIUs, sIBISETCS
HEeINpEepPbIBHOM (DyHKIMEN 1.
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3. O PABPEIIMMOCTH 3AJIAYM KOOI /151 UHTEMPOAUPOEPEHIMAILHOT'O
YPABHEHHUSI.

[Ipexxe geM mepeiiTe K BBISICHEHMIO YCJAOBHI paspemumMocTd 3agadu (8), copMymmpyem
TeopeMy o paspentumMoctn 3aja4n (10), 0606IIAIoILy 0 TPUBEICHHOE BBIIIE KIACCHIECKOe YTBED-
JKJIeHue u caenyioniee n3 Mouorpaduu [8] (em. crp. 337 — 339): ecam B3amen (11) BBIIOIHEHDI
VCJIOBHSI

1
W €D(Ay), ul € D(AD), () e WH(O,TLH), p>1, (15)
10 3az1a4a (10) mveer cutbroe pertenue Ha orpeske [0, 7. 3xecs nox W) ([0, T'; H) monumaeTcs
npocTpaHcTBo yHKIWA u(t) ¢ HOpMOit

[w()lwyo.120) = (/Huk) Ipdt> : (16)

IUIOTHBIM MHOKeCcTBOM B KoTopom sastercst C1 ([0, T; H).

Onpenenenne 1. Hasosem cuibbiM pernenueM 3azadn Komwu (8) na orpeske [0, 7] takyio
dbyukumo u(t) co snadenusmu B H, ¢ € [0, 7], 11t KOTOPOii BBIIOIHEHBI CJIEYIONHE CBOXCTBA:

a) u(t) € D(Ap) ans moboro t € (0,7 u Agu(t) € C([0,T]; H);
6) u (1) € C ([0 71 D(A; ):
B)) u'(t) € C ([0, T H);

I') BBIIOJHEHBI YDABHEHNE ¥ HAYAJIbHbIE YCJIOBHA (8).

BaMETHLL 9TO HeO6XOﬂHLHﬂMH,yCHOBHﬂMMﬁCyHHXHBOBaHHﬂ CUJIBHOI'O peleHud 3a/a49u (8)
ABJIAIOTCA yCJIOBUA

W € DA, f(t) € C(0,T]:H). (17

Teopema 1. [Tycmov 6 3adaue (8) svinoanens ycaosus (4), (15), a makorce ycaosua
tit,s) € € (10,11 0,730 ). (19
%60([0,T]X[O,T];£(H)), k=1,2,....m. (19)

Tozda sma 3adava umeem eduncmeennoe cusvhoe pewenue wa ompeske [0, 7.

Jlokaszamenvcmso. Tlepenecem B (8) mHTerpajbHbIe CaraeMble B IIPABYIO 9acTh U BBEJIEM 000-

3HaYECHUE
Z / Uk(t, s) Apu(s)ds. (20)

k=17

Cunrast, aro dyukus f(t) uzBecta, n ucnonssys Gopmyry (12) perernns 3azaqu Kormm (10)
JJTsT TUIIEPOOJIMIECKOTO YPABHEHUsI, TPUXOUM JIJIsi HCKOMOH (DYHKIN 4 (t) K HWHTErPATHLHOMY
ypasuenuio Boabrepa BTOpOro poja:

£) + f:/Ag%sm (- S)Aé) ds/sUk(s,f)Aku(g)dg — up(t). (21)
k=17 0

Brech ug(t) 3amana dopmyoit (12) u crpourest mo JarHbM 3agaun (10), mpudeMm oHa B CHILY
yesoBuit (15) siBiisieTcst CHIIBHBIM pertieHreM 3ajadn (8) 6e3 MHTerpajbHbIX CIaraeMblX, T.e.
sajaan (10). D10 o3HAYAET, B YACTHOCTH, ITO

up(t) € C? ([0, T];H) nct ([O,T]; D(Aé)) N C([O,T]; D(A0)>. (22)
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OcyH_LeCTBI/IM B IIOBTOPHBIX HMHTEI'paJiax (21) 3aMeny IIOpsAJdKa MHTEeI'PUPOBaHUA:
t s

/sin ((t—s)Aé) ds/Uk(s,ﬁ)AkU(é)déz

0 0

- /t(/t sin ((t — s)A§> Uk(Saf)ds) Apu(§)dg.

0 %
Bech BHyTpeHHnit naTerpast B cuiy (18), (19) npeobpasyercss WHTErpUPOBAHUEM 10 TACTSIM:
t
1
/sin ((t = £)43) Ui(s. £)ds =

3

sin ((t — s)Aé) ds = dv(s), wv(s)= —Aaécos ((t — S)A%> :
Uk(s, &) = u(s), du= %( ,€)ds

t

o

= —A(;%cos ((t — s)Aé) Ur(s,€)]oee + A;% /COS ((t — S)Aé) %(s,ﬁ)ds = (24)
£
1 1 / 1\ 0
=—A4,° (cos <( —§A 3) Ur(€,€) — Ui(t, &) + /cos ((t - 3)A§> %(s,f)ds) =:
3
— ATV, E), Vit 1) = 0.
C yuerom (23), (24) ypasuenue (21) mpeobperaer Bu/
u(t) + Z/Aole(t,g)Aku(ﬁ)df = wug(t), (25)
k=117
rie corstacuo (18), (19) oneparopubie GyHKIHN
Vi(t, &) € C’([O,T] X [O,T];E(H)). (26)

Pacemorpum ypasuenue (25) B rubbeprosom npoctpanctse H(Ag) = D(Ag) co ckaisipHbIM
IIPOM3BEIeHIEM

(U,U)'H(AO . (A()U 1401))7-{7 Vu,v € D(A()), (27)

MOPOKIAIOIIMM HOPMY, 9KBHBAJEHTHYIO HOpMe rpaduka omeparopa Ay (mockosbky Ay >> 0,
cMm. (4)). B arom ypaBHeHuu oneparop-(hyHKINI

Wi(t, &) = A" Vi(t, &) A, k=1,2,...m, (28)

00J18/1810T CBOICTBOM

Wi(t,€) € O([O,T} x [0,T];D(A0)>, k=1,2,...m. (29)

B camowm jieste, B cuity Broporo yciaosust (4) onpearop Ay orpanudento jeiicryer u3 H(Ag) B
H, bynxuus Vi (t, ) obmamaer cpoiictsom (26), a omeparop Ay’ orpanmtdento jeifcTeyer us H

B H(Ap).
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Omnmpasic Ha cBoiicrBa (29) u npejcrapisis (25) B Buje HHTEIPAILHOTO YPABHEHUS

ult) + [ Wit €u(€)d = uo(t), 30
Wit = 3o Wie.6) < (10,71 % D75 D) ). (31)

IpUXoAuM K BbIBOY, YTO OHO MMeEET €JMHCTBEHHOE pCIIeHUe

u(t) € C’([O, T];D(AO)), (32)

HIOCKOJIBKY 3ajianHast byHKIms ug(t) obramaer stum cBoiictom, a W (t, &) — coiictBom (31).
OcraBmascsa 9acTh JOKA3aTEIbCTBA TEOPEMBl CBOJUTCA K IPOBEPKE TOIO, UTO BBLIIIOJTHECHDI
cBoiicTBa 6) U B) U3 onpejieseHusi 1 CUIIBHOTO perenns 3a1adn (8).
Dopmanbhoe muddepennupoanne obenx dacteit (25) npuBoUT K HhopMyIaM

' (t) = up(t) + i Ar? / (sin ((t - §)A§> U(&,€)+
+ / sin <(t _§)A2 ) %(3, §)ds> Apu(€)de, (33)
§
0 =)+ 32| [ os (16- 94 vhte At
k=170

1
t t

# ([ eos (16=98) Fris.0s ) waterae]. 3
0 3

Tak Kak
1

uy(t) € C([O,T]; D(Ag)), Apul(t) € C([O, T];H), (35)
To u3 (33), (18), (19), cieayer cBoiicTBO 6) U3 ONMpeIesIeHNsT CUITBHOTO pereHust. [aee, Tak Kax
ug(t) € C( [0, T);H |, To uz (34) mosyuaem ycaosue B). Hakomerr, HenocpeicTBeHHbIi TI0ACYET

Ha ocHoBe opmyi (31), (28), (24), (30), (33), (34) nokasbiBaer, uTo dyHKIW u(t), SIBIAIOIIASICST
pererneM ypasaenus (30), ymosiaerBopsaTr ypasuernuio (8) ma orpeske [0, 7). Kpome Toro, u3s
(30) u (33) cremyer, uro u(0) = uo(0) = u°, u (0) = uy(0) = u'. O

CrencrBueM Teopemb 1 sBiisieTcs

Teopema 2. Ecau ¢ 3adave (3), (4) svnoanens ycaosua (15), mo ypasnenue (3) umeem
cuavroe pewenue na ompesxe [0,T1.

Jlokasameavcmeo. Tak kak 3amada (3) ectb wacTHbIi caydait 3amaun (8) ¢ Ug(t,s) =
exp (—k(t —s)) I, k=1,2,...,m, To BemosHens! coiicrsa (18), (19). O
1),

Sameuanue 4. I3 TeopeMbl 2, B CBOIO OYepe/ib, CJIe/LyeT, 4To npH ycaosusax (15) 3amada (
(2) umeer cubnoe perenue Ha [0, 7.
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Sameuanue 5. Kak ciejyer u3 mokasarenbcTBa TeopeMbl 1, Tpeboanue (19) B 9100t Teopeme
MOXKHO OCJIa0UTh W 3aMEHUTDH €ro Ha, YCJIOBUE

/ cos ((t _ S)Aé) %@,g)ds e c([o,:r] X [O,T];E(H)), (36)

3

obecreanBaroree cBoicTBo (26).

3ameuanume 6. Teopema 1 jormyckaer obobieHne Ha ciaydail 6aHaxoBa IpocTpaHcTBa & NpH
YCJIOBUH, 9TO omeparop Ag mpejcraBuM B BHE

Ay=—B3+F, D(F)>D(By), 0¢€ p(By), (37)
rjae By — reneparop Co-rpyunsl zHa € (cm. [6], ¢. 299 — 301; [7], c. 165 — 172).
Bameuanue 7. lcronb3ys Teopuio omepaTopHbIX KocuHyc- u cunyc-byukmmit C(t) n S(t)
(B3aMmeH cos ((t — s)Aé) u Aa%sin <(t — s)Aé)), Jarormux perenne 3a1a49u (10) B Bue
t
up(t) = C(t)u’ + S(t)u' + / S(t—s)f(s)ds, (38)
0

obobimatonem Gopmyiy (12), MOKHO J0Ka3aTh aHAJIOT TEOPEMbI 1 JIJIst CJIydast IPOU3BOJILHOIO
6anaxosa npocrpancrsa € npu yeaosusax (37), (18), (36), a rakxke ycioBusix

w’ € D(BY), u' €D(By), f(t)eW,([0,T];€), (39)

obobrmatormux (15). Tpu srom, ncmnombsyst hopmyty
Sty = —A7'C (v, veC'(RLE), (40)
(em. [9], c. 26, bopmyna 9° ), anamornuno (21), (23) — (24) npuxomum chosa Kk dopmyie (25),

e rerneps (BMecTo (24))

V(0.9 = Ol — ULES) — Ut ) + [ Cla- 2% (5. ¢)ds. (41)
I3

0s
4. ACCOLIMMPOBAHHBIE 3AJIAYN KOIIN.

Pacemorpnm wacTHBIi ciryvail 3agaqn (8), obobmarommuii 3a1ady (1):

t t

% + Au + /e_V(t_s)Bu(s)ds - /6_5(t_5)0u(3)ds = f(t), (42)

0 0
w(0) =u’, w(0)=u', 0<<A=A* B=B*>0, C=C*">0, (43)
D(A) € D(B), D(A) C D), +>0, §>0. (44)

91y 3amady g uHTErpoandGepenmaabLHoro ypaBHeHns MOYKHO IPUBECTH K 3ajade Komn
115t g epeHnnaIbLHOro ypaBHeHnsl IepBOro IOPsIKa B OPTOrOHAIBLHOM CyMMe IMILOePTOBBIX
[POCTPAHCTB TI0 cxeme paboTh [4].

BsejieM HOBbIe HemsBecTHbBIE (DYHKIUI

o(t) = / e =) Bay(s)ds, v(0) =0, (45)

0
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w(t) == /e_é(t_S)C’%u(s)ds, w(0) = 0. (46)

Ecmu u = u(t) — cunbroe perenne 3amaan (42) — (44), To v(t) u w(t) HenpepbiBHO nuddepeH-
UpyeMbl 1

d d
d—?:B%u—wv, d—I::C%u—éw. (47)
Brog ere dyHKIINIO
du
t) = — 48
()= 2 (48)
npuxouM B3amen (42) — (44) k 3amade Komm Buia
0 0 01 u A B —C: 0\ [u f(t)
0 -1 00]|d][w B: —~xI 0 0 v 0
- 1 — ; 49
OOIOdtw—I—_C’ﬁOé[OU) 0 (49)
I 0 00 z 0 0 0o -7 z 0
u(0) =u’, v(0)=0, w(0)=0, z(0)=u", (50)
T.e. K 3aja1e
T day = o), y(0) =4 51
o A = folt), y(0) =y, (51)
y = (woyw;2)',  fo(t) = (f(£);0;0;0)".
31ech omnepaTopHasi MaTpHUIA
0O 0 0 I
0 —I 00
J=10o 0 10| (52)
I 0 00

0YEeBHIHO, 00JIaJlaeT CBOMCTBAMU
J=J"'=7J J*=J, (53)

T.C. ABJACTCA KAHOHUYCCKON CUMMETPUCH.
Yro KacaeTcst oriepaTopHOil MaTPHUILbI

A B —C: 0
1
A= | B2 00 (54)
—C3 0 6 0
0 0 0 -1
3aJaHHOI Ha 00/IaCTH OIpe e/ IeHUsT
D(Ay) = D(A) @ D(B2) & D(C2) & H C H, (55)

TO OHa 00JIQIAeT CJIEIYIONIMI CBOFCTBAML.

1°. Omeparop Ay 3a7aH Ha IJIOTHON B OPTOTOHATBHON CyMMe I'MJIBOEPTOBBIX MPOCTPAHCTB
H* = ®}_Hy, Hy := H, obmactu onpenenennst D(Ag) uz (55) u sABIsSETCS CHUMMETPHIHBIM
BOOOIIE TOBOPS HEOIPAHMYECHHBIM OIIEPATOPOM.

CgoiicTBo cummeTpun orieparopa Ay 09eBIIHO U3 ero onpejenenns. OTMeTnM, ITo OlepaTop
Ay ompejiesien KoppektHo Ha D(Ap), Tak Kak n3 (43), (44) cremyer, 1To

D(A) Cc D(B2), D(A) C D(C?), D(A)="H, (56)
u nosromy Aoy € H* npu smobom y € D(Ay).
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2°. Oneparop A jomyckaer (pakKTOPU3AIKMIO0 ¢ CAMMETPUIHBIMU KPAWHUMI MHOKHUTEIAMA B
cienyroreit popme

I Qp —Qf 0
Ay = diag(Az; I, 1; 1) _%‘C _O“ 5()] 8 diag(A; I, I; 1), (57)
o 0 0 -I

Qp = BiA™2 € L(H), Qc:=C2A"2 € L(H), (58)

1

Qf = A:B:, D(Qf):=D(B?), Qf:=A":C3, D(QE)=DC3).  (59)

Toxkmectso (57) mpoBepsieTcst HEMOCPEICTBEHHO, MCXoas u3 onpenesnernii (54), (55), (58),
(59).
3°. Oneparopsl Qp, Q%, Qc n QF obnamaror ceoiicTBaMu

Qh=Qp|D(B?), Qf=Qh QL=Q:|D(C?), QF=qr (60)

B camom jene, Tak kak B cuiy (44) D(A) C D(B), D(A) C D(C'), To 10 U3BECTHOMY HEpaBEH-
crBy laiinna (cMm., manpumep, [10], ctp. 254)

D(A2) C D(B2), D(Az) C D(C?), (61)

1
u noromy orepatopel Qp u Q¢ orpanudensl B H. lasee, npu mobom v € H u v € D(B?)
nMeeM

(Qpu,v) = (B2A™2u,v) = (u, A2 B2v) = (u, Qhv), (62)

OTKYy/la CJIeyer mepBoe cBoiictso (60), a mocsie 3aMbIKaHWsI - U BTOpOe. DTHU Ke CBOCTBA IS
oneparopa ()¢, I0Ka3bIBAETCS AHAJIOTUIHO.
4°. Oneparop Ay nonyckaer dakropusaruio B popme [lypa-Ppobennyca:

1 0 0 0
A= QpA~2 I 0 0
" —QeATE —QeQpVs 1 0
0 0 0 1
I A2Qf —A:Q5 0
. . 0 I ~V2QpQ5 0
dlag<A7 ‘/27 ‘/:9)7 I) O O ]’ O ) (63)
0 0 0 1
Vai= (7] + QpQp) ™" Vs =01 — Q¢ — QeQEVaQsQy, (64)

rJie B CUJIYy NIPEbIILYIIero onepaTop Vo OrpaHuyder U HOJOXKUTENILHO OIPEJIesIeH.

5°. Omneparop Aj JI0IIyCKaeT 3aMBIKAHEE JI0 CAMOCOIPAYKEHHOro oneparopa A = Aj, nmero-
IIEro MnpeJjicTaB/ieHre B IByX (popMax:

a) B Bugie (57) ¢ zamenoit QF na Q% u Qf na QF, . e.

I Qp -Qu 0
A = diag(A2; I; 1; 1) _%30 _gf 5()[ 8 diag(Az; I, I;1); (65)

0 0 0 -1
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6) B dopme lypa-®pobennyca, cremyroreit u3 (63):

I 0 0 0
A QpA~: I 00
— ) ~
—QcA 2 —QcQpVa I 0
0 0 0 I
1 1 (66)
I A2Qy —A2Q: 0
. ~ = 0 I —VaQpQi 0
- diag(A, —Vy: Va: —1I 2B 0
lag( ) 2y V3 ) 0 0 ]— 0 ;
0 0 0 I
Vo= (7] +QpQy) 7 Vai=0I — QoQ — QoQyVaQpQk. (67)

B camom meste, B (57) Kpaiinue MHOKUTEIN COBIAIAIOT U ABJISIIOTCS HEOIPAHUICHHBIME CAMO-
CONPSIZKEHHBIMI OIICPATOPAMH, 3a@HHBIMH Ha obs1acTi onpenenenns D(A2) @ H3, miornoii B
H*; oHn mMeIoT orpanTYeHHLIe 0OpATHBIe, 3aJaHHble Ha BeeM IpocTpancTse. CpeTHnit MHOKH-
Tenn B (57) AOMycKaeT 3aMbIKanne ¢ obmactu onpeenenus H®D(B2)®D(C2) @ H, WioTHOl B
H*, na Bcé npocrpancteo H*. D10 3ambIKanne cocTont B 3amene QF Ha Qf n QF na QF, npuuem
nocJ/ie 3aMbIKaHUS YIIOMSIHYTBII CpeJHIN MHOKUTEb ABJSETCA OrPAHUYEHHBIM OIEPATOPOM.

AnajiorudHbIe PacCyKIEeHUs MPUBOIATCA U B caydae daxtopusaiun B dopme (63). 3aech
KpailHue MHOYXKHUTE/IH, B CUIYy UX TPEYroJbHOH CTPYKTYPhl, OrPAHMYEHHO OOPATUMBI M JIOITyC-
KaloT 3aMblKaHue Ha Bce IpocTpancTBo HY, a cpepnuit (imaroHasbHBI) MHOMKHUTEIb TaKKe
3aMblKaeM Ha obyacTh onpesestenus D(A) & H?, miornyio B H?, npudem V5 mocsie 3amMbikanus
IIepPEeXOauT B OIIepaTop ‘72, OrPAaHIYICHHBIN 1 UMEIOMuUil OrpaHnIeHHbII obparHbrii, a V3 mocie
3aMbIKaHHs IEPEXOJUT B olepaTop Vi, OrpaHMYeHHBII U 3aJaHHbI Ha BeeM H.

6°. Tlocsre 3aMbIKanus onepaTop A 3a1aH Ha 061aCTH OIpeIeICHAS

D(A) = { (wv;w;2) € HY: u+ A 2Q%v — A_%Q*Cw € D(A) } D D(Ay) (68)
1 JefiCTBYeT 10 3aKOHY

Alu+ A 2Q%0 — A2 Qrw)

U
B%u—'yv v

A — 1 y == GDA 69

y i v=| o | D@ (69)
e z

Dt bakThl HEmoCpeJACcTBeHHO caeayor u3 (65) mubo (66). Ormernm TosbKO, UTO U3 (68)
caeayer ceoiictBo u € D(A?) js snementos y € D(A).

7°. Oneparop A siBJsieTcst OrpaHUYeHHBIM CHI3Y CaMOCOIPSKEHHBIM OIIEPATOPOM, 3aIaHHBIM
Ha D(A).

Jj1s1 TOKA3aTeIbCTBa STOrO CBOHCTBa paceMoTpuM oneparop Ag+cJ ¢ 10CTaTOIHO GOIBITIM
0JI0ZKUTEIbHBIM ¢. Takoit oneparop nmeer dbakropusaiuio Buja (57) co CpejHIM MHOXKHUTEIEM

[+cA™' Qf ~Qf 0
Q (c=yI 0 0
—cfc 0  (6+c) 0 ’ (70)
0 0 0 (c—1I

KOTODBIi, BO-TIEPBBIX, JOIycKaeT 3aMbikanue (3amenoit QF na Q% u Qf na QF), a Bo BTOpBIX,
[I0CJIe 3aMBIKAHUA U IIPHU JOCTATOIHO OOIBIINX ¢>( SIBJIAETCA OJOKUTEIHLHO OIPEIeIeHHBIM
oIepaTopoM M IIOTOMY HMEOIINM OIpaHHYEHHBIH oOpaTHbIil omeparop. OTcioma ciemayer, 9To
omepatop A + ¢J = Ay + ¢J = Ay + ¢J uMeer orpaHmdeHHbIiI 0OpATHBIH, 33 aHbIil HA BCEM
H*. Tax KaK OH IOJIOKHUTEIHHO OIpeiesieH U 06JIacTh ero 3HadeHnil coBIaaeT co BceM H*, To
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A+ ¢J — camoconpsizkeHHBII ortepaTop, a notomy omeparop A = (A+cJ) —cJ caMoconpsizken
n OrpaHuMveH CHHU3Y.

Omnupasich Ha JOKa3aHHBIE yTBEPXKIEHHsI, PACCMOTPUM TIpobsieMy, Gosee obiyo dem (42) -
(44):

k=
w(0) =, W(0)=u', >0, k=12..m &>0, j=12..n 1

D(A) C D(By), k=1,..m, DA CDC,), j=1,..n,
A=A">>0, By=B;>0, k=1,.,m, C=C;>0, j=1,.,n

[IpeobpazoBanusivu, anagorudabivu (45), (46), ee MozkHO mpuBectn K 3ajade Kommu Busa (49),
(50). IMomaras

t
1
Vi = /evk(tS)BkQU(S>dS, Uk(O) = 07 k= 17 ey T, (72)

0
t

wj = /e“sj(t_s)(]j?u(s)ds, wi(0)=0, j=1,..,n, (73)
0

IPUXOJINM TIOCTIe 3aMeHbl (48) K 3a/1ade, KoTopast B BEKTOPHO-MATPUIHON GopMe U B OIOTHOM
BUJIe TPUHAMAET BUJ:

0 0 0 I U
0 I, 0 0 |d| o
m 0 L O
0 0 I, 0 |d]| w
I 0 0 0 z
A B: —C% 0 U f(t)
| B2 AL 0 0 A I IV BTN
—(C2) 0 6, O w On
0 0 0 —I z 0
w(0) =u°, B(0)=0, @0)=0, =2(0)=u' (75)
31ech
I, = diag(I,...,I), I, :=diag([,..., 1),
S—— S——
U= (0135 vm)'s W= (wis e w), (76)
~1 1 1 ~1 1 1
B2 := (B};..;Ba), Cz:=(C};..;C3),

L = diag(yl )iy, 01, = diag(6,1)"

=1
a cumMBoJIoM (...)!, Kak u BbIIe, 0003HAUEHA Ollepalus TPAHCIIOHUPOBAHUS.
Bagaua (74) — (76) KOPOTKO MOYKET OBITH 3AIlMCAHA B BUJIE

— + = t ) Y 0 = AO?
T Ay = folt), y(0) =7 (77)
J:= (w003 2)",  fo(t) := (f(t); 0m; 0n; 0)",
rJie onepatop J CHOBa 06JIaJIaeT CBOCTBAMM (53), a ms Ay, Kak u 14 onepatopa Ay u3 (54),
CIIpaBe/JIMBBI OOIIHe CBOMCTBa 1° — 7°, ¢ COOTBETCTBYIONUMI U3MEHEHUSIMU.
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Pacemorpum Hapsiny ¢ 3amagamu Kormm (51), (77), cBasanubivm ¢ npobsemamu (42) — (44)
u (71) cOOTBETCTBEHHO, AaHAJIOTWIHbIE 3aJIa9M C 3aMKHYTBIMHU, 8 TIOTOMY CAMOCOIPSI?KEeHHBIMH

kosdpurmentamu A u A:
d
Jd—?; +Ay = fo(t), y(0) =1y’ (78)
/\d/\ E N Py
T+ Ay = o), 50) =7 (79)

Onpepesienne 2. Byem rosoputs, 9To 3a1a4a (78) acconuuposaHa ¢ 3aadeii (51) u 3agaqeit
(42) — (44), a 3amaga (79) acconumposana ¢ 3agadamu (77) u (71).

Onumpasich Ha JIOKa3aHHBIE BBIIIE YTBEP:KICHUSI, YCTAHOBUM CJIEIYIOMNN (PaKT.

Teopema 3. 3adaua (42) — (44) dasn unmezpoduddepernyuarvhozo ypasrerus, a makxHce 3a0a-
wa (51) 0as BEKMOPHO-MAMPULHOZ0 YPAGHEHUA U ACCOUUUPOBaHHaA 3adaua (T8) pasHocusvHbL,
m.e. U3 CYWECME06AHUA U eOUHCMEEHHOCU CUALHO20 Pewenus noboti us smur 3a0a4 Ha
ompesxke [0,T] caedyem cywecmeosanue u eOUHCTNEEHHOCND CUADHORO DEUEeHUA 08YT OPY2uUT
3aday.

Amnanornvroe yrBepzKeHne uMeer Mecto u st 3a1ad (71), (77) u (79).

Jloxasamenvcmeo. Ilycrs 3amada (42) — (44) umeer exuncTBeHHOE cuiibHOe pererne Ha [0,T).
Torma m3 mocrpoenuii B Hadase II. 4, CBA3aHHBIX C HEPEXOJ0M OT mpobsembl (42) — (44)
sanade Ko (49) — (50), a takxe (51), cremyer, aro 3amada (51) mMeeT eIMHCTBEHHOE CHIIBHOE
pererne #a orpeske [0,T]. IIpu srom pemenne

y(t) = (u(t);v(t);w(t); 2(t))" € D(Ao) C D(A)
u Ayy(t) € C ([O,T];H4), nostoMy Hapsay ¢ (5l) mmeer mecro m ypasHenne (78), mpudaem

Ay(t) e C ([0, T} H4) 1 Bce ciaraembie B (78) Henpepsisabl 1o ¢ € [0, T']. 3uaunt, 3a1a4a (78)

B 9TOM CJIydae UMeeT eMHCTBEHHOe CHIbHOe perenne Ha orpeske [0,T].

Y6eMcest Tereph, UTO U3 CYIIEeCTBOBAHUS €IMHCTBEHHOIO CUJIBHOTO perieHnst 3aadu (78) Ha
orpeske |0,T] ciemyer cymecTBoBaHme eIMHCTBEHHOTO CUIIBHOTO perennst 3a1a4au (51). Orcroza,
B CBOIO OY€pejib, OyJIeT CJIeI0BATh CYIIECTBOBAHNE €MHCTBEHHOIO CHJIBHOTO DEIIeHUs 3a/1ar
(42) — (44).

Urak, mycThb cymecTByeT eJMHCTBEHHOE CHIIbHOE pertenre y(t) 3amaqan (78) ma orpeske [0,T].
Torga y(t) = (u(t);v(t); w(t); 2(t))" € D(A) u BBIIOIHEHBI ypaBHEHUST

d 1 L
d_j + Alu+ A2Qpv — A 2Qpw) = f(t), 2(0) =u',

d 1

d_v +~yv=—-B7zu, v(0)=0,

o (80)
T Sw=—C"2u, w(0)=0,

% =z, u(0)=1u’,

puveM 37ech Bce cjiaraembie npunajyiexar C ([0, T; H), a BbIpakKeHHe B CKOOKaX B II€PBOM

ypastaenuu — npocrpanctey C'| [0,T]; D(A) |. Yeranosuth pasrocuibHocTh 3aa4d (80) u (51),

T.e. (49), (50), skBuBasentHo, B cuay (57) — (59), (63) — (64), (65), (66) — (67), Tomy, 4TO B
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neppoM ypasaennu (80) MOXKHO Jyist pernennii sameHnTh Qf Ha QF, QF Ha QF M pacKpbITh
ckoOKm. Jlokarkem, 9TO 9TO MOXKHO CJIe/1aTh.
B camowm nene, BBesmem obo3HATEHTE

ult) + A7 Q) = A Qeult) = (0 € C (0.7 D) ). 1)
3 Broporo u Tperhero ypasaenuit (80) mosydaem dopmysbl (45), (46), npuaem v(t) u w(t)

npunasexar C( [0, T);H |, Tak Kak 0 MPeIIOIOKEHNIO 3TH (DYHKIUU SIBJIAIOTCA KOMIIO-

HeHTaMu cuiibHOrO perntenus y(t) 3agaqau (78). [oxcrasiss stu dopmyssl B (81), mpuxomnm K
COOTHOIIIEHHIO

t
u(t) + /(A_%Q*BB%e_V(t_S) — A_%Q*CC%e_é(t_s))u(s)ds = p(t). (82)

Beeziem, kax B 11. 3, rusbeproBo mpocrpancTBo H(A) = D(A) co cKaJIsipHBIM [TPOU3BEICHIEM
Buga (27) (¢ Ag = A) u paccmorpum (82) Kak mHTerpaJjibHOe ypaBHeHue Bojbreppa BTOpPOro
pojia juist HemsBecTHON (byHKIMM u = u(t) co 3HadeHnsymu B H(A) u 3amannoil byskmn ¢(t) €

C’([O,T];H(A))

[Ipu sTOM, KaK HETPYIHO BUAETH, siipo V (¢, s) mHTErpasbHOro oneparopa B (82) sBisgercs
HenpepbIBHON dyHKIWeil t — s co 3nadennsvu B L(H(A)). B camom gene, ecm v € D(A) =

H(A), 1o B cuny (44) Bzv € D(A?), a noromy, cornacuo csoiictey 3° (em. (60)), QB2v =
QEB%U = A 2 Buv. [Tosromy
V(t,s)|H(A) = A" (e_V(t_S)B - 6_5(t_8)0) , (83)

OTKY/JIa M CJICJIyeT JOKa3bIBaeMOe YTBEPZKICHHE.
3HaunT, WHTErpajgbHOe ypaBHeHnme (82) wmMmeer eaumHCTBeHHOE Dpemienne u(t) €

C([O,T];H(A)). Torma v(t) € c(m,T];D(Bé)), w(t) € c([o,T];D(oé>>, H B 1ep-

BoM ypasHennn (80) MoxkHO 3aMeHHTb Q% Ha QF, QF Ha QF 1 pacKkpeITh CKOOKH.
ODTUM 3aBepIIaeTcs J0Ka3aTeIbCTBO IEPBOI0 yTBEPXKIeHNs TeopeMbl. JlokazaTebecTBO BTO-
POTO YTBEPXKIEHUS ITPOBOJINTCA AHAJIOTUIHO. O

CrencrBueM TeopeMbr 4.2 sBIgeTCs

Teopema 4. Ecau evinoanens, ycaosus (15) (das onepamopa A u gynxyuu f(t)), mo xaorcdasn
us 3adav (42) - (44), (51) w (78), a maxoice kaorcdan us 3adaw (71), (77) w (79) umerom
eduncmeentoe cuavroe pewenue na ompeske [0, T].

Jloxazamenvcmeo. JlocTaTouHO 3aMETHTD, YTO CYIECTBOBAHKE U €JIMHCTBEHHOCTH CUIILHOTO Pe-
menus 3aaan (42) — (44) caeayer u3 TeopeMbl 1, Tak Kak Hapsiy ¢ yciaousimu (15) B 3a1a4e
(42) — (44) Bomosaenst yeaosus (18), (19). Anasormdnoe 3aMedanHie OTHOCHTCH U K 3aJ1ade

(71). 0
5. ACCOIIMNPOBAHHBIE CIIEKTPAJILHBIE 3ATAYM.
Pacemorpum perienust o HOpoiHOM 3aauu (78), 3aBUcAIMe OT ¢ 110 3aKOHY
y(t) =e My, ye DA CH, (84)

rjie A € C — HensBeCTHBIN 3apaHee KOMILIEKCHBIIN mapaMeTp, a y 7 0 — Tak Ha3bIBaeMbI aMILIN-
TYJHBII 3/1eMeHT. Pertennst TaKoro Bu ia Ha3bIBAIOT HOPMAaJIbHBIMU JIBU2KEHUSIMU, OTBEYAIONTUMU
npobiieme (78), mpudeM A eCTh KOMILIEKCHBIN JEKPEMEHT 3aTyXaHMUsl.
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JLmst aMILTUTYIHBIX 9JIEMEHTOB Y TOJIy9aeM CHEKTPaJIbHYIO 3a1ady
Ay=XJy, yeD(A), (85)

raie J u A — omeparopusie Marpunsl (52), (65), (66), cBoiicTBa KOTOpHIX onmcanbl B 1. 4. B
JaCTHOCTH, OIepaTop A sBJIsieTcsi OrPaHIIeHHBIM CHIU3Y CAMOCOIPSI?KEHHBIM OIepaTopoM, a J
€CTb OIePATOP KAHOHUYCCKON CUMMETPHUN.

Jlnst mopManbubX apmekennit §(t) = e M7, § € D(A), orseuaomux saxade Kom (79),
IPUXOMM K aHAJOTUIHOM 1pobiieme
Ay= ATy, ye€DA), (86)

B I'MJILOEPTOBOM IIPOCTPAHCTBE H:=HoH™ & H" ® H. 3uech obuime cBoiicrsa 0IIepaToOpPOB
J u A — re xe, ato u B 3aja4e (85).

Onpenenenue 3. Hazosem 3aj1auy (85) CIIEKTPaJIbHOUN 3aj1a9€eil, acCOIMUPOBAHHON € 3a/1a4eit
(42) — (44) nns uarerpopuddepeHuaILHOrO ypaBHeHusi BToporo mnopsijika. CooTBeTCTBEHHO
3as1a4y (86) HA30BEM CIIEKTPAJIbHON 3a/aueil, accolmupoBanHoii ¢ 3aaqeii (71).

Ormerum mpocThie CBOficTBa perteruit 3a1aau (85).
1°. Bamaga (85) ecThb 3aja1a Ha cOOCTBEHHBIE 3HAUEHMUsI J — CAMOCOIPSIZKEHHOTO OIlEpaTOpa:

JAy =Xy, yeDA). (87)

2°. Cuektp 3aja4u (85) pacrosiokeH CHMMETPUYHO OTHOCUTE/IBHO JIEHICTBUTEIBHON OCH.
AHasornvnble CBOWCTBA MMEIOT MecTo U i 3ajadu (86). lerambHOoe M3ydeHHE CBOMCTB
perrennii 3ama4a (85), (86) Gy/er mpoBeieHO B Apyroii pabore.
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SAIHAYA KOIIIN AJId YPABHEHINA C HEPEI'YJIAPHBIM
QJIJIMIITTUYECKNM OITEPATOPOM, SABUCAIIINM OT
BPEMEHN

A. FO. MAJIbIIEB
HAIIMOHA/IBHBIN TEXHUYECKUN YHUBEPCUTET YKPAUHBI "KIIIN’,
KUEB, YKPAUHA

1. lens maHHON cTaTbU - MOJIYYUTH pelieHue 3ajadu Korm i mapabomaeckoro ypas-
HEHWs C HEPErYISAPHBIM SJITUIITHICCKUM OIIEPATOPOM, 3aBUCAIIUM OT BPEMEHU JJist (DYHKIIHIA,
3a/IaHHBIX Ha THJILOEPTOBOM MPOCTPAHCTBE, & TaK YK€ MUCCJIE/I0OBATH CBOWCTBA STOTO PENICHMUS.
Ona gacTuaHO 0600MIACT PE3YJIBTATHI, TOJIydYeHHbIe aBTOpoM B [1] mist "cyrmecrBenno 6ecko-
HeunoMepHoro'ciaydas. Ormernm, 9o 3aaa4da Ko 1151 mapabo/imIecKoro ypaBHeHHsI ¢ Hepe-
IYJISIPHBIM OIIEPATOPOM, HO B CTAIIMOHAPHOM CJIydae paccMaTpuBasach B [2].

[Iycrs H - cemapabesibHOE BEIECTBEHHOE IMMIbOEpTOBO mpocTpancTBo, a L(H) - mpocrpaH-
CTBO OTDAHUYEHHBIX JIMHEHHBIX omepaTopoB B H. Obo3HaunM depe3 (), . MHOKECTBO BCEX JIH-
HETHBIX OMPAHUYEHHBIX OIIEPATOPOB PAHT KOTOPBIX HE IIPEBOCXOJIUT 1, & HOPMa HE IMTPEBOCXO/UT
c. Muoxkectso M C L(H) Ha30BéM IIOYTH KOMIAKTHBIM, eCIi Ve > () CyNnecTBYeT KOMIIAKTHOE
muoxectBo K C L(H), u uucia n € N, ¢ > 0, rakue, uro K + (), . SIBJISETCS € - CETBIO JJIsI
M. Knacc Takux MHOXKECTB paccMaTpupaJics, Haupumep, B [3]. Ilycrs muoxectso A C C?(H)
cocrout u3 Takux dpynkimit uz C?(H) mis koropeix: 1.) VR > 0 cylmecTByeT I0YTH KOMIIAKT-
Hoe MHOXkecTBO M C L(H) takoe, uro Vo € Br = {x | ||z|| < R} : v"(x) € M; 2.) u"(-)
PABHOMEPHO HeIpephIBHA HA OIPAHUYEHHBIX MOJIMHOXKecTBax B H. B GanaxoBoM mpocTpaHcTBe
Chounda(H) orpanmdennsix HenpepbBHbIX Ha H dyukunit (||¢|| = supy |¢(+)|) pacemorpum m-
HeitHoe MHOr006pasme Apoung = {@ € A | @, ¢, ¢” - orpaHnUeHbl U PABHOMEPHO HEIPEPBIBHBI
Ha H}. X - sampikanme Wpgung B Chouna(H). Ob6oznaunm uepes B (H) mpocTpaHCTBO caMoCo-
IPSKEHHBIX OrpaHIYeHHbIX ortepaTopoB B H. Ilycts j € (Bo(H))*. PyHkuponas j Ha3bIBaeTCs
nostoxkuTesbHbIM, ecau (VD > 0) : j(D) > 0. O6o3naunm depe3 J KOHYC BCEX HMOJOKUTETbHBIX
dyukmmonaos. B coorBerctBuu ¢ [3| HazoBéM (DYHKIMOHAT j CYIIECTBEHHO GECKOHETHOMED-
HBIM, €CJIH B €T0 sJIPO BXOJSAT BCE OIEPATOPBI KOHEYHOIo paHra. B [2] mokazamno, 4To Beskmit
nostokuTebHbIH dyHKInonan j € (Bo(H))* MOXKHO TpencTaBuTh B BUJE: j = Ji + Jo, T
J1(-) = SpD(+), tne D > 0 - simepHbIii, a jo - CyINECTBEHHO GECKOHETHOMEDHBIi MOJIOKUTEb-
HBIiT, TpIIéM Takoe passoxkenne exnacrsenno. Oyuxrmonan SpD(-) : Bo(H) — R geiicrByer

no npaswiy: SpD(C) = SpDC'. B npocrpancree X paccMoTpuMm sjuunTudeckuii uddepen-
1

nuasbHbll oneparop L = L7 ¢ obnacreio onpeenenns Wpoung: (L) () = (L @) (x) = 55(¢"(z)
(z € H). B |2 nokasano, uro Ve € Wpouna : L € X. B coorsercrsun ¢ [2] raxoii onepatop L
Oy/ieM Ha3bIBATh HEPErYJISPHBIM, €CJIU j He MOXKeT ObITh mpejcrasieH B Bujge SpD(-). Hepery-
nspHbLit onepatop mumeer Bug (L) (z) = $SpD" (x)+ sw(¢”(x)), rae D > 0 - monoxuTe bHbLil
sLIEPHBII OIIepaToP, & W - MOJIOKUTEIBHBIN CYIIeCTBEHHO GeCKOHETHOMEPHBIH (hyHKImonasl. [Ipu
sroM ||w|| = ||7|| = SpD. B [2] ¢ KaxapIM MOMOKUTETBHBIM JHHEHHBIM (bYHKIMOHATIOM j € J
obuia ceszana (Cy) - noyrpynmna cxkarus T = T7 B npocrpanctse X . Pesy/brartom jeiicTBus
oneparopa T7(t) na bynkuuio ¢ € Appung ABIACTCA perenue 3ajaun Komm st ypapHeHus

dult, :
% = 2j(ul,(t,z)) B TOuKe t ¢ HAMAIBHBIM ycioBHEM @ B Hyne. B [2| mokasano, 4aro taxoe

PEIeHIe CYIIECTBYET, ¢/IMHCTBEHHO 1 IPUHAICKAT X, & Tak »Ke, 9To JHHeiiHoe MHOroobpasne
pound MHBAPUAHTHO OTHOCHTETHLHO onepatopos T7(t). Oneparop L momyckaer 3aMbIKaHWE 1
pu srom L = T"(0) (T7(0) - reneparop nosyrpymmst T'(t)).

2. PaccMorpnn B nipoctpancTse GyHKImil X CIe/Iyionee ypaBHeHue

ou(t, )

ZO\) )
2 = [Out, o), 1)
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rne LI® - Aypinag — X Vo € Wyouna : (LFV)(z) = %j(t)(gp”(a:)), t € [0,T]. Berony nmasbiie
OyleM CUMTATh, YTO (byHKuHﬂ J(+) ynosnersopsier yejosuio Jlunmmuia na orpeske [0, T:

(3C 2 0) (Vtr,t2 € [0,T] 0 [li(t) =) < C | th —ta ). (2)

Iycrs U(t,s) = T79)(t — 5), tne s < t. Ecmn ¢ = {tg = 0,t1,t,...,t, = T} - mponsBosIBHOE
pasbuenue orpeska [0, 1| u t,s € [0,T], npuuém t,_1 < s < t; <ty <t < ty,11, HOJIOKUM II0
onpegenenuio Uy(t,s) = U(t, t)U(tm, tim—1) - .. U(tjs1, t;)U(25, 5).

Teopema 1. 3adaua Kowwu das ypasnenus (1) ¢ navarvhom ycaosuem ¢ € Upouna 6 npo-
cmpancmee X umeem u npu mom eduncmeenroe pewerue. CoOMeemMemeyouee I60A10%UON-
noe cemeticmeo U(t,T) A6AAEMCA CUADHOIM NPEIEAOM TO HANPABAEHUIO, KOMOPOE 00pasyrom
pasbuenus q ompesxa [0,T):

Ut,7)p = lign U,(t,7)ep. (3)

HokazareabcTBo. CHavasia JIOKaXkKeM, 9TO pelleHne, B CAydae ero CyIleCTBOBAHMs, €JiH-
crBerno. Jljist 9TOro 3aMeTHM, 4TO B mpaBoii Yactu ypasHeHus (1) cTosgT 3aMblKaeMble Ollepa-
topsl L) ¢ obmieit 0bacTbio onpeetenust Apouna- LLoayrpymms T9®) gpisiores cxxuMaronmm.
Coruacuo TeopeMe Xumne-Hocuapt YA > 0 ¢ ||Rzio(A)|| < 5, tae Rijo () - pesonbsenta ore-
paropa L’®). JlokazaTebcTBO TOrO, UTO CYIIECTBYET He 6onee ofiHOrO permenns 3agadn Kormm
Jyist ypasaerusi (1) IpOBOJAMTCS O AHAJIOIHMU C JIOKA3aTebCTBOM TeopeMbl 3.10 rasbr 2 [4],
C TeM OTJIMYUEM, YTO ONEePATOpbl B HpaBoil dactu (1) He ABIAIOTCS 3aMKHYTBIME, & TOJLKO
JIOIYCKAIOT 3aMbIKaHHUE. N

JlokazaTesIbcTBO TOrO, UTO pellieHre B IpocTpaHcTBe X CyIliecTByerT u umMeeT BUJL (3) MPOBO-
aures Ha Oase TeopeMbl 2.1 u yrBeprkienus 2.2 riasel 6 [5]. B kauecTBe BCiojy MJIOTHOTO B X
¥ MHBAPUAHTHOI'O OTHOCHTEJIBHO Beex omeparopos cemeiictsa Uy (t,7) (¢ € {¢}; t,7 € [0,T])
MHOXKECTBa, BO3bMEM Upound. VHBAPHAHTHOCTL Upoyng OTHOCUTEILHO OIIEPATOPOB ceMeiicTBa
U,(t,7) (¢ € {¢}; t,7 € [0,T]) neme/Ieno BeITEKAET U3 onpegeﬂeHHH U,(t,7), a Tak ke u3
MHBAPHAHTHOCTH STOIO MHOYKECTBA OTHOCHTEILbHO onepaTopos T70)(+). damee Yq € {q}, Vt, T €
0,77 : ||Uy(t, 7)|| < 1. IlpoanagusupoBas T0Ka3aTeILCTBO JIEMMbIL 13 [3], IPUXOIUM K BBIBOAY,
9TO UMEET MECTO PABEHCTBO:

1

Vi1, da € J, Vb € Upouna : T (8)00 — TV (¢ / Tl ())(Ly — Ly)da,  (4)
0

r7ie onepaTopel L = L' u Ly = L7 TakoBsl, 90 Ly U Ly - TeHepaToOpsl moayrpymm 191 u 172
B npocrpancTBe X. C ncrosb3oBanueM (4), COBEPIIEHHO aHAJOIUYIHO TOMY KakK 9TO CETIAHO
B Teopemel (1], mokaseiBaercs, uro Vo € poyng 1 006X 0 < s < 0 < ¢t < T BepHa Takas
onenka: [|[U(t,s)o —U(t,0)U(0,s)p| < C-sup,ey |l¢”"(z)||(t —8)(0 — s), rne C' - koncranra u3
(2). B [2] moxasano, 910 Ve € Wpouna 1 17151 T0OBIX BeKTOPOB hi, hy € H (¢"(-)h1, hy) € X, u
npu srom V5 € J o ((T?(¢))(-)ha, ha) = T (¢)(¢"(-)h1, ha). OTcrona HETPYHO HOSYHUUTE, YTO
Vje ¥t e [0, T] supyey (T (t)e)" ()] < supyeq ll¢” ()] Hocnenosarensnoe npuvenenue
9TOTO YTBEPZK/ICHUS [IPUBOJUT K TOMY, ITO

sup sup [|(Ug(t, s)¢)" ()] < Supr ()] < +oo, ()

q,t,s xcH

HOCKOJIbKY 0 € Upound- labHeiilnee JJ0Ka3aTeIbCTBO HOYTH JIOCOBHO TIOBTOPSIET JIOKA3aTE b=
cTBO Teopembil u3 [1].

3. Teneps nepeiigém K U3y9eHuIo HEKOTOPLIX COMCTB pemenns 3aaaun Koy jyist ypaBHeHus
(1). Ilox 3amadueit Komn B tpeyromsuuke Th = {(t,s) | 0 < s < ¢t < T} miaa ypasuenns (1)
HOHUMAaeM 3aJiady Mpo HaXoxkjeHue periernst ypasHerusi (1) Ha orpeske [s,T] mpu Kazkiaom
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dburcupoBarnom s € [0,7) ¢ HAYATBHBIM YCJIOBHEM ¢ € Uppyng B ToUuke s. CoryacHo Teope-
Mel Takoe pelreHue CymecTByeT W eJIMHCTBeHHO. [[09TOMYy KOPPEKTHO OompesesiéH JIMHEeHHbII
oneparop U (t, s) : ¢ +— perenne (1) na orpeske [s, 7] ¢ HAYATBHBIM YCJIOBHEM @ B TOUYKE S.

Teopema 2. Pewerue 3adavu Kowu 6 mpeyzorvhuke Ta das ypasnenus (1) asasemes nenpe-
poleHol Pyrkyuet no cosokynrocmu nepemernnx (t,s) € Ta. Pewenue nenpepuero 3asucum
0M HAYAALHOLL OGHHDIT 68 MOM CMBICAE, YMO U3 PAEHOMEPHOT CXOOUMOCTIU O € Apound K HY-
Mo eumexaem pasnomepras no (t,s) € Ta cxodumocmv K HYA10 cOOMBEMCMEYIOUUT PEULEHUT

U (t, T)pm.

HokazarenbcrBo. 13 jokasarenbcrBa Teopembl 2.1 rmasbl 6 [5] cuemyer, uro Vo €
Wpound CXOMIMOCTE U (t,7)¢p = lim, U,(t,7)p asiaserca pasuomepnoit no (t,7) € Ta. Ilo-
STOMY UIf JIOKA3aTeIbeTBa HernpepbisHocTn U (t,7)¢ no (t,7) € Ta JOCTATOYHO JOKa-
3arh HenpepolBHOCTL U, (t,T)¢ npn Kaxaom bukcnpoBanHoM pasbuennn ¢. Urak, mycrs
qg = {to = 0,t1,ta,...,t, = T} - upoussosbHOe paszbuenue orpeska [0,7], mpu-
WM i, < T < t; <ty < .. <ty < t < tpp. Torma Uyt T)p =
Ut tm)U(tmstm—1) ... U(tjs1,t)U(t;, 7)p, u upu mocrarouno Maueix At u AT uMeeT Me-
cro pasenctBo Uy (t + At,7 + A1) = Ut + At t,)U(tm, tm-1) ... U(tj1, t)U(t;, 7 +
AT)p. Ilyers 1(AT) = Ultm,tm—1) ... U(tjs1,t)U(t;, 7 + A7) € Wpouna; Y2(AT) =
U(tm,tm_l) c U(tj+1, tj)U(tj, 7')30 € Q[bound. TOI‘,ZL&

U (t + At 7+ A7) — Uy(t, )| = [|U(t+ Aty )i (AT) — U(t )| <
SNNU(E+ AL ) a (AT) = Ut )0 (AT + [U(E )i (A7) = Ut tw) ol < (6)
S|U(t+ Aty )b (AT) = Ut )1 (AT)]| + U (8, 7 + AT)o — U, 7).

Onennm kazkgoe caaraemoe B (6). Hauném co sroporo. [lycrs AT < 0 (ciyqait AT > 0 paccmar-

puBaeTcst abCOIOTHO aHAJIOTMYHO). BeroMuHas Kak onpesessitores oneparopst U+, +), HeTpy -
HO HOJIy9UTh, ITO

|U(t;, 7+ AT)p = Ulty, )l < [TV (= A7) — TITHAD(0)] +

| | (7)
T 4 = rpae =TIt = e

rie Ya, = TITHA) (— A7), Onenum nepsoe ciaaraemoe B (7).

_AT —AT
) . d . i i
TJ(T+AT)<_AT)¢ B T](T+AT)(0)QO _ / —TJ(TJFAT)(S)(,OCZS — / T‘](T+AT)(S>L‘](T+AT)<)OCZS. (8)

ds
0 0

I3 (8) BBITEKAET, 9TO

—AT
1TV A (= AT)p — TITHAD(0) ]| < / IL7 3D |lds <
0 (9)

< g [ar i+ Anl- suwp l"(@)]| = 0, upu A7 — 0—,

DN | —

nockoIbkY ||7(7+AT)|| — |[7(7)|l, AT — 0—. [ocaeaaee mmeer MecTo, HOCKOIBKY j(-) y1oBie-
TBOpsAeT ycsaosuto Jlummmia ua orpeske [0, 7], a noromy HenpepbiBHa. CliejiaeM Ternephb ONeHKY
Broporo ciaaraemoro B (7). Mcnonssys (4) Oymem uMeTh:

IT9 (8 — 2y, = Tt — )] <1t — 7 )LD = LDl (10)
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| (LA = L D)pa ) (2) |= % | G+ A7) = 5(7) (YA, (=) |<

L , 1 /
< 5l + A7) =@ - [¥a. ()] < 5O | AT | 'SBBIIMT(IE)II-

(11)

Tax Kak Ya, = T2 (—AT)p, MorKeM HammcaTh, HCHOML3ya (11) 1 paBEHCTBO, TIPH TIOMOTIIH
KOTOpOro mosryamin (5):

, . 1
(LA — LI )gpar || < SC | AT | -sup [|¢” ()]
2 xeH
3 sToro nepasencTra, a Tak we u3 (10) caemyer, uto | T AT (4 —7)ha, =TI (t; —7)ha,|| <
const - |AT| - sup,cy |l¢”(z)]], orkyna
| TPt — T)par — TV (t; — T)har]| — 0 1upn AT — 0 —. (12)

N3 (7), (9), (12) memaem BoIBOA, uTO ||U(t;, 7+ AT) — U(t;,7)¢| — 0 mpu A7 — 0—. AG-
COJIIOTHO aHAJOTHYHO JoKasbiBaeTcs, 910 ||U(t;, 7+ AT)p — U(t;, 7)¢|| — 0 mpu AT — 0+.
CraJto 6bITb, OKOHYIATETHHO

\U(tj, 74+ AT)p —U(t;, 7))l = 0 mpu AT — 0. (13)

CHoBa BepHEMCs K HepaBeHCTBY (6) U ¢jie/1aeM OIEHKY [IEPBOrO CJIAraeMoro, CTOAIIEro B IpaBoii
JacTH.

Ut + At b )1 (AT) = U(E b )iy (AT)|| = [Tt + At — )1 (A7)~

| N (14)
=TI (= )i (AT)]].
[TockobKy moTyrpytia T7(tm) gpercs: CUIBHO HeIpepbIBHON. 3HAYUT,
s—  lim T4 AL —t,) = T (E —t,). (15)
(At,AT)—(0,0)
Jlajiee MOXKeM HaIUCATL, 9TO
lim 9y (A7) = Ut e )U (bt ts) - .. U (4, 7). (16)

(At,AT)—(0,0)

[eiicTBUTEIBHO, CONIACHO ornpeieento 11 (AT) u coryiacHo cBoiicrBam omeparopos U (-, -) nme-
eM

11 (AT) = U(tm, 1)U (b1, tmz) ... U(t;, )| =
= HU(tm; tm—l)U(tm—la tm_Q) Ce U(tj, T+ AT)QO — U(tm,tm_l)U(tm_l, tm_g) Ce U(tj, T)QOH S
< HU(tjaT + AT)SO - U(tjaT)SOHa

OTKy/a, nctonssys (13) u nosmyaum (16). VI3 pasenrcrsa (14), yanrsBas (15) u (16) 3akmoqa-
eM, 9TO

U (t + At ) (AT) — U(t, 1)t (AT)|| — 0 mpu (At, A7) — 0. (17)
13 mepasencrsa (6), yanrsBas (17) n (13), memaem oxonvarensusiii BoBox ||U,(t + At, 7 +
AT)p — Uy(t, 7)¢|| — 0 mpu (At,AT) — (0,0). Urak, nokazana uenpepsiBHocTh Uy(t, )¢ 110
(t,7) € Ta npu Kazk/10M (QUKCHPOBAHHOM pa3OUEHNH ¢, & IIO9TOMY U HEIIPEPLIBHOCTD 110 (t,T) €
Ta dysKITUN U (t, 7). Iepeiigém ko Bropoit yactu Teopembl. Ilyctb @, € Qpouna 1 ||@m|| —
0. Ham myzxmno nokasats, ato ||U(t, 7)¢m| — 0 upn m — oo pasmomepro mo (t,7) € Tha.
Ormerum, uro Vg € {q},V(t,7) € Ta : ||[U,(t,7)|| < 1, 10 ectb cemeiictBo oneparopos U, (t, )
SIBJISIETCST PABHOMEPHBIM B TepMmuHosiorun [5]. VI3 mpemoxkennst 2.1 romassr 6 [5] coenyer, 1ro
cemeiicrso U(t, 7), ((t,7) € Ta) Tak xe sBasercs pasromepubiM. Hostomy (3C; > 0)(V(t,7) €
Ta,¥m € N) 1 ||U(t, 7)em| < Ci - ||@mll. Otciona cpasy ke momyuaem Tpebyenbiii pesyabrar.



Subsection 2.1. Differential-Operator and Evolution Equations 147

Cremaem B KOHIIE OJIHO BayKHOE 3aMedaHne. B 9Toil craTbe Jjisi TIOCTPOEHMST SBOJIOIIMOHHBIX
ceMeiCTB, JalIuX pelleHne 3a1adn Korm, nuernosb3yercst TexHuka, npejioxentas B [5]. Cy-
IIIECTBYET OJIHAKO JIPYTO# TOIXO0/I K ITOCTPOEHUIO IBOJIOIMOHHBIX CEeMEHCTB, KOTJa B IPABOi
YaCTU COOTBETCTBYIONIETO MiMEPEHIINaIbHOIO yPaBHEHH HAXOATCA 3aMKHYTDHIE OIEPaTo-
PBI, KOTOPbIE NMEIOT ODIIYIO BCIO/LY ITJIOTHYIO 0OJIACTH ONPEJIE/ICHUS U ABJISIOTCS TeHEPATOPAMU
HekoTOpbixX (Cp) - MOJIyTPYIIl CxKATUsA. DTOT TMOAX0J paccmarpuBaercd B [4]. O okasbiBaer-
csl HEIPHUEMJIEMBIM B CjIydae MOCTpoeHus pemiennit 3agauan Komm g ypasuenusi (1). Drto
0ObsiCHsIETCST T€M, UTO B mpaBoil dactu (1) cTogr omepaTopbl ¢ 00IIel, BCIOLY IJIOTHOI 00J1a-
CTBIO OIPEJIEJICHUsT U TOJIBLKO JOIYCKAIOT 3aMblKaHue (He sBJISIIOTCA 3aMKHYThIMU). FEcmm xke
MBI PACCMOTPUM 3aMBbIKAHUA THX OIEPATOPOB, TO OHU yKe He OyJayT UMeTh o0IIeil obyractu
OIIpeJIe/IeHUSI.
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[1] Mambues A.JO. 3adaua Kowu 0as ypasrenus ¢ cywecmsenio 6eCKOHEUHOMEPHBIM IAAUNINULECKUM ONe-
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OBOBIIIEHHA ST ®OPMYJIA KOHEYHBIX ITPUPAIIIEHUN
HAJI14d ITPOU3BO/AHBIX 11O MEPE

1. B. Oprji0B
TABPUYECKNIT HAIIMOHAJIBHBIM YHUBEPCUTET UM.B. 1. BEPHA/ICKOTO,
CUM®EPOIIOJIb, YKPAUHA

BBEJIEHUE

Dopmysna Jlarpamka Jyuist 0TOOpayKeHUH OTPE3Ka B JIOKAILHO BBIIYKJIOE IIPOCTPAHCTBO
(JIBIT): f(b) — f(a) € [g(b) — g(a)] - B (upm sokamsuoii onenke f'(x) € ¢'(x) - B, rne B
3aMKHYTO ¥ BBIILYKJIO) CJIY2KHUT, KaK U ee KJIacCHIecKuil upororut, ¢yHamerToM auddepen-
[UAJILHONO MCYUCICHNS KaK B OAHAXOBBIX, TaK U B Gojee oOIHUX Kiaccax mpocrparcts [1]-[5].
B paborax asropa [6]-[8] dopmymna Jlarpamnrka obobiansacsk Ha ciydaii HeCIeTHOro, BOOOIIE Io-
BODsI, HCKJIIOIUTEILHOr0 MHOKecTBa € C [a; D], Ha KOTOPOM OTCYTCTBYET OICHKA IIPOU3BOHOMN
J'(z). IIpn sToM OCHOBHASI OICHKA NMPUHSIA HHTEIPAILHYIO GOpMY

F(b) — fla) € / o(t)dt - B 1)
[a;b]\e

(upu okasibHOl onenke f'(x) € p(x) - B, x € [a;b]\e; cM. nmke, 11.1).

EcrectBennoii Ternepsb mpejicTaBigercs 3ajiada 0b6obienus onenku (1) ¢ mcmosb3oBaHneM
unrerpasa Jlebera o mepe, 6os1ee obeit, yem Kiaaccudeckast. Llesbio janHoit paboThl ABJISIETCs
pelleHune JaHHoi 3a1a4un. Pabora cocTouT m3 Tpex dacreil.

B nepsoit wacTu npuBoanuTCS 3HAYUTEIBHO OOJiee pOoCTasi U HOXOSINALA /I JTaTbHEHITIX
nesieil cxema JjiokasaresibetBa Gopmyisl (1). Bo Bropoit gactun paborel psan (hakToB, OTHOCH-
uXcst K Kjaaccuaeckoil mepe Jlebera Ha mpsamoii, paciupocTpaHseTcs: Ha 0ojiee IMMPOKNI KJIacc
Mep.

B tperbeit, ocHOBHOIT YacTu pabOThI, Ha Oa3e MPEJIIeCTBYIONNX Pe3yIbTaToB, 0000IIeHHAs
dopmyna Jlarpamzxka epeHoCUTCs HA TPOU3BOJIHBIE 110 Mepe (TeopeMbr 3.1-3.2): jijist KOHEIHBIX
HOpeJIeBCKUX HEIPEPLIBHBIX Mep 4 Ha [a; b], mounHeHHBIX Kiiaccudeckoil mepe Jlebera: m < p,
3 JIOKAJTLHOM OIeHKH IpousBo/Hoil 1o mepe f/ (1) € p(z)-B, x € [a; b]\e, BrITekaer riobaibhast
OTICHKA:

f0)-fo e [ o@duto)- B,
[a;b]\e

Pesynbrarsl nepenocsaTcss Ha 0TOOpaKeHUsl OTpe3Ka B JIMHEHHbIe WHIYKTUBHBIC TKaJIbl JIBII.
OtmeTnM, 9TO BBeJleHHBIE B paboTe PON3BOIHBIE (DYHKIIN 110 Mepe OJU3KH 10 JTyXy K 0000-
IMEHHBIM [TPOU3BOJHBIM 0 Hamnpasennio [9]-|12|, naxomsimum B mocsejiHee BpeMsl MIKPOKHe
[PUMEHEHUsI B BBIIYKJIOM aHAJIM3e U TEOPUU ONTUMAJILHOrO yrpasienus (cM. takxke [13]).

DTO TO3BOJIIET PACCUUTHLIBATL Ha IEPCIEKTUBDI JATbHEHIINX NCC/IeTOBAHMI 110 CJIeLy IOIIIM
HanpasJeHnsM. Bo-1epBuIx, JaabHeiimee pazsurue uddepeHuaIbHOro NCUUCIeHNs IS IPO-
U3BOJIHBIX 110 M€pe BILIOTH J0 (hopMyiibl Teiisiopa u Teopun 3KCTpeMyMoB. Bo-BTOPBIX, IepeHoc
Ha IIPOM3BOJHBIE 110 MEPe KOHCTPYKIU caaboro m cuabHOro audQepennuaabHoro nCIucie-
uust B JIBIT [14]-[16] ¢ mocseyonMu IpHIOyKeHUSME B BADHAIIMOHHBIX 33/1a9aX U BBIITYKJIOM
aHaIM3e.

1. HOBOE JOKABATEJbCTBO OBOBILIEHHOII ®OPMYJIbl KOHEUHBIX ITPUPAILLIEHUI

JlokazaTesbeTBO KIaccuIecKoii hopMy/Ibl KOHEIHBIX IPUPAIICHUI JIJIsT BEIeCTBEHHBIX (DyHK-
it (1) co CYETHBIM HCKITIOUUTEbHBIM MHOXKECTBOM € = {,}°° | HCIOJb3yeT, KaK M3BECTHO,
[1], BcmomoraresbHy0 GYHKIINIO CKAIKOB
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plr)=c Y o (>0)

n:rn<x

B ciayyae Hec4eTHOTO MCK/IIOYUTETHHOIO MHOXKECTBA € MBI CBSXKEM KOHCTPYKIUIO (DYHKIIAN
CKaYKOB C MOKPBITHEM ero obpasa f(e) cucremMoii HHTEPBAJIOB € IPOM3BOJIBHO MAJIOH CyMMOi
JJIAH.

Teopema 1.1. Ilyemwv f(x) nenpepwena na [a;b] u duddepenyupyema na |a;bl\e, 2de e C

[a; b] m-usmepumo u mf(e) = 0. Ecau f'(z) < () npu x € [a;b]\e, 2de Pynxyus p(x)
HEOMPUUAMENLHA U M-cymmupyema Ha [a; b]\e, mo

£(b) — f(a) < / o(z) da. (2)
[a;b]\e

HoxkazarenbcrBo. Ilycrs ¢(x) = p(z) npu x € [a;b]\e, p(z) = 0 upu = € e. [Tosoxum

T

@@:L/¢@ﬁ:/amn
[a;z]\e a

I[To Teopeme Jlebera o muddepennupoBaruu o Bepxuemy npemeny [17], &' (z) = ¢(z) nourn
Beropty Ha [a;b], orkyna ®'(z) = ¢(x) mouru Beiomy Ha [a;b]\e. Takum obpasom, ecian e —
MHOXKECTBO TOU€eK H3 [a;b]\e, B KOTOPBIX He BbINOMHEHO pasencrBo &' (x) = ¢(x), To me; = 0.
[Tockonbky f, BBUIY Muddepenimpyemoctu, obranaer Ha [a;b]\e N-coiictBom Jlysuna, To
mf(e1) =0, orkyma mf(eUe;) = 0.

®uxkcuposas £ > 0, Boibepem nokpeitue f(eUe;) cucreMoil HelepeceKaoIixcsi HHTEPBAJIOB:

U(O‘Mﬁn) D fleUer); Z(ﬁn —ap) =t Zé‘n < e.
O6oznauas x, = sup f 1 ((ay; Bn)), TOT0KIM
SDE(w) = Z En-

OuernHo, hyHKINA ¢ () BO3pacTaer, HEIPEPbIBHA ClIpaBa W MMeeT CKadKW £, B TOUYKAX ITp.
Hokazkem, aro jyist go6oro ' € [a; b] Haiigercs takoit x > &', 910

f(z) — f(a) < / (1) dt + o) + e(x — a) + <. (3)
[a;z]\e

[Iycts U — MHOXKeCTBO TO4eK u3 [a; b], s KoTopbix (3) HEBEpHO, T.e.

(@ elU)s Ve f(x)— fla) > / (t) dt + ge(x) + e(x —a) +¢). (4)
[a;z]\e

Ouernao, U — orpesok B [a;b]. Ilycts U # &, ¢ = inf U. T.k. Haiigercs Takas mocJieio-
BaTEJIbHOCTD T — ¢ — 0, jyist KOTOpoil (3) BBINOJHEHO, TO, mepexojst B (3) K Ipejesy npu
r = o, — ¢ — 0 u yuanrsBas, 9to . (c — 0) < ¢.(c¢), momyanm (3) upu x = c. Takum o6pasom,
c ¢ U u U = (¢;b]. PaccmoTpuM JiBa BO3MOXKHBIX CJIydasi MOJIOKEHUsT TOYKH C.

a). Eciim ¢ ¢ e U eq, 1o cymecrsyor f'(c) u ®'(c), upuaem ®'(c) = ¢(c). Haitnem takoit
uHTEpBaJI ¢ < & < ¢+ 0, B KOTOPOM

PRNCECR

€
- \— .
T —c 2’ T —c 2
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Orcroma, ¢ yaerom f'(c) < ¢(c), naxonum

f(x) = fe) < (x) — B(c) +e(x — o). (5)

Hanee, .x. ¢ ¢ U, To (4) meBepHO 1ipu HEKOTOPOM = > ¢. Ho mockoibKy (4) BepHO 1ipu > ¢,
10 (4) HEBEpHO IpU T = C :

f(e) = fa) < ®(c) = ®(a) + p=(c) + e(c —a) +¢. (6)
CkimagpiBast (5) u (6), ¢ y9€TOM MOHOTOHHOCTH (g, TIOJTYYaeM:
f(@) = fla) < (x) — B(a) + ¢e(x) +e(w —a) + ¢

upu = € [¢; ¢+ J), 9T0 IPOTUBOPEUUT ONPE/IETICHUIO TOUKH C.
6). Ecm ¢ € eUey, 10 ¢ € f71((ny; Bny)) pu HEKOTOPOM N € N. CriesoBarebho, s
moboro = € fH((ny; Bno)):

f(z) — fc) < Bny — Qng = Eng-

[Tepexo/id K IpeJiesly B MOC/IeHEM HEPABEHCTRE IPU T — Tpy = SUP (g Bny)) € yuETOM
HEIPEPLIBHOCTH [, TIOJIyYUM

f(xny) = () < €ng. (7)
N3 (6) u (7) cremyer

f(@n,) — f(a) < [®(c) — P(a)] + [pe(c) + ene] + [e(c —a) +¢] <
< D(xy,) — Pla) + ve(xn,) +e(p, —a) +e,

T.e. (3) BBIIOJHEHO NIPU T = T, > ¢, 9TO nporuBopednt onpenenernto U. Takum obpazom,
U=a.
[Monaras Teneps x = b B (3) u mepexosst K npejesy upu € — 0, noxyvaem (2).00

[Tepexost ot BerecTBeHHBIX (DYHKIMI K oToOpaxKkenusaMm orpeska B JIBII ocymecTsisercs mo
crangaptHoii cxeme [3], [7]. Copmymupyem sToT pesysibrar.

Teopema 1.2. [lycmv E — omdeaumoe seuecmeennoe JIBII, B — 3amkxnymoe evnyx.ioe
nodmmoocecmeo E, omobpasicenue f : [a;b] — E nenpepwieno na [a;b] u dupdeperyupyemo na
[a;b]\e, 2de e C [a;b] m-usmepumo, u mmosicecmso f(e) umeem ckarapruyro m-mepy nysv 6 E.
Ecau f'(z) € o(x)- B npu x € [a;b]\e, 2de pynryus @(x) neompuyamervia u m-cymmupyema
na [a; bl\e, mo

£(b) — fla) € / o(z)dz - B.

[a;b]\e

2. OBOBIIEHHBIE TEOPEMbI BUTAJIM, JIEBEF'A U CAKCA

B stom paszmiene Mbl 0000IMUM Psijl U3BECTHBIX (DAKTOB, CBA3AHHBIX C KJIACCUYECKON Mepoit
Jlebera Ha mpsimoii, Ha 6oJiee mMuUpokuit Kjaacc Mep. Lleapio Takoro o0o0IeHNsT ABJISI€TCs TTOCIe-
Jyronuii meperoc (B 1. 3) dhopMyJibl KOHEYHBIX [IPUPAIIEHUT Ha TIPOU3BOJIHBIE IO Mepe.

Onpenenenune 2.1. [Iycrs £ C R, M — HeKoTOpas CHUCTEeMa, HEBBIPOXKJIEHHBIX CETMEHTOB B
R, u — mepa B R. Eciu ji1a Besikoit Touku © € E u yoboro € > () Halijiercd Takoil cerMenT
de M, aro x € du p(d) < e, ro cucremy M HazoBeM p-nokpvimuem Bumaau MHOXKecTBa E.

Teopema 2.2 (O6o6mmennast reopema Buramm). ITycmo p — Henpepwienas 6opesesckan mepa
6 R u M — p-nokpomue Bumansu oepanuvennozo muooicecmea E C R. Ecau m abcosrommo
HENPEPBIGHA OMHOCUMENLHO 12 M <K [, Mo u3 cucmemv, M mooicno evidesums nodcucmemy
NONAPHO HENEPECEKANOULUTCA CE2MEHMOB, NOKPLLEAIOULYI0 [L-noumu ece .
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HokazareasctBo. [lycts £ C (a;b). Crenyst Kiraccndeckoii cxeme Jokasareabcrsa [17], yua-
M 13 M Te cerMeHTBI, KOTOpbIe MeJUKOM He comepxkares B (a;b). T.k. m < u, 1o ocraBmasics
cucrema M, Takzxke obpasyeT p-TIOKpbITHe Burtamm nia E.

[Iycrs dy € My. Eciim E C dy, T0o Teopema nokazana. [lo numaykiun, eciu dy, ds, . . ., d, yxe
BBIOPAHBI U HE TIePeceKaloTcs, 1

E\ O d, = E\F, # @, (8)

paccMoTpuM Bee cerMeHThl 13 My, conepxxaniuecs B G, = (a; b)\ F,,. B cuity (8), Takne cermenTsr
CYIIECTBYIOT U WX [i-Mepbl orpannderbl Mepoit i (a;b)). Ecau k, — TouHas BepXHsisi 'PaHb 3TUX
Mep, TO 0003HAYUM d,, 11 TOT U3 CEIMEHTOB, JIJII KOTOPOTO

pldnin) > Sk Q)

dAcno, uro cerment d, 1 He nepecekaeTcd ¢ npeabymumu. Ecim mporiece rnmoctpoenusi 6ecKo-
HedeH (MHAYe TeopeMa JIOKA3aHa), TO HOCAEA0BATEILHOCTD dy, da, . . ., dy, . .. — HCKOMAS.
(o9}
Heiicteuresbho, nyers S = |J dg. T.x. E orpanudeno, To MoxKHO cuutarb, 4o u(Ry) =
k=1
u(R_) = co. Do moszBoJister BLIOPATDH Jyist KaxK0ro n = 1,2, ... cermenT D,,, KOHIIEHTPUIHBIIT
¢ d,, TaK, YTOOBI

u(Dyy) = 3p(dn), (10)

riae Dﬁ — COOTBETCTBEHHO, IIPpaBbI€ U JIEBBIE ITIOJIOBUHbLI OTPE3KOB Dn B YaCTHOCTH,

ZMDn) < +o00. (11)

[Mosromy st mokasareabeTBa paBercTBa (i E\S) = 0 10CTaT09HO IPOBEPUTD, UTO IS JIO-

ooro k =1,2,... BepHO
e}
E\Sc ] D
n=k

Ecim © € E\S, to x € Gy, u 1.k. Gy oTKpbITO 1 M K f1, TO Haiimercs Takoit d € My, uro
x € d C Gy. Ecom npu srom nonyeruts, uro d C Gy, mis moboro n, 1o pu(d) < ky < 2u(dpy),
YTO HEBO3MOXKHO, T.K., B cuiy (11), u(d,) — 0. Takum obpasom, mpu HekoTOpoMm n > k:

dNF, # 2. (12)

[Iycts n — HamMeHnbItee u3 dncest, yaosiaersopsionux (12). Tx. dNF, =@ u F; C Fy C ..
to n > i. CienoBarenbuo, d N F, | = &, oTKy1a

°)

dNd, # (13)
dC Gp1, wusuaant p(d) < k,—1 < 2p(dy,). (14)
U3 (14) cnenyer p(d, Ud) < 3u(d,), mostomy us (13) u (10) Burekaer (df Ud) C D, orxymna
d C D,,. Crenosarensno, x € |J Dy, w.r.1.0
n=~k

[Ipexie gem copmymupoBaTh 006001IeHHYIO Teopemy Jlebera, HAIIOMHUM OIpe/Ie/ICHUE TPO-
U3BOJHON DYHKIUM 110 Mepe (UJH [i-IIPOU3BO/THONM ):

dF . F(x+h)— F(x)
i T ) o
pu 51oM yist h < 0 mbl osaraeM pu([x; x+h]) == —p([z+h; x]). Yepes (%)* u (%)* 0603HATIM

COOTBETCTBYIOIIIME BEPXHIOIO U HUZKHIOIO IIPOU3BO/IHYIO.
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Teopema 2.3 (O606mennast reopema Jlebera). I[Tycmov i — Konewnas wenpepvishan 6opescs-
ckasn mepa na [a;b], m < p u gynkyus fp-cymmupyema na [a;b], moeda

d x
= [ 10 dutt) = f(a) (mod. (16
Hokazareascrso. [lycts $(z) = fx f(t)du(t), a < x <b. dust m06bIX p < ¢ TOTOKIM

E,, = {xe[a b |f(z) <p<gqg< (Z—i)*(:c)}

Ouesngno, F,, p-usmepumo. Jlokazkem, uto ph,, = 0.
Ucnonnb3yst abco/IOTHYIO HEPEPBbIBHOCTH MHTErpaJia M0 Mepe [t U HeIPEPbIBHOCTD i, JIJIsd
nmanHoro € > (0 Haitzem Takoe o > 0, 4TO

(ule) < 8) = /}wmm><e, (17)

u Takoe otkpoiroe G, [a;b] D G D E,,, at0 uG < pE,, + 9.
g moboro x € E,, HailgyTca KaK yrogHO MaJible 1, 1718 KOTOPBIX:

O(x+ h) — P(2)
p([z; z + h))

Cucrema {[z;z + h]}, tne © € E,, u h ynosiersopsier (18), obpasyer p-nokpsitae Buramm E,;
[IPU 9TOM MOXKHO CUUTaTh, 4T0 [2; 2 + h] C G. Ilo Teopeme 2.2 MOKHO BBIJIEIUTH HOJCUCTEMY
{[xk; o1 + hi] }32, mONAPHO HElEPECEKAIOMUXCS CEMMEHTOB TaK, YTOObI

p (qu\U[fEk; Tk + hk]) =0.

k=1

(18)

[Ipu sTom, BBUIY (18),
rr+hg

/fvmmw>q

Tk

1
p([zg; 2y + hy)

o0
Orciona, nonaras S = |J [xy; zx + hg], momygaem:
k=1

[ FOau) > an() > - nEny (19)

Hamnee, T.x. p(S\Epy) < p(G\E,y) < 6, To u3 (17) crenyer

| 10 <.
/ F(t) dp(t) / FO) dp(t) +e. (20)

HaKOHeH, u3 orpeaesieHnA qu BbITE€KaeT

OTKY/1a
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3 (19), (20) u (21) nomyqaem q - puE,, < p-puky, +¢, otxyna q - uEyy < p- puEy, ve. pk,, = 0.

Orciona, oboznavas F = {x € [a; D] ‘ (Z—i’) (x) > f(z)}, umeem pE = 0. Takum o6paszom,

(g) < f(z) (modp). (22)

BaMeHsis B IPeIBLIYIHX paccyxkaennsax f(z) ua [— f(x)], aHaIornaHo Moy IrM HEPaBEHCTBO

f@) < (d—q’) (x) (mod) (23)

dp
U3 (22) u (23) caemyer, 9o p-moaru By Ha [a; b] cymectByer d® /dp n BBITOTHEHO PABEHCTBO
(16).0

Teopema 2.4 (O606mennas nemma Cakca [18]). Hycmov p — 6bopeaesckasn peeyaspras mepa
6 R, E C R, pu(E) < +oo, gynkuyua F p-dugppeperyupyema na E. Jlas xascdozo k = 0
NOAOAHCUM

E,={ze E' |%(x)| <k}

Tozda:
mF(Ey) < k- u(Ey). (24)

Hoxka3zareabcTtBo. /L5 kaxkgoro n € N BeiOepeM Takoe KoMITaKTHOe MoaMHOKecTBO C,, C F,
u OTKpbITOoe MHOXKECTBO Up, DO FEj, arodbl p (Up,\Crn) < 1/n. Hanee, dukcupys € > 0 u
[OJIB3YSICh OIPEIe/IEHUeM [-TTPOU3BOMIHON, i Kaxk1oit Touku x© € Cl, HalijieM Takoe § =
d(e,x), ar0obnl Os(x) C Uy, m mpu 0 < |h| < 6
|F(x+h) — F(z)| < (k+¢) - p([z;z+ h)).
Orcrona ciemyer
mF(A) < (k+¢)-pu(A) mpun A C Os(x). (25)
Beiieanm u3 nokpeitust {Ogs(z)|z € C,} koneunoe mokpeitue {Og, }, muo)kectBa Cypy 1
3aMEHUM €r0 CHCTEMOI HEeIIepeCeKAIONUXCs MHOMKECTB
i1
I(w:) = Os,(z:)\JOs, (2): (i =T.m)

J=1

¢ TeM ke o0beunenneM. [Ipnmenss (25) k I(x;), nmeem:

m

F(Chn) < ZmF () < (k+e)- > p(I(x;) =

i=1

= (k+e¢)- (UO5 x2> (k+e¢)- (U;m)<(k+€)'(/~LEk+%>,

OTKyJla B Tipejiesie nosrydaem (24).00

Onpenenenne 2.5. Byjiem roBoputh, 4To BemecTBenHast pyHkims F obamaer (-cBoicTBOM
Jlysuna ua muoxkecrBe E C R, eciin (A C E, u(A) = 0) = (mF(A) =0).

CaencrBue 2.6. Ecau p — bopeaesckas peeyaspras mepa 6 R, E C R, u(E) < +oo, mo
ecaKas p-oupdepenyupyeman na E pynxyua obaadaem pi-ceoticmeom Jysuna.

HHokazarenbctBo. B obosnavenusx teopembl 2.4, npumenss (24), umeem it 06010 fi-
n3MepuUMOTo mogaMHO)KecTBa A C F:

mF(A) =m (DF(AOE;J) gik-uF(AﬁEk),

k=1 k=1
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otkyga ciaeayer mF(A) =0 upu p(A) = 0.0

3. ®OPMYJIA KOHEYHBIX TIPUPAILIEHUN JIJ1s1 IPOU3BOJIHBIX 10 MEPE

Teopema 3.1. ITycmbv p — kouewnas Henpepuwsnas Oopeaesckas mepa na [a;b], m < w,
dynryus f(x) menpepwena na [a;b], p-dudpdepenuupyema na [a;b]\e u mf(e) = 0. Ecau
fu(x) < o(x) npu x € [a;b]\e, 2de p(x) neompuyameavha u ji-cymmupyema na [a;b]\e, mo

f(b) — fla) < / o(z) dp(z). (26)
[asb]\e

HoxkazarenabcTBo. Crenys cxeMe JlOKazarTelbcTBa TeopeMbl 1.1, BBegem dynkmmo o(x) =
o(x) npu = € [a;b]\e, p(x) =0 npu x € e, u MOJIOKUM

T

o) = [ et = [ F0duco
o]\ a

[lo obobmennoit Teopeme Jlebera 2.3, @ (r) = @(r) p-moutn verogy Ha [a;b], orxyma
@, (7) = w(x) p-nourn Beroay na [a;b]\e. Takum obpasoM, ecm €; — MHOKECTBO TOUEK U3
[a; b]\e, B KOTOPIX He BRIIOMHEHO pasencTso @) () = (), T0 pu(er) = 0. IlockonbKy, BEULY
p-muddepernupyemoctn, o caencrsuio 2.6, f obmamaer Ha [a;b]\e p-coiictBom Jlysuna, To
mf(e1) =0, orkyma mf(eUe;) = 0.

®ukcuposas £ > 0, BoibepeM TOKpbITHE f(€Ue1) cucreMoii HerepeceKaromuxcsi HHTePBAJIOB:

U(an,ﬁn) D f(eUey); Z(ﬁn —ay) =: an <e.

n n

O6oznauas z,, = sup [~ ((an, 3n)), nom0uM @ () = >, &,.
n: Ty <T

OuenuHo, GyHKIUS @ () BO3pACTAET, HEIIPEPLIBHA CIIPABA U UMEET CKAUKH £,, B TOUKAX Ly,
Hokazkem, 1ro jyist goboro ' € [a; b] Haiigercs Takoit > o, 9T0

f(2) — fla) < / o8 dpt) + po(x) + £ - p (Jas o) + <. (27)
[a;z]\e

[Tycrs U — MHOXKecTBO TOUeK u3 [a; b], m1s KOTOphiX (27) HEBEPHO, T.e.

(' elU)e |Veza: f(x)— f(a) > / o) du(t) + () +e-p([a;z])+e | . (28)
[asz]\e

Ouesugno, U — orpesok B [a;b]. Ilycrs U # &, ¢ = inf U. T.k. Haiigercs Takast mocJjiejio-
BATEJILHOCTD T — ¢ — 0, jyisi KoTopoii (27) BBINOJIHEHO, TO, mepexojid B (27) K mpejery mnpu
r = x, — ¢ — 0 U yauThiBast HEIPEPBIBHOCTD 1 U (¢ — 0) < ¢.(¢), momyanm (27) mpu = = c.
Taxkum obpasom, ¢ € U u U = (¢;b]. PaccmoTpum 1Ba BOSMOXKHBIX CJTydast MOJOKEHNsT TOUKH
c.

a) Ecm ¢ ¢ e U ey, o cymecteyer f/(c) u @ (c), npmaem @ (c) = ¢(c). Haiizem Takoit
uHTEPBAI ¢ < & < €+ J, B KOTOPOM

s 1@ =10
= I
g u(lez)) 2

Orciona, ¢ yaerom f/(c) < (), maxomum

F(@) = f(e) < B(a) — B(c) + = - p(fes ). (29)
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Hanee, .x. ¢ ¢ U, 1o (28) HeBepHO 1pu HeKOTOpoM x > ¢. Ho mockombKy (28) BepHO mpm
x > ¢, 10 (28) HEBEpHO TIpH T = C:
f(e) = fla) < B(c) = B(a) + ¢elc) +e - u(la; ) +e. (30)
CkumagpiBas (29) u (30), ¢ y9eToM MOHOTOHHOCTH (g, TIOJIYIaeM:
f(x) = fla) < B(x) — Ba) + pe(x) + - p(la;2]) +¢

upu x € [¢; ¢+ J), 9T0 IPOTUBOPEITUT OIPEJIEICHUIO TOUYKH C.
6) Eciu ¢ € eUey, 10 ¢ € f71 ((Qng; Bny)) 1ipu HEKOTOPOM 19 € N. CiiefioBatesibio, s
106010 T € [ (((ng; By )):

f(I) - f(C) < 6no — Qng = Eng-

[lepexo/is K TIpejiety B IOC/IeHEeM HepaBeHCTBe NpH & — g = Sup f 1 (((ny; Bny)) € yI€TOM
HEIPEPLIBHOCTH [, TTOJIyYUM

f(xno) - f(C) < Eng- (31)
U3 (29) u (30) cemyer:

f(ny) = fla) <[®(c) = (a)] + [pe(c) + eny] + [e - p(la;¢]) + €] <

< P(wny) — P(a) + @e(@n,) + € - pu([a;20]) + &,
T.e. (27) BBINOJHEHO NPH T = I, > ¢, 9TO npoTuBopednt ompenenennto U. Takum obpazom,
U = @. lonaras Tenepb = b B (27) u nepexojig K npejeny npu € — 0, moaydaem (26).0

[Iepenecem Tenepb MoJIydeHHbIN pe3y/bTaT Ha oToOpaxkenus orpeska B JIBII.

Teopema 3.2. [Tycmv i — Koneunas nenpepueras bopesesckas mepa ha [a;b], m < p, E —
omdeaumoe sewecmeenroe JIBII, B — 3amrxnymoe svnykioe nodmmosrcecmso E, omobpasrtce-
nue [ la;b] — E menpepwisno na [a;b], p — dudpepenuupyemo wa [a;bl\e, u mmoorcecmeo
f(e) umeem crxarspnyro m-mepy nyav 6 E. Ecau f, () € p(z) - B npu x € [a;b]\e, 2de p(x)
HEOMPUUAMENLHA U [L-CYMmmupyema Ha [a; bl\e, mo

F(b) — fla) € / o(x) du(z) - B. (32)
[asb]\e

HokazarenbcrBo. lomycrim, aro (32) mesepno. Torja, 1o ciaeacTBuio u3 TeopeMbl XaHa-
Bamnaxa ([19], r1.2, m.2.1) o crporoit ¢byHKIMOHAIBHOI OTIEIMMOCTH TOYKH W 3aMKHYTOTO BbI-
nykjoro muoxkectsa B JIBII, naiinerca takoit [ € E*, garo

I(f(b) — f(a)) > supl / p(x)du(z) - B | = / p(x) dp(x) - sup I(B). (33)
a;b]\e [asb]\e

Ionoxum d = sup (B) (moxuo cantars d > 0), f(z) = I(f(z)), §(z) = d - p(z). Torna us
YCJIOBHIT Te€OpEeMBI cireayeT npu « € [a;b]\e:

filz) € lp(w) - B) = p(x) - U(B) < @(x),
npuaem m.f(e) = ml(f(e)) = 0. Iro nospossier npuMennTs K bysKmuam f(z) u G(z) orneHky
(26):
1F0) = Fa) = F0) - F) < [ @le)dute) = [ ola)duta) -supi(B),
[a;b]\e [a;0]\e

9TO MPOTUBOpeUnT HepaseHcTBy (33).0]
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CaencrBue 3.3 ("Teopema o cpegnem" j1st Tpou3BOAHBIX 10 Mepe). [Tycmv p — konewnas
nenpepvishas bopeaescras mepa na [a;b], m < p, E — omdeaumoe sewecmesennoe JIBII, omo6-
paosicerue f: [a;b] — E nenpepwsno na [a;b], p-duddeperyupyemo na |a;bl\e, u mmoocecmeo
f(e) umeem cranspryro m-mepy nwyav 6 E. Tozda

f() = f(a) € p([a;b]\e) 'W% ([a;b]\e) . (34)

HoxazarennbcTso. [lonoxum B Teopenme 3.2 o(r) = 1 na [a;b]\e, B =convf) ([a;b]\e). Torma
YCJIOBHSI T€OPEMBI BBINOJHEHB! U OIeHKa (32) IPUHUMAET BH/T:

0 - e [ dute) B =pullasthe) oy (asbe).
[asb)\e
O

Caencreue 3.4. [lycmy, 6 ycrosuazr meopemvl 8.2, ' — banavoso npocmpancmeo u || f,(v)]| <
o(x) npu x € [a;b]\e. Tozda:

1£0) — Fa)]l < / o) dpu(z).
[a;b]\e

B wacmnocmu, 6 ycaosusar meopemv, 3.2 das f(x), eepra oyenka

1/(0) = fla)l < sup [|fu(@)[| - o ([a; b]\e)

z€la;b]\e
HoxkaszareabcTBo. [Jocrarouno, B 0603HadeHusax reopeMsbr 3.2, B3ath B = {z € | ||z|| < 1}.00

[Tepenecem Tenepsb mosrydeHHbIE PE3YILTATHI Ha CJIydail 0TOOpazKeHus OTpe3Ka B WHILYKTUB-
HYIO IIKAJIy IPOCTpaHcTB. [IpuBeem HeobxouMbie onpeesernst (eM. (8], [20]).

Onpenenenne 3.5. Cucrema JIBII E = {E;}icr, MHAYKTUBHO yIIOPSIOYEHHASI 110 HEITPEPHIB-
HOMY (TOXKJIECTBEHHOMY ) BJIOZKEHUIO:

(il < 22) = (Ell — Eiz)7

Ha3bIBaeTCsl (BHYTpeHHEl ) undykmuehot wranrot JIBII. CxoquMoCThb B MIKAJIE €CTh CXOIUMOCTD
x0T Obl B OJIHOM W3 IIpocTpaHcTB IikaJbl. [lIkasra E AuHelinG, eCi TOPSJIOK B I nuneeH.
Cucrema B = {B; C E;}ier TOZIMHOZKECTE TPOCTPAHCTB U3 ITKAJIbI E nasbiBaercst uHOYKMUBHOU
WKAAOT NOOMHONHCECTNE B E eCTH

(7;1 < ZQ) = (Bl2 N Eil = Bll) .

Cucrema JIHEIHBIX HEIIPEPHIBHEIX dbyukimonanos | = {l; € E} };c; HasbBaeTcss PyHKyuOHAND-
1ot wranot Ha F, ecin

(il < ZQ) = (lzg By, = l“) .

Ecim B — mkaja nogMuoXKecTB B F) | — dyHKIMOHAIBHASA MKaJIa HA F, TO TOJIOKUM
- Uus
iel
[MIkasa mojaMHOXKeCTB B mMmeer _CKAJISIPHYIO M-Mepy HyJIb B E ecit ml(B) = 0 ayist Jiroboi
GYHKIIMOHATIBHON TTKAJIBI [na E.

B pab6orax [21], [22| Teopema Xana-Banaxa u ee 0CHOBHBIE CJIJICTBHUS [IEPEHECEHBI Ha, JIMHET-
Hble nHIyKTUBHBIE MKaJIbl JIBII. B wacTHOCTH, CclipaBe TuBbI CJIE/IyIONINEe YTBEPK ICHUS.
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IIpennoxxenne 3.6. Eciu E — juHeliHasg WHAYKTUBHAA IKAJA OTJIEJTUMBIX BEIECTBEHHBIX
JIBII, B — 1mkaJia BBIIYKJIBIX 3aMKHYTBIX MOJMHOXKeCTB B F, 29 ¢ B, 1o Ha F Haiijercs Takas
dyHKITMOHAJIBHAA KA [, 9TO

[(wo) > supi(B).

IIpennoxxenmne 3.7. Eciu E = {E;}icr — muneitnas napyktusaas mkaaa JIBII, o moboit
dynkmmonan l; € £ MOXKHO IPOJO/IZKUTD /10 (DYHKIIMOHATBEHON IITKAJIbI [na E.

[Tocnenane pe3yIbTaThl MO3BOJISIOT IIOBTOPUTH CXEMY JIOKA3aTEIbCTBA TEOPEMBI 3.2 B Cilydae
oToOparkeHusd OTpe3Ka B JUHEHHYI0 NHyKTUBHYIO mKajay JIBIL.

Teopema 3.8. ITycmv i — Konewnas HenpepueHas bopeaesckas mepa Ha [a;b], m < pu, E

— NUHETHAA UHOYKMUCBHAA WKAAL OMOCAUMDBLET 6EULCCTNEEHHDLT JIBII, B — wkana 3AMKEMY-

muwx eunykanx nodmmoscecms 6 I, omobpasicenue f [a;b] — E nenpepuisro na [a;b], u

dupdepernuyupyemo wa [a;bl\e, u wrasra nodmmroscecms f( ) uMeem CKAAAPHYIO M-MEPY HYAb
— —; — .

[3 ZZ].\ECJLU fu(x) € p(z) - B npu x € [a;b]\e, 2de p(x) neompuyamenvha u ji-cymmupyema na

a; b]\e, mo

—

Fb) - fla) € / () du(z) - B

[a;0]\e

CaencrBue 3.9 ("Teopema o cpegnem"). B ycaosusaz meopemos 3.8 0as f

— —

70— Fla) € ulla t\e) -mgqa;m\e»

B zakJmouenmne ormeTnM, 4TO y2Ke B CKAJIPHOM CJIydae HETPY/IHO ITPUBECTH ITPUMEDDBI OIIEHKN
Yepes3 MPOU3BOJHYIO IO Mepe, OoJiee TOUHOM, YeM Kiraccuieckas. Tak, ecimm f — HenpepbIBHAs
BO3pacTaIas (yHKIHs, TOPOXKIAMAs Mepy (, TO OleHKa (34) IIpeBpaInaeTcs B TOYHOE
pPaBEHCTBO.
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BEKTOPHDBIE 110JI4 11 CJIOEHUN A, IIOPO2K/TAEMBIE
HEABHBIMU JTNOOPEPEHIINMAJIBHBIMU YPABHEHUAMNU

A.O. PEMU30B
MOCKOBCKHNI1 TOCYIAPCTBEHHBIN YHUBEPCUTET,
MocCKBA, Poccuda

B pabome uccaedyromes exmopHvie NoAs CNEYUAALHOZ0 8UAA, BO3HUKAOWUE NPU U3Y-

YeHUU HeABHHT JuPPeperuuaronor ypasHenul (YpasHenul, He Pa3Pewertvlr 0mHo-
cumeavro npoudeoonuir). Ocobvie Mouku Maxux noasel He U30AUPOSAHb, 4 00pa3yom
Mmro2000pasue W€ xopasmeprocmu dsa 6 gazosom npocmparncmse. Ipu masvix 603my-
WEHUAL UCTOOH020 HEABHO20 YPABHEHUA MHO2000pasue WE ne ucuesaem u He 6bipostcda-
emca, a auws degpopmupyemca. Toasyuerv, pe3yavbmamot 0 CMPYKMYpPe UHBAPUAHIMHBIL
MH02006pa3UT, MAKUT NoACt, 6 Makice 2AadKue HOPMAALHBLE HOPMbL.

Keywords: BekTOpHBIE 110151, 0COObIE TOUKHU, TuddeoMopdU3MbI, IJIaIKas IKBUBAJIEHTHOCTD, PE30HAHCHI, TIEP-

Bble MHTErPAJIbl, HOpMaJbHbIE (DOPMbBI, UHBAPUAHTHBIE MHOOOOPA3MUs, CIIOEHUS.

1. BBeaenmne. /Iuddepenimaibubie ypaBHeHUs, He Pa3pelieHHble OTHOCUTEIbHO ITPOU3BO/I-
HBIX, Ha3blBaeMble Tak:Ke HesiBHbIMU Juddepenimanbubivu ypasaerusyu (HILY), usBecrHbr
JIABHO M BO3HUKAIOT BO MHOT'UX IPUKJIATHBIX 3a1a4ax. [Ipobema ucciaesoBanms 0cOObIX TOYEK
HJIY Bosnukia eme B mosamnpornioMm Beke, koposb [IIserun u Hopserum Ockap Il Brioumi
ee B CIMCOK U3 YeThIPEX BOMPOCcOB Ha mpemuto 1885 roga [1]. Orako it 10cTaTOYHO TOJTHO-
IO perleHns Toi mpobdieMbl TOTPEOOBAIOCH OKOJIO CTa JjieT. Pedb ujer, pazymeercs, 06 0dnom
HEsIBHOM ypaBHeHUU ¢ 0dnoti dazosoit nepemennoit F'(t,x,p) = 0, tae p = dz/dt.

B 1932 r. uranpsuckuit Mmaremaruk Yubpapuo (Maria Cinquini-Cibrario) omy6inkosasa pa-
6oty [13], riie GbLIa NoTyUeHa HopMaabHasd dopma p? = t ypasnenus F(t,z,p) = 0 B okpect-
HOCTH TUIUYIHON (pe2yasaprot) ocoboit Touku. OHAKO STOT Pe3yJIbTaT OCTAJICS B TO BpeMsl,
HO-BUJINMOMY, MAJIOM3BECTHDBIM, TaK KakK HOpMaJjbHasd dopMa p? = t Oblia 11037Ke 3aHO0BO Haii-
nena JI. Jlapa (L. Dara) u FO.A. Bpojckum. 1ot pesyabrar (4acTo Ha3bIBaeMbIil TeopeMoil
Yubpapro) HbIHe CTaJl KJIaCCHUecKuM u rpusojurcs B [1] — [7].

B 1959 r. B pabore A.B. IIxaxkanze u A.A. Illecrakosa [11] 6110 OmECAHO TUINYHOE IOBE-
JIeHIe MHTEerpaJibHbIX KPUBBbIX ypaBHuenus F(t,x,p) = 0 B OKPECTHOCTH Hepe2yaspHot 0coboil
roukn. B 1971 r. dusuku A./l. [ummsa u B.J. @enopos [12] nomyunin aHagsormaHbe pe3yib-
TaThI, pACCMATPHUBAasT OCOOEHHOCTH TIOJIsT JIEKTPOMATHIUTHOW BOJIHBI B XOJIOTHOM aHI30TPOITHOMN
mnasme. C srumu ke ocobernoctsivu croikaysics u @. Takenc (Floris Takens) npu usyuennu
yPaBHEHU{T peslakcannontoro tuna [15].

B 1975 r. JI. Tapa B [14] nokazas, uro ypasuenue F(t,z,p) = 0 mia dbyuknun F obiero
MTOJIOYKEHUsT MOYKET UMETh TOJIBKO IISITh TUIIOB HEPE2YAAPHBLL OCOOBIX TOUEK: TOPOULO CAOHCEH-
HOE CEON0, TOPOULO CAONCEHHBIT Y3EN, TOPOWLO CAOAHCEHHBIT POKYC, IAAUNMULECKAA COOPKA, 2U-
nepbosuveckasn coopra. IlepBbie Tpu 0COOEHHOCTEN HABBIBAIOTCS TOPOULO CAOHCEHNBLMU, & JIBE
nocseiaue — cobparnvimu. JI. Jlapa cdopmynmupoBas rumoredy, 9TO0 B OKPECTHOCTH XOPOIIO
CJIOXKEHHOIT 0c000it Toukn ypasHerue F(t,z,p) = 0 TOMOJIOTHYECKH SKBUBAIEHTHO HOPMAJILHO
dopume (p? + t?) /2 = x, napamerp v < 0 jua ceqyia, 0 < v < 1/4 qua yana, v > 1/4 nya do-
Kyca; a B OKPECTHOCTH COOPAHHON 0COOOi TOUKHM — yPaBHEHUIO p® — xp = t 1A SITANTHYECKOMN
cbopknu u p* + xp = t Ju1g THNEPOOINIECKON COOPK.

B 1985 r. A.A. [asbiios B pabore [6] mokasan, uro runoresa Jlapa BepHa I XOPOIIO
CJIOXKEHHBIX COOBIX TOYEK, HO HE BepHa it coOpaHHbiX. B [6] Obuin Haiijienbl HOpMaIbHbIE
dopmer HILY ob1mero moJioxKennst B OKPECTHOCTH HEPeryasspHOil 0coboit TOUKHU, JIsi KOTOPOI
JINCKpUMWHAHTHAs KpuBas Tyajkas. Tak, B OKPECTHOCTH XOPOIIO CJIOXKEHHOW 0CO00il TOUKM
ypasuenue F(t,z,p) = 0 mokanbubiM auddeomopdusMoM mwiockocTn (t, ) TPUBOIUTCS K HOP-
MaJtbHOI opme (p + k;t)2 = x, rje mapamerp k < 0 jis ciaoxkennoro ceqia, 0 < k < 1/8
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IS CJIOYKEHHOTO y3/a, k > 1/8 nyst cioxennoro dhokyca.? Toroorndaeckas sKBUBAJIEHTHOCTD
youBaeT nmapamMerp k B KaxKJ0i U3 TpexX HOPMAJIbHBIX (hopM. TakuM oOpazoM, XOPOIIO CJI0KEH-
HbIe 0COOBbIE TOYKHM UMEIOT OTHOCUTEIbHO TudHeoMopdU3MOB OJIMH MOYJ/Ib, & OTHOCUTE/IHLHO
roMeoMop@du3MOB CTPYKTYPHO ycTO4uBbI. Torojiorndeckue HopMaJibHble (hDOPMbI COOPAHHBIX
0CODOBIX TOYEK COJIepKAT (DYHKIIMOHAIbHbIE HHBAPUAHTHI.

B 1994 r. 6bu1a onybiukoBana monorpadust A.A. JlaBbioBa [7], comepxKanast Bee pesyiib-
TaThI, MOJIyYeHHBIE aBTOPOM paHee, U HeKoTopble HOBbIe. B 1995 u 1996 rr. A.A. JlaBwinoB (c
coaBTOpaMu) omyb/mKoBas paboTel [8] u 9], rae GbLIM MOTYYEHBI HOBBIE PE3YJIBTATHI O HOP-
MasIbHBIX (hopmax ypasHenus F(t,x,p) = 0 B OKPECTHOCTH CJIOKEHHBIX 0COOBIX TOYEK. Takmm
obpazoM, mpobJIeMy HCCIIeoBaHus 0coObIX Touek ypasuenus F'(t,x,p) = 0, IpemiokeHHYO
kopoJsieM [MIBeruun m Hopsernn B 1885 rojy, B HacTosinee BpeMs MOYKHO CUATATH PEIICHHON.
OrmernM, 9TO 9Ta TPOOIEMa MCCIeI0BAIACh TaKKe U JIPYTUMU aBTOPAMU, CM. Oubmorpaduio
B [6], [7], |9] u [10]. Ucroputo Bompoca u KpaTKuii 0630p pe3ysbTaToB MOXKHO Haiitu B [6] u [9].

B pa6orax JI. Tapa, ®. Takenca u P. Toma (René Thom) [14] — [16] 6Bl OTKPBIT HOBBIA,
ype3BblYaitHo 3bdekTHbIN 110/1x0 K ucciepoBannio HIY — nodnamue MHOrO3HAYHOTO TOJIS
nanpasyeaniit H/IY Ha 3ajaBaeMyo UM OBEPXHOCTb B mpoctpaHcrse (¢, x,p), rae p = dx/dt.
B pesyibrare nojiyueHHoe noduamoe nose 0Ka3blBa€TCs OJTHO3HATHBIM U IVIAJIKUM, CJIOKEHHDbIE
ocobble TOUKN (y3Jibl, ceyia u (DOKYChI) HPEBPAINAIOTCS MPH 9TOM B OOBIMHBIE Y3JIbI, CEJIa
1 GOKyChl. DTOT MOAXOM (KOTOPBIi MOXKHO CPABHUTH C BBEJIEHHEM DUMAHOBOW ITOBEPXHOCTH
MHOTO3HAYHOH (DYHKINN KOMILJIEKCHOTO MEePEMEHHOI0) GBI 3aTeM HEOJHOKPATHO HMCIIOJIb30BaH
B paborax B.I. Apronbma, A.A. dasbimoBa u jgpyrux. O6obIIeHne 3T0ro MeToIa Ha CIydai
cucrembl H/TY mpounsBosibHO# pazMepHOCTH OyJIeT UCIIOJIb30BAHO M B HACTOSIIEH padore.

JlaHHasI CTaThsl COIEPIKUT U3JIOKEHIE HEKOTOPBIX PE3YJIbTATOB, Oy YeHHBIX aBTOPOM B [18] —
[22]. Ormernm Takxke pabory [17] Ha 6u3KyI0 TEMy.

2. ITocTpoenue nmogusaToro nmoJd. Paccmorpum cucremy HITY
F(t,x,p) =0, p=dzx/dt, (1)

rie € = (T1,...,2,), P = (p1,-.-,pn), F = (F1,...,F,) — n-mepuble BekTOpbl. OyHKINSA
F(t,z,p) C*l-rnanxas, k > 1. B obuienm cirydae ypasnenue (1) onpesenser B (2n+ 1)-meprom
IPOCTPAHCTBE ¢ KoopuHaTamu (¢, €, p) IaJKoe MHOroobpasue pasMepHoCcTH 1 + 1, a Ha HeM
3aJ1aeT TaK HA3BIBAEMOEe NoJHAMOEe BEKTOPHOE T0JIe (T10JIe HAIIPABJIEHNU ). DTO ToJIe OIpeIeisi-
eTcd Kak IepecedeHne KacaTeabHOro IPOCTPAHCTBa K MHOroobpasuio F = 0 u xonmaxmmozo
[POCTPAHCTBA, 33/[ABAEMOI0 COOTHOIIeHHeM P = da /dt.

Kacarenbnoe npOCTpaHCTBO olpejieIseTcs Kak epecedenne aiaep 1-dpopm

OF" R
dt+Z—dﬂ Zap]dp]—(] i=1n, (2)

a KOHTAaKTHOE ITPOCTPAHCTBO — Kak Iepecedenue sjep l-dpopm dx' — p'dt = 0, i = 1, n. [lox-
CTaBJIsAsT MIOCJIE/THIE COOTHOIIEeHHsI B (2), moJIydaeM HHHeﬁHyIO cucTeMy

OF" = OF" | —
— — dt d =0, 1=1 3
OTHOCUTE/ILHO HemsBecTHBIX dt, dpl, ..., dp™. O6O3Haq1/IM yepe3 A marpury (3). Ecau rangA =

n, TO KacaTeJbHOe U KOHTAKTHOE IIPOCTPAHCTBA TPAHCBEPCAJIBLHBLI, I UX IepecedeHue olpejie-
JIFeT ToJIe HAIpaBJIeHu (B IPOTUBHOM CJIydae [OJIe HAIPABJIEHUH HEe OIPEJIEJIeHO).

OcobbiMu Toukamu ypashenus (1) HasbiBaoTCs Takue TOUKM MHOroobpasus F = 0, B
koropeix Marpuna OF/0p Beipoxiena. OueBumno, uto u3 yeiaosus rangA < n ciaeayer
det (0F /Op) = 0. IlosTomy moJie HapaBIeHU MOYXKET OBITH HE OIPEJEIEHO TOJIBKO B 0COOBIX

2 Hopwmasbaas dbopma JlaBbLIoBa IPUBOIUTC K HOPMAIbHON dopme Jlapa IpH IOMOIIM 3aMeHbI & = 2(x +
kt?/2), mpm atom v = 2k.
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toukax ypasaerus (1). Obparnoe, pasymeercs, e BepHo. Ocobast Touka ypaBHeHus (1) Ha3bI-
BaeTCSA NPasuAbHOl, €cIn B Hell rangA = n 1, CIeI0BaTeIbHO, 10JIe HAIIPABJICHU OlpeIeIeHo.
Ocobast TOUKa HA3BIBACTCA HENPAGUALHOT, ecn B Heil rangA < n.

[TocTpoennoe moJjie HaIpaBJIeHUH JOKAJIBHO MOXKET ObITh HOPMUPOBAHO U 3aMEHEHO BEKTOD-
HBIM II0JIEM V, KOTOpPOEe OOpalaeTcs B HyJb B TOYKAX KACAHUS KacaTeJbHONO M KOHTAKTHOIO
[POCTPAHCTB — HEIPABUJIbHBIX 0COOBIX TOUKaX ypaBHeHus (1). D10 BEKTOPHOE I10JIe HA3BIBALTCS
noOHAMBLM, OHO UMEET BUJ,

0 - 0 " 0
’U—Uta‘i‘; Ugcz'@%—; ’Upia—pz.,

KOMITOHEHTBI Uy, Uyi, Upi BBIPAZKAIOTCS d€Pe3 MHHOPBI MATPHUIBI A CIIeLyIomuM 00pasoM:
v = A1, vy = (1) A1, v =plu, 1= 1,0,

rje A\; — olpee/nTe/lb MAaTPUIbL, IOy IeHHOl u3 A npu orbpachiBaHUM (-I'0 CTOJIOIA.

s ypaBrenus (1) obiero mojiozkeHusi B ciiydae n > 1 MHOXKECTBO 0COObIX Touek W —
crpaTudumpoBanHoe MHOrooopasue co crpatamu Sy, ..., S, e & onpesessgercs ycJIoBUeM
rangA = n — k u umeer xopasmepuocts k(k + 1).* Tunuunbie ocobble TOYKH HOJS U — 3TO
TOYKH, npuHaiekamnme crpary &y (rangA = n — 1) kopasmeproctu 2. Ocobble TOYKH, B KO-
TOPBIX TangA < n — 1, COOTBETCTBYIOT BBIPOXKIEHUIO TOPa3I0 0oJiee BHICOKON KOPpa3MEPHOCTH.
CorutacHo 001IIelt Ue0JIOTUI TEOPUH OCOOEHHOCTE, IPU UCCae0BaHnn ypaBHernus (1) obrero
[IOJIOZKEHUST MJIM CEMeCTBA TaKMX YPaBHEHUI, 3aBUCSINErO OT MAJIOTO YUC/Ia apaMeTPOB, CIIy-
vyaii rangA < n — 1 He BCTpedaercs: yxKe It BBIpOXKIAeHust rangA = n — 2 KopasMepHOCTb
paBHa 6.

Eciu jiist uexozaoro ypastenus (1) pasmMepHocTs n = 1, TO HOCTPOEHHOE BEKTOPHOE MOJIE v,
olpeJiesIeHHOe Ha, ABYMepHOil nosepxuoctu F = 0, B 0011eM ciiydae uMeeT JIMIIb U30IMPOBaH-
HbIe HEBBIPOXKIEHHBIE OCOOBIE TOUKH: y3€eJI, CEJJI0 U (POKYC.

Ecimm ke pasmepHOCTb 1 > 1, TO KOMIIOHEHTBI Uy, Uyi, Upi IOJHATOIO IOJIA OKA3bIBAIOTCS
GYHKIMOHAIBHO 3aBUCHMBIMU. TodHee, B o0IeM ciaydae B 0coboit Touke rangA = n — 1, u
cpenn DYHKIMIT Vg, Vyi, Vi UMEIOTCH d6e nesasucumbie (0003HAUNM UX U U W), & OCTATbHbIE —
UX JIMHEHbIE KOMOMHAIIMH, T.€. IPUHAJJIEXKAT UIeasry, IIOPOXKJIEHHOMY ¥ U W B KOJIBIIE IVIaIKIX
dyukimit. Takum oOpazoM, BEKTOPHOE TI0JIe ¥ UMeeT BU/I

t=v, y=w, F=adv+pw, i=1,n, (4)
rae dyukmn v = v(z,y, 2), w = w(z,y, 2), o = oi(x,y,z), B = Bi(x,y,z) Ck-rnagkue 110
COBOKYIIHOCTHU TepeMeHnbx, 2z = (z!,... 2"71). Jlokazareanctio cM. B [19].

B okpectHOoCcTH THIMYHON OcoGoil Toukm (cTpata &;) 0ocobble TOUKH TOJIS U 0OPa3yiOT
na F = 0 muoroobpasme W KopasmepHOCTH 2 — IiepeceveHre HYJIEBBIX YPOBHEN (DyHKIIHIA
v(x,y, z) u w(z,y, z). CuekTp JuHEeAPU3aIUK [0 ¥ B 0COOOH TOYKE COCTOUT U3 COOCTBEHHBIX
sHadeHuii (A1, A, 0,...,0), nae unciao Hyseir paBao n — 1. Ecim oba coGCTBEHHBIX 3HAYEHUS
A1, A2 HeHyJieBble, TO ypaBHenus v(x,y, z) = 0, w(x,y, z) = 0 HezaBucumbl u W npejcrapisier
coboii (n — 1)-mepHoe mMuOroobpasue. HysieBoMy cOGCTBEHHOMY 3HAYEHHUIO COOTBETCTBYET Ha-
60p n — 1 HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB, KACATEJLHBIX K MHOroobpasuio We B ocoboi
rouke. [Ipu Kakux ObI TO HU OBLIO MAJIBIX BO3MYIIEHUSIX UCXOIHOTO ypaBHeHus (1) obrumit Buy
noJist (4) ocraercss HEM3MEHHBIM, U3MEHSIOTCsT TOJIBKO (DYHKIMH v, W, &, ;. MHOroobpasue W¢
He UCYe3aeT U He BhIPOXKJIAeTCsl, a JIUIIh CJIerka J1epopMupyercs.

Ecmm Re Ay # 0, To W€ aBngerca meHTpaJbHBIM MHOroOOpasmeM, IpUdeM OrpaHHYeHHe
nosist v Ha W€ ToxaecTBeHHO paBHO Hyso. 13 meopembl cefenust [ommraiimeumn [5] cie-
Jyer, 9To 1pu k > 2 B OKPECTHOCTH 0c06oit Touku cucrema (4) monosozuyecky SKBUBAJEHTHA
[POM3BEICHHUIO CTAHJAPTHOrO ceia & = x, § = —y (ecau Re \; 2 pasHbIX 3HAKOB) WJIH y3Ja

3 Tlocrennee yTBepK/IeHNe CIEIYET U3 JEMMBI O CTPATHMOUKAIMA IPOCTPAHCTBA JTHHEHHBIX OIEPATOPOB UII
u3 Gostee 0OIIeH TeOpeMbl — TaK HasbiBaeMoii "dbopmysbl mponsseiernst KOpanros"[25].
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& =,y =y (ecim Re A1 ommoro 3naka) u rpusnasibmoii cucremst 2 = 0. Takum obpasowm,
ecm Re Ay # 0, To daszoserit moprper (4) mosydaercss mpu roMeoMopdHOM Ipeodpa3oBaHUH
u3 ($a30BOro MOPTPETa MPOU3BEIEHNsT CTAHIAPTHOTO JIBYyMEPHOIO Y3J1a U CTAHAPTHOTO JIBY-
MEPHOI'O ceJijIa Ha TPUBHAJIbHYIO cucteMy z = 0 pa3mepnoctu n — 1.

Bormpoc o riajikoit skBuBasienTHOCTH O0Jtee ciioxkeH. Huzke Oy/ieT mokasaHno, 9To IMpu BBITOJI-
HEHWU JIOTIOJIHUTEJIbHBIX YCJI0BHii cucreMa (4) KoHewHo-24a0K0 SKBUBAJIEHTHA [IPSIMOMY TIPOU3-
Bejiernio 2 = 0 m HEKOTOPOIl JIBYMEPHON CHCTEMBI CO CIIEKTPOM (A1, Ag).

3. HepesonaucHsrii ciay4ait. Ha6op coberBennbix 3Hauenuii (A1, Ay) GyeM Ha3bIBATH pe-
30HAHCHBLM NEPE020 Poda, eCIIN CYIIECTBYEeT COOTHOIIEHNE P, + P = 0, T1e p; > 0 — neble,
p1 + p2 > 1. Hucao p; + po OylieM Ha3bIBATH NOPAJKOM PE3OHAHCA MEPBO20 POJG.

Habop cobcrBenHbIx 3HaUeHU (A1, Ay) OyJIeM HA3BIBATH PE3OHAHCHVIM 6MOPO20 POOa, €CIIH
a4 j = 1 mim 2 cymecTByeT COOTHOIIEHUE ¢\ + gaAg = Aj, rae ¢; > 0 — menmle, g1 + ¢ > 2.
Yucnno g1 + go OyeM Ha3bIBATH NOPAJKOM PESOHAHCA 6MOPO20 POOa.

IIycte Re A2 # 0, obosnaunm A, = min{|Re\|,|Re 2|} u \* = max{|Re \],| Re \a}.

Crenys 23], nyst kaxkaoro nesoro v > 1 onpenesnum gucio N(v) = 2 [(QV +1) i—} + 2, re [a]
O3HAYAET IEJIYI0 JacTh IHUCIA .

Teopema 1. ITycmv das nexomopozo v > 1 nabop (A1, A2) ne umeem pe3onancos nepeozo
poda do nopadka N(v) exmowumervrno u k > N(v). Toeda 6 oxpecmmocmu 0cobot mouxu
cucmema (4) C¥-2nadko sksuUEaNEHMHA CUCTEME

X=V(X,Y,Z), Y=W(X,Y,Z), Z=0, i=1,n, (5)

ede Z = (Z,...,Z"7Y), ynxuuu V(X,Y, Z), W(X,Y, Z) npunadresicam xaaccy C*.
JokazarenbeTBo TeopeMsl cM. B [19] mim [21].
Cucrema (5) pacnajiaercs Ha TpUBHAIBHYIO (n — 1)-MepHYIO cucTemy Z = 0 u 1AByMEpHYIO
cucreMy

X=V(X,Y,Z), Y =W(X,Y, Z), (6)

B KOTOPOIi Z Wrpaer poJib IIapaMeTpa, He 3aBHCAINEro OT BpeMeHu. Takmm o6pas3oM, crcTeMma,
(5) onpenensier (n — 1)-napamMerpudeckoe ceMeificTBO BEKTOPHBIX 1moJieil (6), KOHETHO-TTIaIKIe
HOpMaJIbHbIe (DOPMBI KOTOPBIX ucciaenoBanbl B [24]. Hanpumep, ecim vHabop (A1, A2) He mmeer
PE30HAHCOB BTOPOI'O POJIa, TO ceMeicTBO (6) KOHEUHO-TJIA KO SKBUBAJIEHTHO JIMHEHHOMY ceMeii-
ctBy X = A11(Z2)X + Ap(2)Y, Y = Ay (Z)X + Ag(Z)Y, tie Bee Aij(Z) — byuxipmm, rraako
sapucsiue or Z (teop. 1 u3 [24]). Ecin ke #abop (A1, A\y) HE MMeeT pE30HAHCOB IIEPBOTO POJIA
10 nopsiika N (1), a Bce pe30HAHCHbBIE COOTHOIIEHUS BTOPOIO POJIA sIBJISIFOTCSL CJIEJICTBUEM OJ[HO-
ro paBeHCTBa P11 +Ppadg = 0, p1 +p2 > N(v), T0 cemeiicTBO (6) KOHEIHO-TIIAIKO SKBUBAJIEHTHO
cemeiicty X = Xg1(p(X,Y), Z), Y =Y gy(p(X,Y), Z), re g; — HOIMHOMBI OT CKAJISIPHOI T1e-
peMeHHoii p ¢ Koaddunmentamu, riaako 3asucaimumu ot Z, a p(X,Y') — pe3oHaHCHBIN MOHOM
(reop. 3 u3 [24]).

4. Pe3onancHbIil ciaydail. /lanbHeiinas 9acTb CTaTbU IMOCBAINEHA CJIydalo, KOrja coo-
CTBEHHbBIE 3HAUEHNUs BEIIeCTBEHHBIE I HEHYJIEBbIE, HO UMeeTCs Pe30HaHC A1 + Ao = (. JIuneitabre
3aMEeHbI [IEPEMEHHBIX TIePEBOJISIT CUCTEMbI BHJIA (4) B CHCTEMbI TAKOIO Ke BUjia (JiBe KOMIIOHe-
HBI HE3aBHUCHMbI, & BCE OCTaJIbHbIE — UX JinHeliHble KoMbuHaiwn ). Caenas noaxopsiee addun-
HOe TIpeobpazoBanue (ha30BOro MPOCTPAHCTBA, MOYKHO JIOOUTHCA TOrO, YTOOLI paccMaTpUBacMast
ocobasi TOYKa COBIIaJaJIa ¢ HAYAJIOM KOOD/IMHAT, a JUHEHHAsd JaCTh 10/ ¥ UMeJIa XKOP/IAHOBY
dopmy diag(A, A2, 0, ...,0).

Bekroproe 1osie (4) yI0BIETBOPSIET YCAOBUIO 0OUHOCTU NOAOHCEHUS KEAOPAMUMHOT 4acCMU
(ycroBuio Q), ecin B TOi cucreMe KOODJMHAT, B KOTOPOii JIMHEHAS YacTh MOJIS UMEET XKOp-
nTaHoBY (hopMy, X0Tst Obl st OHOTO HOMepa s € {1,...,n — 1} B 0c000ii TOYKe BBHITOTHEHDI
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CTIC/TYIOINE YCIOBUST:
da®  Of° v 0w
— — - #0, + # 0. (7)
dy ox 0x0z%  OJydz*

Paccmorpum cravasa caydait Ay + Ao = 0 pu n = 2.

Teopema 2. IITycmwv das eexmoprozo noas (4) npu n = 2 ewnoaneno ycaosue Q. Tozda 6
oxkpecmHocmu 0coboti mouku noae nopoxcdaem cioerue $hazos020 NPOCMPAHCNEA CEMETUCTNEOM
UHBAPUAHTMHDIT NOBEPTHOCEL, KOMOPOE KOHEUHO-2Aa0KUM Jugddheomopdudom moocem 6vimov
npu6edeno K KaHOHUMECKoMYy 6udy Ty — 2> = ¢, ¢ = const.

Jloka3aresibcTBO TeopeMbl cM. B [21].

Hanpumep, BekTopHOe 10JIe & = T — T2, § = —y — yz + 2y*, 2 = y(x — x2) Buga (4) yjo-
BJIeTBOpAeT ycaopuio Q 1 mMeeT nepsblii nnTerpan U = xy + 22 — 2yz, KOTOPHIi IIOPOZKIaeT
cioenne (hba3oBoOro IPOCTPAHCTBA CeMeiiCTBOM MHBAPHAHTHLIX IIOBepXHOCTel 1y + 22 — xy2 = c.
[To temme Mopca, BOIM3M Hadaa KOOPAMHAT 9TO CJIOEHHE MOXKET OBbITh IPUBEIEHO K KaHOHU-
JecKoMy By Iipu nomoru juddeomopdusma. Mcenonbzosanue jtemmbl Mopca ne ciydaiiio:
JTOKA3aTebCTBO TeopeMbl 2 onupaercs Ha jgemmy Mopca u Teopemy 1 u3 [23] o rrajkoit 9KBu-
BaJIEHTHOCTU CHCTEM B OKPECTHOCTH YACTHIHO THIEePOOJIMIeCKOi 0Co00i TOIKH.

Tenepn nepeiigem K ciaydaio Ay + Ay = 0 mpu n > 2.

Teopema 3. ITycmv das eexmoprozo noas (4) npu n > 2 ewnoaneno yeaosue Q. Toeda 6
OKPECTHOCTY, 0C000T MOYKU UMENTM, MECTO CACIYIOULUE YMBEPHCICHUA.

1) Koneuno-znadkum dugdeomopdusom $azoeozo npocmpancmea noae moxrcem 6oimv npu-
sedeno x eudy

X=V(X,Y,ZE), Y=W(X,Y,ZE), Z=Q(X,Y,ZE), E=0,

2de 2 = (Z',...,2"2) uzpaem poav (n — 2)-mepnozo napamempa, He 3a6UCAULE20 0T GPEME-
nu. Bexmoproe noae nopootcdaem caoenue $aszo6020 npocmparcmen cemeticmeom MmpermepHylT
UHBAPUAHMHBIT MH02000pa3ull B = .

2) B cayuae obusez0 noaoscenus 0as 1106020 ckoab y2o00mo 60avwozo wucaa N cywecmeyem
maxas okpecmrocms 0cobots mouku Oy, 6 Komopot 6ce 0cobble MOUKYU NOAA HE UMEIM PE30-
Harcos nepeozo poda do nopadka N, 3a uckmoueruem nodmmozoobpasus R C W pazmeprocmu
n — 2, 6ce MoOUKU KOMopozo umerom pe3onanc Ay + Ay = 0.

3) B oxpecmmocmu kasrcdot ocobot mouku P € Oy \ R 6exmoproe noae KoHeUHO-2Aa0KUM
dugpgpeomoppudom moorcem bvims npusedeno ¥ 6udy

X=V(X,Y,Z,8), Y=W(X,Y,Z,8), Z=0, E=0.

4) Hepeceuenue xasrcdozo cron B = By ¢ yenmpasvnvm mnozoobpasuem W — eaadkas Kpu-
6aa, a (6 cAyuae 00Ue20 NOAOAHCEHUA) C PE3OHANCHBLM NOOMHO2000pasuem R — mouka R(Ey). B
oxpecmmocmu R(Ey) sexmopnoe noae nopoostcdaem na mpexmeprom UHEAPUGHIMHOM MH02000-
pasuu B = Ey Cr0eHue cemeticmeom UHBAPUGHMHOLT noseprrocmed, xomopoe dugdgheomopdhro
xanonuneckomy caoenuro XY — Z? = C, C' = const.

JloKa3aresibcTBO TeopeMbl cM. B [21].
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IIOJTHOTA COBCTBEHHLIX ®YHKIINIT HEKOTOPHIX
KJIACCOB HEPEI'VJIAPHBIX JTNOPEPEHIIWMAJIBHBIX
OIIEPATOPOB

B. C. PuIXJIOB
CAPATOBCKUI I'OCYIAPCTBEHHBIN YHUBEPCUTET,
CAPATOB, Poccusa

Heeaedyemes eonpoc o noanome 6 npocmpancmse L0, 1] cobemeennux u npucoedu-

HeHHOIT GYHKUUT npocmetiuezo 00vKHO8EHH020 JUPHEPEHUUAAILHO20 ONEPATNOPA T -20
nopadka, noposicdennozo duddepenyuasviomm eupascenuem Y™ u dsyrmoveurvmu
deyrnenmvimu eparusmvmy yeaosusmu o,y (0) + B,y "D(1) =0, v =T, n.

Keywords: mosmoTa, cOOCTBEHHDBIE W PUCOEINHEHHBIE (DYHKITUN, OOBIKHOBEHHDIN anddepeHIuaabHbIil onepa-

TOP, HeperyjadpHble I'DAHUYHbIE YCJIOBUA

1. IIOCTAHOBKA 3AJIAYU

B npocrpancrse Lo[0, 1] pacemorpum obbIKHOBEeHHDIH jnddbepeHnnabHbiil oneparop L, mo-
POKJIeHHBIN T depeHITnaTbLHBIM BhIPDAXKEHUEM

Wy) =y (z), x€][0,1],
" ,ILBYXTOqe‘{Hbll\lH rH‘By‘{JIeHHI:»IMI/I FpaHI/I‘{HI)IMI/I YCJ'IOBI/IHMI/I
U (y) ==,y 2(0) + By V(1) =0, v=Tn, (1)

riae a,, 3, € Cu |ay, |+ [6,] >0, v=1,n.

Tpebyercss BBISICHATH, IIPU KAKUX 3HAYCHUAX IIAPAMETPOB (i, (3, CHCTeMa COOCTBEHHBIX W
npucoemHeHHbIX GyHKIHit (c.m.d.) omeparopa L nosHa B poctpancTse Lo|0, 1]. HekoTopbiv
pesysIbraTtaM, HOJTyYeHHBIM IPU pelleHdH STOH 3aadd, W IIOCBAINEeHA JaHHas ITyOIMKAIfs.
Kparkyio ncropuio Bompoca MOXKHO HaiiTu, Hampumep, B [1].

2. BCIIOMOTATEJIbHBIE PE3VJ/IBTATHI

[ycrs w; = exp ((25 — )wi/n), j = 1,n — xopum n-it crenern u3 —1, A\ = —p". Torya,
oueBniHO, dynkuun y;(z,p) = exp(pw;z), j = 1,n, 06pasyor QyHIAMEHTAIBHYIO CHCTEMY
perennii ypasaenust [(y) — Ay = 0.

Honoxum u,; = U,(y;) = p"* (v, + e”iw,;), tae v,; = al,w}’_l, wy; = ﬁyw}’_l, u 0603Ha-
qumM
V}' = (’Ulj, Ugj, e ,’Unj)T, Wj = (wlj, ng, e ,wnj)T,
Ag:i=det (ViVa...V,) =t ViVa.. . Vil, Ay = |[WiVa. . Vil, ooy Dp = Vi Ve W,
Alg = |W1W2V3 e Vn‘; Agg = |‘/1W2W3‘/4 “e Vn|7 ey Aln = ‘Wl‘/g Ce Vn_lwn’,

ceey All..n = |W1W2 .. Wn|

Bsejiem B paccMoTpeHme MaTpUILy

1 1 1
Q- w1 w2 Wn (2)
R SR

O6o3naunm crosbnpt ) gepes Y, a cronbust Q7 wepes Z;, T. e.
Q=MWMYy...Y,), N =(212,...2,).
Ouesnno, 0 = det Q = det QT # 0.
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[Monoxum a := (aiay...an)", B := (132...3,)" u paznoxum 3tu BeKTOpHI 10 Gazucy
Ly, Loy .oy Ly, T. €. IPEJICTABUM UX B BUJIE
T A TA
a=Q0"a, g =Q 0, (3)
. IR . -1 3 5 5 5 -1
rie & = (didz . -~Oén)T = (QT) a, 3= (b5 -@z)T = (QT) B.
Bekropnr V; uw W;, j = 1,n, pasioxum 10 Jpyromy 0asucy, a HMEHHO, 110 Oa3ucy
Y1,Ys,...,Y,, u nmycTh KOMIIOHEHTBI BeKTOpoB V; u W) cooTBeTCTBEHHO ecTh KO3(MDMUINEHTEI

pa3JjiozKeHnud, T. €.

V;=Qv, W =W

OxkasbiBaercs, 110 BekTopsl V; (W), j = 1,n, nomydaiorcsa Ipyr U3 Ipyra B pe3ysbTare K-
JIMTIECKOTO CJIBUTA.

~

Jlemma 1. O6osznavum ay, = cpw* 1, by == B, k = 1,n, 2de w = w,. Toeda umerom
Mecmo hopmyavt

aq Qp, a9
) ai as
‘/1 = ) ‘/2 = ) > Vn = )
(p—1 Ap—2 ap,
an ap—1 ai
by bn ba
by by bs
W, = , Wy = s ey W, =
bn—l bn—2 bn
bn bn—l bl

Bynem oboznauars nastee uepes Ajk:...l OTIPEJIETIUTETN, AHAJIOTUIHBIE OITPEIETUTEITM Ajk___l, B
KOTOPbIX BMecTO cT0/101108 V;, W) ncnosbsyiorea cTo/01b! Vj, Wj. Ouesngno, Aji ;= GA]-kml,
T. €. oupegennTesn Aj, ;I Ajk.,.z o0paIaioTcsd B HYJIb WX OTJIMYHBI OT HYJIST OJTHOBPEMEHHO.

Ormernm Ha maockoctH TOUKE 0, wj, wj +wy, (J # k), wj +wp +w (J £k #1#j), ...,
w1 +ws+ -+ wp(=0). [lycrs My ectsb BblyKIIast 060709Ka STHX TOUYEK.

Tak Kak paccMOTpeHUe CJIydaeB YeTHOrO U HEYETHOT'O N CYIIECTBEHHO OTJIMYAETCd, TO Jlajiee
Oy/ieM paccMaTpUBaATh TOJIBKO ciyuait n = 2m + 1, tne m € N um > 2.

Jlerko ycranoBuTb, uTo M) dABJISIETCS TPABUILHBIM 2n-YTOJBHUKOM C IEHTPOM B Hadajle
KOODJIMHAT U C BEPITUHAMU B TOYKAX

O =witwat ot Wn, O =W Wit Wngl, ooy Oy = Wp F W1t F Wi,
O =witwrt W1, Ogg=wWatws+ -+ Wnia, ooy gy =Wn+wWi+  +Wn.

O6oznaunm uepes M u M} BoiyKiibie 060JI09KH TOUEK agj, j=1,nmn aéj, j = 1,n cooTser-
creerno. Ouesnano, M u M] ecTh IpaBUIbHBIE N-YTOJILHAKY C HEHTPOM B HAYAJIE KOODUHAT
7 C BEPIIMHAMHA B TOYKAX 08]-, j=1,nn a(l)j, j = 1,n COOTBETCTBEHHO, KOTOPLIE IePEMesKaIOTCs
JIPYT C JAPYTOM.

Ecim ymanuTes BepmuHbl MHOTOYTOMBHUKA My 1 0003HAUNTH Yepe3 M BBIMTYKIYIO 000JI04-
Ky OCTaBIIUXCA TOYEK, TO JIETKO 3aMeTHTh, YTO MHOIOyroibHUK M; Oyner Takxke, kKak u My,
MPABUJIBHBIM 2N-YTOJIBHUKOM C IIEHTPOM B HavaJie KOOP/IMHAT U C BEPIIMHAMU B TOYKAX

0?1:w1+w2+---+wm_1, 0?2:w2+w3+---+wm, ceey U?Han+w1+---+wm_2,

Jh =wi twy+ -+ Wneta, 0}2:w2+w3+---+wm+3, RN Uin:wn+w1+---+wm+1,
KOTOpBIE JIe?KaT Ha TeX Ke CaMbIX JIydaX, UCXOJIANINX U3 HadaJa KOOPJAUHAT, YTO W BEPIIUHBI
MHOTOYTOTbHUKA M.
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O6oznauum uepes M u M| BbiyK/ible 060JI04KH TOUEK J?j, j=1,nmn a%j, j = 1,n coorBer-
creenno. Ouesuno, M u M| ecTh IpaBuIbHBIE N-YTOJILHUKY C HEHTPOM B HAUA/IE KOODMHAT
U C BepPIIHHAMHU B TOYKaX a?j, j=1nmn J}j, j = 1,1 coOTBETCTBEHHO, KOTOpPhIE TaK¥Ke Iepe-
MeXKaloTCsl JIPYT C JIPYTOM.

Herpynno nmokazaTh, 9T0 MHOTOYTOJBHUK M7 JIEZKUT CTPOrO BHYTPH MHOTOYTOJHLHUKOB M,
MY u M.

3. XAPAKTEPUCTUYECKUN OIIPEJEJINTEJIb

XapaKTepUCTUIECKU OIpeIeIuTe/ b oreparopa L uMeeT BUJ

A(p) = det (uy;),,

vj=1 —
= ptP LY 4 e WV + Wy, Vot PV, | =
= pn(n;l) {Ag + [Areft + AgelP2 4 -+ + A en] +
+ [Algel)(“’lwz) + AggeP@2tws) ... Alnep(wnwl)] +
+ [Algeﬁ(W1+w3) + Aggerlwatws) 4oy A2nep(wn+w2)] et
+ [A1236p(““+“2+“’3) + AgggePwatwstws) 4oy Aunep(wl—kw—&-wn)} 4t
+ [Agg pogeP@rtwetton-) 4 Aoy | ep(watwsttun) 4.4

+A1g p_gpef@ntwrt - twn-z) |+ A0}

OxasbiBaercsi, 910 KO3(hMUIMEHTHI TP SKCIIOHEHTaX BHYTPH KBaJIPATHBIX CKOOOK B (4) cOB-
TaJatoT.

Jlemma 2. Cnpasedauevs caedyroujue pasencmea

A1 — AQ — — An—Q = An— 1 — Anv

A12 = A23 = = An—2n—1 = An—ln = A1na

A13 = A24 = - An—Qn = A1n—1 = A2n7

A123 = A234 = = A7172717171 = A1nfln = Al?na
A12...n71 = A23..n = ... = A12...n741172n71n = A12A..n73n71n = A12...n72n-

Ha ocxoBanuu s1oit seMMbr st A(p) MOXKHO HOJIYIUTD CJIEIYIONIee PEJICTaBICHIE, B KOTO-
POM cJlaraeMble PacIoIozKeHbl TPYIIIIAMIE [0 POCTY B IOPSJIKE €ro HEBO3PACTAHUS 1IPH |p| — 00
(/7151 TAJIbHEHIIero N3/I02KEHNsT JJOCTATOMHO BBIITHCATD [OIPOOHO HECKOIBKO IIEPBBIX IPYIII CJIa-
raeMbIX ):

n(n—1)

A(p) = p" 5 { Ay, [ePrtonttom) 4. eplontwrt-+om)] 4
+A12 mt1 [ep(‘”1+“’2+"'+Wm+1) N ep(wn+w1+-..+wm)] "
+A19 o1 [ep(w1+wz+~-+wm71) 4t ep(wn+wl+...+wm72)} n (5)
+A12. mi2 [ep(“1+w2+'“+wm+2) 4ot ep(wn+wl+"‘+wm+1)] 4
+ -+ Ao+ Aa o}

4. HAYAJIbHAA TEOMETPUYECKAS KJIACCUDPUKALINA JUPPEPEHIIMAJIBHBIX
OIIEPATOPOB

Hekoropbie ko3 dunmenTsl, crosimnue nepeji KBaJIpaTHbIMU CKOOKaMu B (5), MOI'YT DABHSATh-
cg Hymo. OTMeTHM Ha IMJIOCKOCTH TOUKH Wj, Wj + Wk, Wj + Wk +wy, . . ., COOTBETCTBYIOIIIE KO-
dbunmenTamM Ipu p B HOKA3aTEAX TEX SKCIOHEHT, KOTOPbIe peasibHO cosepkarbesa B A(p). [lycers
MA €CThb BbIHyKIIaH O6OHOqKa OTMEYEHHBIX TOYEK. O“IGBI/IILHO, MA ABJIAETCA MHOFOYI‘OJIBHI/IKOM,
CI/IMMeTpI/IquIM OTHOCUTEJIbHO Ha4aJia KOOp,[LI/IHaT nu I/IHBapI/IaHTHbIM OTHOCUTEJIBbHO HOBOpOTa
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Ha yros 27 /n. Buj 9T0ro MHOTOYrOIbHIKA XapaKTepU3yeT CTeleHb BBIPOXK/ICHHOCTH XapaKTe-
PUCTAYECKOTO OIPEICTUTES.
BoiienuM miepBbie deThIpe ciiydasi B MOPS/IKE YCUJICHUS BBIPOXKJICHHOCTH:

(D) Ao.m ZONAe i1 # 0. Baecs Ma = My u B 3T0M citydae omneparop L peryJisipeH 1o

Bupkrody [2], ¢. 66-67. MuoxkecTBo Takux oneparopos Oyjiem obosnadarh depe3 N Ry.

(II) Alg__m 7£ 0A AlQ...m—H = 0 nm Alg_"m =0A AlQ...m—l—l 7é 0. B,ILer njin MA = M(())

(B mepBoMm mogcyuae), win Ma = Mg (Bo Bropom nogciyvae). Ilpu sTux ycnosusax

oneparop L siBjsieTcst ciabo HeperyspHbIM WM HOPMAJBHBIM 110 TEPMUHOJIOTHH [3].

MHoKecTBa TaKuX orepaTtopos Oyjem oboznadarsh depes NR) u N R} coorsercTBenHo.
[Ipu n = 3 oneparops! u3 MHokecrBa N RY uzyuasucs B [4].

(III) Avomn = Atomi1 = 01 Ao im1 # 0 A Ao myo # 0. Dr0T cotydail u mocse Iy oniie
BO3MOXKHBI TOJBKO Tipu n > 5 (m > 2). 3aecb Ma = M; u oneparop L siBisiercst
CUJILHO HeperyapHbIM. MHOXKECTBO TaKuX orepaTopoB OyjieM oobo3Ha4daTh depe3 N Ry .
[Tpu n = 5 omeparopsl U3 3TOr0 MHOXKECTBa U3ydaauch B [1].

(IV) Aig g = A12...m+1 = 0 mw 6o Ao 1 7& 0A A12...m+2 = 0, m6o A ;o1 =
0N At mie # 0. 3nech mm Ma = M} (B nepom nojciydae), uiu Ma = M (Bo
BTOpPOM Tojicydae). MHoKecTBa TaKuX olepaTopos Gyjgem obosznHadarh depes N RY u
N R} coorserctiento. [Ipu n = 5 onepaTtopbl U3 3TOr0 MHOKECTBA TaKKe U3YUaJUCh B

[1].

5. AHAJIUTUYECKOE OIIUMCAHUE HEKOTOPBIX KJIACCOB HEPEI'VJ/ISIPHBIX OIIEPATOPOB.
TEOPEMA IIOJIHOTHI

Hasee Oymem paccMaTpuBaTh TOJBKO ciaydait (5, # 0, v = 1,n. B srom ciydae, He HapyIas

obrmHoCTH, MOXKHO cantath 31 = ffo = -+ = 3, = 1. C yuerom (2) u (3) orciona ciefyer,
9TO 5’1 =1, Bg = Bg =... = Bn =0,Teb =10 =0b=---=b, =0. CrnenoBarejbHO,
BEKTOPBLI Wl, Wg, e W,, na ocuosannu Jlemmbr 1 obpazyior eauHnYIHyio Marpuiy. OTciona, B
YACTHOCTH, CJIEYET, ITO

ay Qp, tr Qky3 Qg2

a2 ay “rr Q44 Gpy3

Ag =1 : T : ., k=1,n-—1. (6)
Qp—k—1 Qpn—k—2 -~ I Qn,
Qp—f Ap—f—-1 - Q2 aj

Takum 06pazoM, 17151 BLISICHEHUST TOTO, SIBJISIETCH JIK OLepaTop L pery/ispHbIM I HEePeryJisp-
HBIM 1 Kakoro tuna HeperysasapaocTsb (M. caydan (II)—(IV)) MoxxHO 060HTHCH BBIMHCIEHTEM
onpeenureneii Ay, Au.,_mﬂ, Aty 1, Algu_m” tuna (6), KOTOpble MMEIOT 3HAYUTEHHO
MEHBIIHE TOPSJIKA, YeM UCXOHBbIe onpeaeutTesd Ao, Ao mi1, A12.m—1, D12, .mi2. Bosee
Toro, creruduieckas CTPYKTypa onpejeauresieii Tuna (6) mo3BoJiser 1aTh JOCTATOTHO IIPOCTOE
AHAJINTUYECKOE OIMCaHue orepaTopos u3 Muozkects N RY, NRy, NRj.

Ob6o3HaINM /17151 KPATKOCTH

Q1(317 cee Sk) = ayp — Si10an - Slp—1 — ... — SpQom42—k,
92(317 cee Sk) = a2 — 8141 — S20p - ... = SpQom43—k,
en(sh 78k) = ap — S10p—1 — S20p—2 — —  SkQn—k,

rje si,S9,...,5: € C,k=1,n—1.

Teopema 1. L € NR(% mozda u moavko moezda, xo02da Ais_ i1 7 0 u npu HeKomMopwvix 3HaYE-
HUAL S1, 82, - -+, Sm, 20€ Sy 7# 0, OINMOAHAECMCA YCAOBUE

(1) O1(s1,---,8m) = 02(81, .., Sm) =+ =Oma1(S1,...,8m) =0.
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Teopema 2. L € NRy mozda u moavko mozda, ko2da Ao mio 7 0 u npu nexomopwix 3Have-

HUAL S1,82, - -+ > Sm—1, 20€ Sp_1 7 0, BUNOAHACTNCA KAKOE-AUOO 00HO U3 CACOYOUWUT YCAOBUL:
(Z) 91(81, ey Smfl) = 02(81, ey Sm,1> == 0m+1<81, ey Smfl) = 0,
0m+2(81, RN ,Smfl) 7£ 0, Gn(sl, RN ,Sm,1> 7é 0,’
(’ll) Qn(sl, e ,Smfl) = 61(81, ceey Sm,1> == Qm(Sl, Ce ,Smfl) = 0,

9m+1(517 cee 7Sm—1) # 0, ‘9n—1(81, e 78m—1) # 0.

Teopema 3. L € NR} mozda u moavko mozda, x020a Ao mio # 0 U npu Hexomopulx 3nave-

HUAL 81,52, .-+, Sm_1, 20€ S;_1 # 0, svinoansemcs xaxoe-aubo 00HO u3 cAeYIOWUT YCA06UT:
(1) O1(815- -, 8m—1) = 02(S1, -, 8m—1) = -+ = Opya(S1,- -, 8mo1) =0,
(ZZ) gn(sla cee 7Sm—1) = 91(317 EIR) Sm—l) == 9m+1(51, s 7Sm—1) = 0;
(ZZZ) en—l(sh R sm—l) = en(sb R Sm—l) == em(sla s 7Sm—1) = 0.

st oneparopos n3 MmuokecrBa N Ry mosHOTa, cucremsl c.I1.¢. B mpocrpaHcTse Lol0, 1] x0-
pomo usBectHa. 13 [3| caenyer, 9To 510T haKT MMeeT MeCTO U Jisl OlePATOPOB U3 MHOYKECTB
NR) u NR}. OkasbiBaercs moHoTy cucteMbl ¢.1.¢. B npocTpancTse Lo[0, 1] MoxmO yeramo-
BUTH TakK:Ke 1 JijIsd olepaTopos u3 muoxkects N Ry, NRY NR1.

Teopema 4. Ecau L € NRy U NRY U NR}, mo cucmema c.n.¢p. onepamopa L noana 6 npo-
empancmee La[0, 1].

JToKa3aTe/IbCTBO IO TeOPEMBbI JIOCTATOYHO TPOMO3JIKOE U BBIXOUT 38 PAMKH JaHHOMN 11y6,11-
karu. OTMEeTHM JIMIIb, 9TO IIPH JI0OKA3aTeIbCTBE IIPUMEHSAETC METOJI TIOPOXKIAIONIIX (DyHKIU
[5] n cxema, ucnonbzoBanHas B [1].
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V. S. Rykhlov Completeness of the eigenfunctions of some classes of nonreqular differential
operators

In the paper we investigate a question of the eigen- and associated functions completeness
in the space Ly[0,1] for the simliest ordinary differential operator of the n-th order generated
by the differential expression ™ and the boundary conditions a,y®”~1(0) + B,4» 1 (1) = 0,
v=1n.
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ON MOMENTS OF A SYSTEM OF TWO DIFFERENTIAL
EQUATIONS WITH STOCHASTIC PERTURBATIONS.

I. I. KOvTuN

The investigation of differential equations as well as systems of differential equations whose
coefficients are perturbed by stochstic processes, is of a permanent interes. Such systems
describe varions practical problems [1].

We consider the system of two first order differential equations

{ d_%l = (an(t) +&u(t,w)y(t,w) + (a2(t) + &t w))ya(t, w), (1)
G = (an(t) + & (t,w)yi(t,w) + (az(t) + &a(t,w))y2(t,w)

and the initial conditions

y1(0,w) =9 (w), 1(0,w) = y(w). (2)

Here the stochastic processes yi(t,w), y2(t,w) satisfy the system (1) for allmost all w €
Q (Q is a probality space), y{(w), v3(w) are random variables; ax;(t) (k,j = 1,2)
are continuons functions on [0,7]; &;(t,w) are independent non-Gaussian delta-correlated
stochastic processes with the means < &;(t,-) > equal to zero. The comulante functions of
the processes &;(t,w) have the form

K (ty, .. tm) = s (t1)0(t1 — ta) - O(tymor — ) (K, j=1,2),
where 0(ts —ts11) (s =1,2,...,m — 1) are delta-functions.
Let s (t) are continuons functions, and 3 m(m+1) s&,, are uniformly converging series

m=1
on [0,7].

The solution of problem (1)—(2) is functionals of the processes &1(t,w), &12(t,w),
E1(t,w), Saa(t,w) o yi(t,w) = FlEn(tw), &2t w), &a(t,w), &a(t,w)] (k=1,2).

In practice it is offen enough to know two of the first moments of the solution of the system:
the expectation and the covariance function.

In [2] we obtained the system of ordinary differential equations for determining means of
the solution < w(¢,-) > and < yoft,-) > . We find the covariance functions ¢;(¢,7) =
(yr(t, )y, (1,-)) (k,j =1,2) of the solution. Denote by ¢;(t,7) the covariance function of the
solution for t > 7, and by ¢x;(¢,7) the covariance function of the solution for ¢ < 7.

Let us find the system for determining ¢;(¢, 7). For this end multiply the equations in (1)
by y1(7,w) and y,(7,w) sequentially, and then average. We obtain

(A = g (8)Gu(t,7) + ar(t)ga (t, 7)+
o Gty Dy ) + (Gt et )y(T, ),
B = ayy (1) (1, 7) + ana(t)dn (8, 7)+
o (Gl )yt )y (o)) + (Eaa(ts )y (t, )y (T, ), (3)
d% = an(t)qiz(t, 7) + aa(t)Goa(t, 7)+
o Gl )yt ya(T ) + (G2t )ya(t )ya(T, 1)),
d;]i% = a,gl(t)qlg(t, 7') + Cl22<t) Agg(t, T)+
| + (Gt )yt )2, ) + (a2t )y2(t, )ya(T,-))-

This system is not closed. To "decompose"the correlation of the stochastic processes and the
solution, we find the means < &;(t,)y;(t, - )yi(7,-) > (k,j,i =1,2). We use the formula [3],
which in this situation has the form

> m+1t 0" (y;(t, )yi(T, )
< &kj(t, )y (s )il >:Zl <55k3(t,) --5§kj(t>-)>’ W
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where

O™ (y;(t,

5§kj(t; w

by Gt w), ...,
and for t; =---

w)yi(7,w)) is mvariational derivative 15 (9 ’w)%(m’w))
- 08k (¢, w) 0Cy; (b1, w) - - 0C (Em, w)
C]?}.(tm, w) at the points ty,...,t,, for Cl%j == C]?; =

=t =t.

Substituting (4) into (3), we obtain:

o
dgi1
dt

ddon
dt

ddi2
dt

dgo2
dt

\

Using the causality principle, it can be determined the variational derivatives

+

an(t)qu(t, 7) + a2 ()G (t, 7) + 32 7 m“ <§Zly(1())2§z)))>+
m:l

o~ S M (yalt,)ua (7,)
m; (mjf),<5m(2) 52( >>’

00 m §m

asy (t)qll(t 7') + &22(t>Q21 (t 7-) + mzzjl +1 <6§2(1y(1f() )gi( )))>+
S~ Sme1 8™ (y2(t)w (7))

Z:1 (mjll)'<5f22(t -)e--E22(t, )>’

m om T,
a11(t)ia(t, 7) + a12(t)Gea(t, 7) + Z i (Gl

o~ S 0™ (yalt,)ya(7,)
Zl (m—1)! < 0&12(t,)—&12(t,) >’

m=

7l ~ S 'm 0 T,
21(8)d(t7) + ()it 7) + 2., 72 = (el 4

Spe O™ (y2(t,)y2 (7))
Z (m +11)' < 0&22(t,)+-Ea2(t,) >

m=1

0" (y; (¢, w)yi(T,w))
55@'({;, Ld) s (Sgkj(t, w)

in the same way as we have done in [2]. We have

5m(yj (tv w)yi<7_7 w))
0k;(t,w) -+ - 6&k;(t, w)
5m(yj (tv w)yi<7-7 w))
5€kj (t, w) R 5£k] (t, w)

0" (yx(t, w)yr(t, w))
5§kk(t,01)-- -5§kk(t,u))

= mlyy(t, wyi(r,w)  for k=7,

=0 for k#j (i=1,2),

=(m+Dyi(t,w) (kj=12).

Taking into account (6), (7), we obtain from system (5) the closed system of four ordinary
differential equations. It is represented by two systems every of which consists of two equations:

( N
dgin
dt

dg21
dt

dgiz2
dt

dga2
dt

\

(an(t) + mi; m Sﬂﬂ(t))@n(ﬁ 7) + aa(t) i (t, 7),
an (O (1.7) + (aa() + T m 2 (1)) (1.7,
(an(f) + él m Sﬁﬂ(t))%ﬂta 7) + a2 (t)gaa(t, 7),

an (Ot )+ (0 (t) + 3 m 521 (1))dalt. 7).

(9)

The initial condidions for system (9) are dispersions, because §x;(t,t) = qi;(t,t) = qi;(t,t) =
Dy;(t) (k,j = 1,2, Dy;(t) = Dji(t)) at the point ¢t =r.



172 Section 2. Evolution and Boundary Value Problems

So, we obtain the system

Yu = (an( )+ Z m sy (t ))@11(?577) + a1 (t) g (t, 7), (10)
df% = ay(t)qu(t,7) + <a22( )+§1m sffﬂ(t))(jﬂ(tﬂ-)

with the initial conditions
G (t,t) = Di(t), Goi(t,t) = Dra(t), (11)
and the system

s - (“11( )+ Z m 5m+1(t)>@12(7577) + a1a(t)ga2(t, 7), (12)
dg% = a9 (t)qlg(t, 7') + <a22(t) + Z_:l m 83712_,'_1 (t))dgg(t, 7')
with the initial conditions
Gi2(t,t) = Dia(t), Gao(t,t) = Daa(t). (13)

Analogously we can get the system for ¢ < 7, hence for ¢;(¢, 7).
To find dispersions, we have the system of three differential equations of the form

dthH =2 [(CLH + Z m+1( )) Dll( )"‘ CL12(t)D12(t)

)

dD1;
dt

= ag1(t) D11 (t)+an2(t) Daa(t)+

a1 (t) + an(t) + Z m{m 717%+1(t) + S%f—&-l(t))] D1s(t),
m=1

d5t22 -9 [a21( )D1a(t) <a22 + Zm m+ 1 m+1( )) D22<t)]

with the initial conditions

Dij (0) =< 5i()95 () >
If & (t,w) (k,j=1,2) are Gaussmn delta-correlated processes, the system (9) is simplified,
because K7 (t) =< &;(t ) 0 (by conditions), K5 (ty,t,) =
< &ty )xj(ta, ) >= s (tl)é(tl —t5), and all the other cumulants KX (ty,ty,... t,)
m = 3,4,...) are equal to zero. Thus, the systems (10) and (12) take the forms:

% = (an( )+ s5' (t ))@11@77) + a12(t)Gar (L, 7),
df% = ag(t)qu(t,7) + (%2(75) + 5?@))@21(15, 7)
with the initial conditions (11)
and
% = (all(t) + 5?@))@12@7 T) 4+ a12(t)goa(t, 7),

e = ()l ) + (ant) + 520) ) dalt,7)

with the initial conditions (13).
The system for determiningdispersions in this case is of the form

dgtn =2 [(a1(t) + s3'(t)) Dua(t) + ara(t) Dia(t)]
D02 (D (1) + aro() D) + [ans (1) + () + (s51(0) + 52°(0))] Dialt),

dt

=2 [a21 (t)Dlz(t) + (agg(t) + 832(t)) Dgg(t)}
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with the initial conditions
Dyj(0) =< yp(-)42(-) >
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NUMERICAL METHODS AND ASYMPTOTIC EXPANSIONS
FOR A SINGULAR BOUNDARY VALUE PROBLEM

P. M. LiMA,
INSTITUTO SUPERIOR TECNICO,
CENTRO DE MATEMATICA E APLICACOES
A. M. OLIVEIRA,
UNIVERSIDADE NOVA DE LISBOA,
FACULDADE DE CIENCIAS E TECNOLOGIA, DEPARTAMENTO DE MATEMATICA,
PORTUGAL

In this paper we analyze a class of equations of the form vy (z) = —g(x) xP (y (x))?
where p and q are real parameters satisfying p > —1, ¢ < —1 and g is a positive
and continuous function on [0,1].

Keywords: Emden-Fowler equations, singular boundary value problem, finite-difference method,
asymptotic error erpansions

We search for positive solutions which satisfy the boundary conditions
y'(0) =y(1) = 0.
Numerical approzimations of the solution are obtained by means of a finite difference
scheme and the asymptotic expansion of the discretization error is deduced. Some
numerical examples are analyzed.

1. INTRODUCTION

In the present paper we consider boundary-value problems for a generalized Emden-Fowler
equation of the form

y'(z) = —g(x) 2P y(x)!, 0 <z <1, (1)

where p and ¢ are known real constants and ¢ is continuous and positive on [0, 1]. We shall

look for positive solutions of this equation on the interval [0, 1], which satisfy certain boundary
conditions.

A problem of this type was analysed in [1], with p = 1, ¢ < 0 and g(x) = —1/q. This

problem arises in non-newtonian fluid mechanics. The solution of the considered problem has a

singularity at x = 1 which results from the fact that ¢ is negative and the solution must satisfy

lim y(z) = 0. (2)

r—1~

The asymptotic behavior of the solutions to this problem near the singularity was analyzed in
detail and it was shown that there exists an uniparametric family of solutions of the considered
equation which satisfy the required boundary condition at the singularity. The asymptotic
expansion of this family was then used to approximate the solutions near the singularities.
In this way, we can replace the singular boundary condition at z = 1 by a non-singular one
at a certain point + = 1 — . Then we can approximate numerically the solutions of the
considered family, using standard numerical methods for initial-value problems and, by the
shooting method, we can find the specific solution which satisfies the boundary condition at
x = 0, which in this case has the form

lim ¢'(z) = 0. (3)

z—0t
A different approach for the same problem was developed in [3] and [4]. In these papers, the
nonlinear problem is first reduced to a sequence of linear ones, by means of monotone iterative
procedures, using a method proposed by Mooney (see [7] and [8]). Then the linear problems
are approximated by means of finite difference schemes. In the cited papers, the convergence
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of the iterative methods was analysed and the asymptotic behavior of the solutions near the
singularity was described.

In [5] the considered approach was generalized for a wider class of problems. It was shown
that the considered methods can be applied not only to the case p = 1, but also for other values
of p, such that p > —1.

The main purpose of the present paper is to provide a detailed error analysis for the considered
methods, in the case where ¢ < 0, when the solution is singular at z = 1 or at both end points.
We derive asymptotic error expansions which are valid for a large range of values of p and ¢ in
the case of boundary conditions (2), (3) . We show that these error expansions agree with the
previous numerical experiments and use them as a basis for applying extrapolation methods
such as the E-algorithm.

In section 2, we review the results obtained in [3] and [5] on upper and lower solutions for the
considered problem. In section 3, we define the iterative methods and analyze the asymptotic
behavior of the iterates near the singularities. In section 4, we obtain the asymptotic error
expansions, using a method similar to the one which was used in [2]. In section 5 some numerical
examples are presented. Finally, in section 6 we present the main conclusions of this work.

2. LOWER AND UPPER SOLUTIONS

As defined in previous papers (see for instance [3] and [5]), a lower solution (respect. upper
solution) of BVP (1)-(2)-(3) is a function g (z) € C?(]0,1[) N C ([0, 1]) that satisfies the set of
conditions

{ y' () +g(x)a? (y(2)? 20 (respect. <0) (1)
y(0)>0 (respect. < 0) ; y(1)=0.

We are interested in upper and lower solutions which satisfy (1), and whose asymptotic
behavior near the singularity is close to the one of the exact solution.
In order to fit the above conditions, we shall look for upper and lower solutions of the form

y(x)=C (1 — xp”)v, (2)

where C' and v are adjustable parameters.
By setting
2
we assure that y (x) is asymptotically equivalent to ky (z) when x — 1, where k is a positive
constant.

Defining ~ as above, by some basic computations, it is possible to find positive constants C,,
and C)y, such that, if C < (), (respect. > C)y), then y(x) is a lower solution (respect. upper
solution).

With the purpose of simplifying the notation, we shall denote by ¥, (x) (respect. by y, (x)) a
lower solution (respect. upper solution).

The values of (), and C); may be resumed in the following table

Yi Yu
— m _ ~ 1
Cm = (v@iz)w) Ou = (w(p%)w) i 0<v<pa| (4)
_ m _ 2 ..
Cn = <7(p:}-2)w2> Cu = (v(pi]g)wl) if p+2 <7<l

Table 2.1 - Bounds for the coefficient C of (2). Here wy = (1 —7) (p + 2),
wy =P+ 1, gm = mingejo,1) 9(x), gu = maxae(o,) 9()-

R
R

o
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A remarkable particular case arises when g,, = gy = const = a and v = ]ﬁ, that is, when

2p 4+ q = —3 . In this case, we note that C,, = C;, meaning that the lower and upper solution
of the problem coincide and give the exact solution:

~

In particular, if we set p =1 and ¢ = —5 we get the solution mentioned in [1].

Many theoretical results about nonlinear boundary-value problems for second order
equations are aplicable to the considered problem. For example, according to Theorem 7.5
of [9] we can assure that this problem has an unique solution, for all the considered values of
the parameters.

3. ITERATIVE METHODS AND ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS

3.1. Monotone iterative schemes. As it was pointed out in 3] and [4], the nonlinear problem
(1)-(2)-(3) may be transformed into a sequence of linear ones, using two monotone iterative
schemes, based either on the Picard or the Newton methods. Since both mentioned methods
converge to the exact solution, for k sufficiently large, the asymptotic behavior of ¥, near the
singularity will be similar to the asymptotic behavior of y; in this paper, for the asymptotic
analysis we shall consider the Picard iterative scheme, which in the case (1)-(2)-( 3) has the
form

L yeia(z) = g (2) + qg (2) 27 (0 ()" gy () = g

Yr1(0) =y (1) =0 , 0<z<

1)

and y; (x) is a lower solution of the form (2), with C' = C,,, where C,, is defined as in Table 2.1.

As it was is shown in [3], if we take as yo a lower solution, the iterative scheme (1) converges
upwards to the exact solution.

3.2. Asymptotic behavior of the Picard iterates. For the error analysis that we shall
present in the next section we need some results about the asymptotic behavior of the Picard
iterates. These results are obtained in the same way as it was done in [6], and therefore we shall
not go here

into details. First we shall analyse the homogeneous equation, associated to (1) :

y'(@) +b(z)y(x) =0, 0 <z <1, (2)
where
b(x) = q(Cr)" " g (@) (1—a??) " 3)
For all the considered values of p and ¢, equation (2) has a regular singularity at = = 1. For
p < 0, the equation has an irregular singularity at x = 0, but if p = —m/n this irregular

singularity may be transformed into a regular one by means of the variable transformation
x = t'/". In both cases, the roots of the indicial equation associated to (2) can be computed.
Let p; and py be the roots of the indicial equation as x — 1, then we have p; + ps =1, p; <0,
p2 > 1. Using these roots we can express two independent solutions of (2) in the form of series
and analyse their behavior. This analysis leads us to the following lemma.

Lemma 1. Let us consider equation (2), where ¢ < —1, p > —1 and g (x) are such that the
roots of the indicial equation do not differ by an integer not an integer ; if p < 0, let p be
rational.

Then, there exists an unique solution « of (2), such that

1 — . 3 / J— .
xlg&a (x)=1 ; JL%LOC () =0 ; (4)
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and an unique solution 3 which satisfies

lir{{(l —z) B (x)=1 ; . (5)

These solutions are independent and such that
lil?i(l —z) a(z)=ap ; (6)
T 6 () = fy 7)

where o and By are positive finite numbers.

Now the classical method of the Green function enables us to express the Picard iterate
Yk+1, which is the solution of (1), in terms of the precending iterate y and the functions «, 3,
described in Lemma 1. According to this method we can write

1

= xX, S S Szwan s)as Oé(x)l S S)as
s (3) = / Glass)fsds = 51 / () + 2 / B fels)ds, ()
where
fil@) = g (@) 2y (@) [ (Cn)™" (L= 272 7" = (i ()] (9)

Knowing the asymptotic behavior of yo(x), which is a lower solution, formula (8) and Lemma
1 enable us to obtain the asymptotic properties of the iterates y,, k = 1,2, ... These properties
are described by the following theorem.

Theorem 1. Let us consider the sequence of problems (1) with boundary conditions v, (0) =
Y1 (1) =0, and p > —1.
If yo(z) is a lower solution of the form (2), then there exist constants yxi+10 and Yer1 Such

that
Yrt1(T) = Yrs10 + O (iﬂp”) ., k=0,1,..., asxz — 0T, (10)
and
Ukr1(2) = Tepro (L — ) + tiga(z) , E=0,1,..., asx — 17, (11)
where v = l%q and typy1(x) = o ((1 —2)7).
Moreover, if v+ 1 < pao, where py is the greatest root of the indicial equation at x = 1, we

have ty1(z) = O ((1 — x)7+1).
4. DISCRETIZATION METHODS AND ASYMPTOTIC ERROR EXPANSIONS

-----

discrete function which results from evaluating 41 at p.
In order to discretize equations (1), we shall substitute the derivative y;,, () by the
corresponding second-order central difference

1 )
P ypyr (w5 h) = e (k1 (Tir1; h) — 2kt (X5 ) + ypga (i1, h)) , i=1,.,N—=1. (1)

Therefore, for each k, we shall solve a linear system of difference-equations of the form
L'Gisr = 6°rn (i h) + b (20) Terr (253 h) = fi (i h), (2)
where
~ B B o B .
Ji(wish) = 6 (@) Gic (e 1) (0 (Co)™ (1= ) = G (s b)) i= 1,0 N =1, (3)

in order to find the unknown vector (Y11 (@i;h)),_, , which approximates each continuous
function yx,q (z), £ =0,1,... .
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The full system must include two equations that are the discrete analogs of the boundary

conditions B N
Y1 (03 1) = Yrya (hs h) @
U1 (L;h)=0 , k=0,1,2,...°

Let us define, for each iterate g1 (x; h), the discretization error

Ok11 (25 h) = Ukyr (23 1) — Yrya (2) (5)
for x € [0,1],h > 0.
We shall first consider £ = 0. As in [6], we shall derive the asymptotic expansion of 6, (x; h)
as h — 0.

If £ (x; h) is the consistency error of the finite-differences scheme, for the first iterate y; (z; h),
defined as

e1 (w5 h) = 0%y (w3 h) — o (x), (6)
then we have
L") (z;h) = =& (a3 h). (7)
In order to obtain an asymptotic expansion of 0; (z; h) we shall use the same method as in [6].
The outline of this method is the following. Since 0, (x; h) is a solution of the difference equation
(7) and L" is an approximation of the linear differential operator L, we look for 6 (x; h) in the
form
01 (w3 1) = us () o (&) + pa (h) 3 (&) + Oy (25 7) (8)
where o and [ are the functions referred in Lemma 1 (solutions of the homogeneous equation),
61, is a particular solution of (7), yu; and po are certain functions of h.
From the asymptotic properties of y,, described by theorem 1, certain conditions follow that
6, (x; h) must satisfy. In particular, making = h in (8) and considering the boundary condition
y1(0) =0 , we obtain

pa (h) a(B) + pa (R) B (h) + 05, (hi h) = Bl + o (R"*) 5 (9)
making x = 1 — h and considering the boundary condition at x = 1, we have
i (R) e (1= ) + iz (h) B (1 — h) + Oy, (1 — b ) = Coh™ + O (W1 (10)

On the other hand, a particular solution 6y, (x; h) of (7) may be computed in the form

m—1
Orp () = D w i (w) B + O (™) ,
=1

where the ws ; coefficients are the solutions of certain boundary value problems. By analysing
these coefficients we may conclude that 6;, satisfies the conditions

01, (h; h) = Oph? ™ 4 0 (RPH1) as h—0 (11)

01 (1 — h;h) = 01007 + O (7). (12)

From the results of the previous section, it follows that, for some constant «;, we have

a(l — h) = agh”* (1 4+ o(1)),as h — 0, where p; is the least root of the indicial equation,
associated to (2). Hence,from (10) we may conclude that

M1 (h) = ,U/L()h’y_pl +o0 (h’y_pl) . (13)
In the same way, using (9) and (11) we may conclude that
M2 (h) = ,U/Q’()hp—i_l “+ o0 (hp-l—l) . (14)

Finally, if we substitute (13) and (14) into (8), we obtain the desired expression of 6; (z; h) :
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01 (z; h) = Oroh™ + o (K™), (15)

where
my =min(y — p1,p+1). (16)
In order to derive analogous asymptotic error expansions for iterates k = 2,3, ... , we may

follow a similar procedure as in [6].

Omitting further details, we would conclude that, when m1 < 1, th order of the main term
of the discretization error remains the same as in the first iterate. In the cases where m1 > 1,
the convergence order of the successive iterates will be 1.

In the next section, this conclusion is confirmed by the numerical examples.

5. NUMERICAL RESULTS

With the help of a MATHEMATICA code, a wide range of numerical tests were performed
for a large range of values of p and ¢ (for the same value of p several values of ¢ were studied).

Our purpose is to compare the theoretical convergence order estimates with the experimental
ones.

We focused our attention on the cases g (x) =1 and g (x) = e”.

In the iterative process (2) we have chosen 4 different stepsizes h; = ﬁ; hit1 = %, 1=1,2,3,
in order to evaluate two different estimates of the convergence order of scheme (2)-(4), one of
the estimates being a local one, ey (z;) , computed at a fixed point z; (j € {1,..., N —1}), and
the other, r; being a global estimate, in terms of error norms.

For each iterate k = 1,2, ... , these estimates are defined as

lyr. (255 hs) — yr. (255 ha)|
Yk (755 ha) — yx (255 h3)| (1)

ex (x;) = log,

and

omax Jyi (w53 hs) = ye (53 ho)|

Cmax |y (255 ha) — yr (255 h3)|
J N-1

.....

(2)

Tables 5.1 | 5.2 (where g () = 1) and 5.3,5.4 (where g (x) = €”) confirm that, for all fixed
values of p > 0 and for several values of ¢, there exist no significant discrepancies between the
theoretical orders of convergence deduced in the previous section and its estimates given by
formulae (1) and (2).

The main term of the asymptotic error expansion remains the same even if the condition
v+ 1 < py is not satisfied.

However, for p < 0 and when ¢ decreases, the experimental estimates of the convergence
order become significantly higher than its expected value.

An explanation for this fact is that, for a fixed negative p, the solution y (z) of (1) satisfies
hI(I)ler (x) > 1, so qli)mooy (0)? =0.

Therefore, since y”(x) = g(z)aPy (x)?, the effect of the singularity at x = 0, due to z?, is in
some sense smoothened, and the result is an increasing of the experimental order of convergence.

In all examples concerning the case g (z) = 1, for a fixed value of p we have chosen some
values of ¢ such that ¢ # —2p — 3 ( we have not considered here the cases where the exact
solution is known). The results obtained in the case g (x) = e” show that, when p < 0 the form
of p does not affect the convergence order (as it could be expected from the theoretical values).
However, when p < 0, we obtain for g (x) = €® a higher convergence order than for g (z) = 1,
if the same values of p and ¢ are considered.
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p=—-0.7|¢.(0.50) T my
g=—1.1 1 0.3658 |0.3617 | 0.3000
g=—1.5| 0.3824 | 0.3700 | 0.3000
qg=—2.0 0.4202 | 0.3912 | 0.3000
qg=—2.5| 0.4565 | 0.4067 | 0.3000
qg=—3.0 0.4906 |0.4177 | 0.3000
p=20 |¢e(0.50) | my
qg=—1.5| 1.4104 | 1.2220|1.3724
qg=—2.0| 1.2986 |1.1433 | 1.2847
q=—4.0| 1.1075 | 0.9947 | 1.1042
g=—6.0] 1.0274 |0.9291 | 1.0250
g=—8.0] 1.0023 |0.9092 | 1.0000
Tables 5.1,5.2 - Compared values of the estimates of the convergence order, e; (at x = 0.5)
and ry, and the theoretical convergence order, for some values of p, when g (z) = 1.
p=—-0.7]¢.(0.50) T my
g=—1.1 1 0.3609 |0.3581 | 0.3000
g=—1.5 | 0.3757 | 0.3649 | 0.3000
qg=—2.0 0.4015 | 0.3824 | 0.3000
qg=—2.5| 0.4211 | 0.3948 | 0.3000
qg=—3.0 0.4365 | 0.4032 | 0.3000
P = 1.0 61(050) ™ ma
g=—1.5] 1.8159 | 1.5606 | 1.8571
g=—2.0] 1.7593 | 1.5301 | 1.7995
g=—2.5] 1.7218 | 1.5075 | 1.7563
g=—4.0] 1.6526 |1.4637 | 1.6747
g=—6.0] 1.6582 |1.4803 |1.6774
Tables 5.3 , 5.4 - Compared values of the estimates of the order of convergence, e; (at
x = 0.5) and 7y, and the theoretical convergence order, for some values of p. Here g (z) = e”.
For each h; (i = 1,2, 3,4) the iterative process (2) was stopped at the iterate k; that satisfies

1

N N
<Z ‘?/k;H (255 hi) — ypr (55 hs) > <1077, (3)
1

6. CONCLUSIONS

In this paper we have dealt with a class of singular boundary value problems for second order
nonlinear ordinary differential equations. We have analyzed the dependence of the solution on
two real parameters p and ¢ , and also on a certain regular function g. The theoretical analysis
of the problem was based on its reduction to a monotone sequence of linear problems by
means of the Picard method. Then we have obtained series expansions of the Picard iterates
near the singularities at the endpoints. This approach enabled us to obtain information about
the asymptotic behavior of the solution, which agrees with the results obtained in [1] , for
a particular case. For the numerical approximation of the linear problems we have applied
the finite difference method. Then using the same technique as in [6], we have analyzed the
discretization error of this method and obtained formulas for the convergence order. As it could
be expected, this order depends on p and ¢ and is closely related to the asymptotic behavior
of the solution near the singularities.The lowest convergence order was obtained in the cases
where p is negative (in this case, we have shown that the convergence order is p + 1).When
p > 0,the convergence order is not less than 1 and depends strongly on q. These results were
obtained theoretically ant then confirmed by numerical experiments. As it was pointed out in
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[4], the convergence of the finite-difference methods for singular boundary value problems may
be significantly improved by introducing an adequate variable substitution. In some cases, this
method provides more accurate results than the ones obtained in the present paper. However,
the considered method of variable substitution is not applicable to all the considered cases,
for example, it does not work when p < 0 . In such cases, the best way to obtain an accurate
approximation is to apply the finite difference method to the original equation and improve the
convergence by means of extrapolation, as proposed in [6].
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ON SUBORDINATED CONDITIONS FOR A SYSTEM OF
MINIMAL DIFFERENTIAL OPERATORS IN THE SPACES L

D. V. LIMANSKY
DONETSK NATIONAL UNIVERSITY,
DONETSK, UKRAINE

We consider a linear space L(Pi, ..., Pyn) of minimal differential operators subordina-
ted to operators {Pj(D)}Y in the spaces Loo(R™). We obtain a criterion for an operator
to be quasielliptic in terms of subordinated conditions.

Keywords: quasielliptic differential operator, Bochner theorem, Fourier — Stieltjes transform

1. INTRODUCTION

In the paper under consideration we investigate necessary and sufficient conditions for a
minimal differential operator Q(D) to be subordinate to a system of other operators {P;(D)}}
in the spaces Lo (R™). In other words, we consider the problem of describing the linear spaces
L(Pi, ..., Py) of minimal differential operators (D) obeying the estimate

QD) fleyiary < C[30 IBDI e, +I1fls,] forany feCF®) (1)

with p = oo and with some constant C' not depending on f. Here D := (D,...,D,),
D; := (1/i)(0/027); C§°(R™) denotes the set of infinitely differentiable functions with compact
support.

It is easy to see that for an arbitrary p (1 < p < 00) the condition

QEI<C[X . IB@l+1].  ¢er e

is necessary for estimate (1) to hold. To prove this, it suffices to substitute in (1) the function
f(z) = glex)expi(x1& + ... + x,&,), where g € C°(R"), g(z) = 1 in a neighborhood of the
origin, and ¢ is sufficiently small. If p = 2, it is easily seen by means of Parseval’s formula
that (2) is also sufficient for (1) to hold.

V. P. Iin |5] investigated the case where ) and P; are monomials and showed that
inequality (1) is equivalent to algebraic one (2) for 1 < p < oco. J. Boman |[3]| considered
just the same problem for p = co. He obtained a necessary and sufficient condition of geometric
nature for estimate (1) to hold. O. V. Besov [1] and M. M. Malamud [8], [9] (see also [2])
obtained a coercivity criterion, i.e., a criterion for the spaces L(P,..., Py) to have maximum
possible dimension, for operators with variable coefficients in the cases 1 < p < 0o and p = oo
respectively. In the monograph [12]|, L. R. Volevich and S. G. Gindikin have investigated, in
particular, a priori estimates of the type (1) and their applications for finding local smoothness of
solutions of partial differential equations. Finally, M. M. Malamud [9] have established type (1)
estimates (with p = 0o) for systems of minimal differential operators with variable coefficients.

Next, K. De Leecuw and H. Mirkil [6] treated inequality (1) for p = oo, N =1 and P =
P, elliptic. It is well known that if P and @) are partial differential operators with constant
coefficients, and P is elliptic, deg ) < deg P, then

/ QD) < C / (IP(D)f> + |fI?) forany feCg. 3)

The proof of this "a priori estimate"uses Fourier transforms and the Plancherel theorem. Similar
estimates are known for p—th powers (1 < p < 00) in place of squares, although the easy proof
for p = 2 does not generalize.

In the present paper we investigate the limiting case p = oo when estimate (1) takes the form

QD) fllzew@ny < CIP(D)fllos + | flloc]  for any f € Cg°(R™). (4)
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Here || - ||ooc means a standart uniform norm in R, i.e.,

[l 2o @y = lltello = sUPyepn [u(z)].

This case turns to be genuinely exceptional. For instance, if deg@) = deg P and @) # cP,
then (Proposition 2) an a priori estimate (4) is violated. But if deg ) < deg P and P is elliptic,
then estimate (4) is reinstated. In fact, in dimension n > 3 this property is characteristic of
elliptic operators (Theorem 1), just as the Lo a priori estimate (3) is characteristic of elliptic
operators for the case of equal orders.

The other limiting case p = 1 was treated by D. Ornstein [10]|. The results for L; are essentially

the same as those for L.,. Some counter examples to L, — estimates of the type (1) were given
by M. Littman, C. McCarthy, and N. Riviere [7].

2. PRELIMINARIES AND THE MAIN THEOREM

Below, we introduce some important notions and definitions.

Take the set Z, of nonnegative integers. If o := (ov,...,ap) € Z%, & := (&,...,&) € R,
we write

Y=g g D*:=D¢ ... D Dy, = (1/i)(0/02%).
In addition, we put | : | := oy /li + ... + a,/l, whenever [y, ... [, > 0. C[{] is regarded as
a ring of polynomials in n real variables &, ..., &, with complex coefficients. An element from
C[¢] will be written as Y an&®.
o(tF

We denote by o(t*) a function that satisfies lim; . % = 0 and by O(#*) a function such

that the function %ﬁk) is bounded as t — 400 (i.e., in a neighborhood of infinity). Here k € Z, .

Definition 1. We say that a differential operator P(D) dominates an operator Q(D) (or,
equivalently, Q(D) is subordinated to P(D)) if estimate (4) holds true. Such domination we
write as the inclusion @ € L(P).

Definition 2. Let positive numbers /1, ..., 1, are being fixed. A polynomial P'(¢) € C[¢] of the

form
P& =D @
is said to be [ — homogeneous polynomial with weights 7%, ..., [-1 i.e.,
P (thg, .t g) = tPY &, .. &), t>0, £eR™M
If numbers [y, ..., 1, are natural (i.e., nonzero integer) then we use a notation [l ...,1l,] for

their least common multiple (LCM).

Definition 3. Differential operator P(D) as well as its symbol P(§) € C[¢] is called quasielliptic
if its principal [ — homogeneous part P'(£) vanishes nowhere except at the origin, i.e.,

l _ o _ n
P =D 0l =0 = (=0 ((€R"),
If iy = ... =1, then both operator P(D) and its symbol P(&) are called elliptic.

Let us return to key results from [6] and then impose our main assertions.

Theorem 1. [6] Let P be a polynomial in n > 3 variables, of degree d > 2. Then a necessary
and sufficient condition for P to be elliptic is that P dominates all polynomials of degree < d—1.
If n = 2, the condition is only sufficient.

Remark 9. In other words, de Leeuw and Mirkil proved that ellipticity of operator P is
sufficient for the inclusion @) € L(P) to be valid for all @ satisfy deg @ < deg P. They showed
that this condition is also necessary for P to be elliptic operator if n > 3, and is not necessary if
n = 2. Indeed, the operator P(D) = P(Dy, Dy) = (D1 +1)(Dy+ I) being nonelliptic dominates
operators Dy and Ds. Here [ is the identity operator.
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The main aim of the paper is to prove the next theorem which generalizes Theorem 1.

Theorem 2. Let | = (ly,...,l,), where {I;}} are natural numbers not all equal to each other.
Let P(D) be differential polynomial in n > 3 wariables with principal | — homogeneous part
PYD). Then the operator P(D) is quasielliptic if and only if P(D) dominates in Lo (R™) all
differential polynomials Q(D) of the form

QD)=>_ ., bsD". (5)

Remark 10. The latter condition has simple geometrical meaning. Namely, all points § =
(Brs. .., By) € Z corresponding to degrees of monomials b from (5) are situated below the
hyperplane z1/l; + ... 4+ x, /I, = 1.

3. AUXILIARY STATEMENTS
In this section we state a number of auxiliary assertions which we use through §4.

Proposition 1. [6] The inclusion @) € L(P) holds if and only if there exist complex — valued
integrable measures p and v in R™ such that

Q) = MPE)+N(E), EeR, (6)
where M = i and N = ¥ are Fourier — Stieltjes transforms defined by

MO =ile) = [ e Pau,  NO =) = [ P,
Proposition 2. (9] Let [ = (I1,...,1,), l; >0, PY(&) and Q'(¢) be principal [ — homogeneous
parts of P(£) and Q(§) respectively. Then the inclusion @) € L(P) implies the identity

Q'(§) =cP'(§), EE€R",

with some ¢ € C.

Remark 11. In [6] Proposition 2 was established only in a homogeneous case (I} = ... =1,).
There was also demonstrated a connection between Propositions 1 and 2 in the indicated case.
Namely, the relation ¢ = u(0) takes place, where i = M. Specifically, it follows that ©(0) = 0
if deg ) < deg P.

Recall [11] that a complex - valued bounded continuous function f : R" — C is said to be
positive definite function if the matrix || f(A; — Aj)|li<ij<k is positive for any k£ € N and any
)\1,...,/\k GRkI

k _

Zijzlf()\i—)\j)fifj207 &, 8 € C, Aty d € RE

Theorem 3. (Bochner theorem) [11] Fourier — Stieltjes transforms of all finite positive
measures i R™ form exactly the cone of positive definite functions.

Lemma 1. Let p be a complexr — valued finite measure in R™ and M = [ be its Fourier
— Stieltjes transform. Then a restriction of the function M to an arbitrary linear subspace
Z C R™ is also a Fourier — Stieltjes transform of some finite measure in Z.

Jlokasameavcmeo. We can represent the measure g in the form p = py — po + i(pus — pa),
where {p;}] are real — valued positive finite measures. Putting M; := ji;, 1 < j < 4 we obtain
M = My — My+i(Ms— M,) and, after restriction to Z, M|z = M|z — Ms|z+i(Ms|z — My|z).
By Bochner theorem, the functions {M,}} are positive definite, so the functions {M;|z}] are
positive definite too. By the same theorem, there exist positive finite measures {s;}} in Z such
that M|, = 5;, 1 < j < 4. Finally, we see that the measure s := 31 — 360 +i(5¢3 — 54) is finite
and satisfies 7z = M|z. Q. e. d. O
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Lemma 2. Under restriction of I~ homogeneous polynomial P! to a "coordinate subspace"Z =
{ziy=...=x;, =0, 1 <iy,...,ix < n}, P':= P is also | — homogeneous polynomial.

Jokasameavcmeo. Let P! # 0 and, for instance, Z = {x,, = 0}. Then P! isn’t divided by =,.
Hence there exist a nonzero monomial that is a part of P’ and doesn’t contain the variable z,,.
It follows that this monomial being [ — homogeneous comes in P' too.

For general Z we at first restrict the polynomial P! to the subspace {x;, = 0}, then obtained
polynomial is restricted to {z;, = 0}, etc. Lemma is proved. U

Corollary 1. If Z is an arbitrary linear subspace in R™, then the inclusion @ € L(P) implies
the inclusion Q|z € L(P|z). In other words, subordination of one operator to other is reserved
under restriction of these operators to an arbitrary subspace.

Joxazameavcmeo. A proof is immediately follows from Proposition 1 and Lemmas 1, 2. O

Remark 12. It is easy to show that if Z is a subspace preserving [ — homogeneity of polynomial
P! (in particular, this happens if Z is a coordinate subspace) and dim Z > 2, alz # 0, then
P!z #£ 0. If the above conditions on the subspace Z are fulfilled then all our considerations
remain valid in a smaller dimension (< n — 1). This allow us to maintain our argument by
induction on dimension n throughout §4.

Lemma 3. (Eberlein lemma) 4] Let v be an integrable measure, let ¢ be the signed mass of
i of the origin, and let M = 1. Then the constant function ¢ can be approximated uniformly
by m M, with ™ a probability measure.

Corollary 2. If u is an integrable measure in R™ and p(0) = 0 then zero can be approximated
uniformly by convex combinations of translates of the function M = i, i.e.,

ZkzlckM(f—fk)ZO, cx > 0, Zl =1, § & eR™

In the sequel, we assume that a polynomial ) is choosen and fixed, and deg () < deg P. So
functions M = p and N = v are also fixed in (6) and, by Remark 11, u(0) = 0.

Definition 4. Consider a family I' of "polynomial curves” in R" defined parametrically:
l':LC(t) = (xl(t)v-”axn(t))v Qizle(t) ER[t]7 t>0.

We say that I' is an admissible family if: . .
1) there is a subfamily I' C I" such that V0 € R", Vo € ' =z — 0 € T};
2) limy_., o M(z(t)) = 1 whenever z = z(t) € T.

Proposition 3. Under above assumptions, there are no admissible families of polynomial curves
in R".

Zoxazameavcmeo. Suppose I is the admissible family. Eberlein lemma yields
k
30,, ... 0, €R, 3zy,... 15 €R": ’E  OM(r—z;)| <1/2 forany zeR". ()

Let us substitute an arbitrary polynomial curve z = z(t) € I' C T for z in (7). Then
yi(t) == x(t) —x; € I and limy_oo M (y;(t)) = 1, 1 < i < k. Therefore,

k
S GiM(yi(t))‘ <1/2, t>0. (8)
Turning t — oo in both sides of inequality (8), we obtain apparently wrong relation 1 =
| S2%6;| < 1/2. The contradiction completes the proof. O

We also need the following number-theoretic lemma.

Lemma 4. Let l = (ly,...,l,) € N*, n>2 andlet [ly,...,l,] >1; Vi€ [l;n]. Consider the
set I of all k € Z7 for which |k : 1| =Y 7 ki/l; < 1. Then maxgey |k : 1| > 1 — (1/ maxigi<n li)-
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4. OUTLINE OF THE PROOF OF THEOREM 2

M. M. Malamud [9] has already proved the sufficiency of the statement (i.e., that
quasiellipticity of P yields the subordination of all @ of the form (5) to P). We prove the
necessity.

Suppose the converse, i.e., that @ € L(P) for all @ of the form (5) but P is not quasielliptic.
It follows that 3o € R", a #0: P!(a) = 0. Without loss of generality, we can assume that
Iy 21y > ... > 1,. Denote by d := [ly,...,l,] the LCM of [y,...,l, and put m; := d/I;, so
that m; < mo < ... < m,. We write P(£) as the decomposition P(£) = P4(§) + P1(&) + ...,
where P% are "quasihomogeneous forms of quasidegree d;". Namely, we mean that each P%(€),
dy := d, dy > dy > ... is the sum of monomials ;& ... involved in P(€) such that
> iy mjk; = d;. In particular, P4(§) = P'(§).

Using identity (6), it is easy to show that P% (a) # 0. So we normalize the polynomial P by
setting P%(a) = 1. Let also

op?
Ui = o (), 1<i<n. 9)
Stress that u; are, in general, complex numbers. Choose Q(¢) := P%(€) in (6), so that
Ph(¢) = M(P(E) +N(€), EeR™ (10)
4.1. Case d > [;. First we consider more simpler case, where d > [;, i€ {1,...,n}.
Consider the following functions (that define some family N of polynomial curves):

with arbitrary a; € R. Substituting functions (11) for £ in (10) and expanding each polynomial
P% according to Taylor’s formula, we have

t 4 o(th) = M(x(t)) [Zf‘

1=

ATt o(tdl)} + N(z(t), as t— +oo.

We note that d; = maxger |k @ I (in notations of Lemma (4)) and, by the same lemma,
dy >d—m;, ie{l,...,n}. Thus P t™,... a,t™) = o(t¥) and
th 4 o(th) = M(z(t)) [t + o(t™)] + N(z(t)), as t— 4oo. (12)

Dividing both members of (12) by % and turning ¢ — oo we obtain lim;_,, o M(x(t)) = 1 for
any z(t) € N. Note that functions (11) satisfy all requirements of Definition 4 and hence the
family A defined by these functions is admissible. This contradicts Proposition 3. Theorem 2
is proved if d > ;.

4.2. Case d = ll. Now let d = ll = MmaXigin lz Then dl = i, 1 € {]_,...7’TL}, myp = ]_,
P (a) = P& l(a) = 1.
Consider the family P of polynomial curves defined by
l'l(t) = Oélt + a; [Bl<t) = Oéitmi + aitmfl + ..., 2 < 1 < n, (13)
with at first arbitrary a; € R. Replacing ¢ by functions (13) in (10) and expanding each
polynomial P% according to Taylor’s formula, after not complicated computations we obtain

11 4 o(t47Y) = M (x(1)) [(Z; i + 1) Tt o(td—l)] N(z(t), as ©— 4oo. (14)

Dividing both members of (14) by t?~! then turning ¢ — oo and taking into account that
M = 0O(1) and N = O(1), we have

lim [M@(t)) (Z; wiai + 1)] ~ 1 (15)

t——+o0

Two situations concerning numbers {u;}} (9) are possible.
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1. Vectors Ru := (Ruy,...,Ru,) and Su = (Suy,...,Su,) are not proportional. Then
there exist real numbers {a;}7 such that > 7 w;a; + 1 = 0. This contradicts equality (15) and
completes the proof of the theorem.

2. Vectors Ru and Su are proportional (including the case when one of them equals to 0).
Restrict a choice of numbers {a;}} by the equality

ijl uza; = 0. (16)

Then (16) implies that lim, .., M (x(t)) = 1, with x(t) satisfy (13).
Let us partition the numbers {m;}} into p groups such that all numbers within each group
are equal, i.e.,

1:m1:...:mj1<mj1+1:...:mj2<...<mjp71+1:...:mj = My,

P

I<n<p<...<jp=n

It implies the partition of the sum Y} u;q; into p sums

Jk ]
Vg 1= Zi:jk,ﬁl Uy, jo =0, 1<k<p.

Next, we shift the parameter ¢ in (13), i.e., we replace ¢ in functions z(¢) (13) by
(t+7)*, ke{l,...,p}, where 7 is arbitrary constant. Such shifts give us another functions
Z(t) that define just the same geometric objects (curves) as x(t) do. Hence, lim;_, M (Z(t)) = 1.
Combining this with equalities (10), (16) we obtain after some computations that the vector

v := (v1,...,Up) is asolution of a homogeneous system of p linear equations with a Vandermonde
type determinant. It follows that
vy =0 forany ke {l,...,p}. (17)

Now we can easily complete the proof by induction on dimension n. First we analyze the case
n = 3 which is the induction base, and see for oneself that Theorem 2 is true (we omit these
considerations due to the shortage of space in this paper). Secondly we suppose that n > 3 and
the theorem holds true for all dimensions k£, 3 < k <n — 1, and consider three main cases
concerning the vector a.

1) Let 39j € {1,...,n} : «a; = 0. Therefore we can restrict our problem to the subspace
Z :={z; =0}, dimZ < n — 1. Then P!|z(ay,...,a,_1) # 0 and, by Corollary 1 and further
Remark 12, P'|; dominates (in the dimension n — 1) all polynomials @ of the form (5). This
contradicts the induction hypothesis.

2)Let oy #0, i€ {l,...,n}and 1 =my < ... <m,. Then 0 = v, = upay, k € {1,...,p},
p = n and, hence, u; =0, i€ {1,...,n}. This means that a choice of parameters {a;}} in (13)
is unrestricted and the family P is admissible.

3) Finally, let a; # 0, i € {1,...,n} and Jw; # wy : My, = My,. It follows that our
problem becomes homogeneous within the subspace Z := {z,, = =4, = 0} (we mean that
lw, = lw,). Thus by suitable linear change of variables in Z (for instance, by rotation about the
origin) we can achieve that, for example, «,,, = 0. So we can pass to the case considered above
(item 1). Theorem 2 is completely proved.

5. SHORT PROOF OF THEOREM 1

In this section we reprove Theorem 1 from [6] by means of techniques developed above.
We consider a homogeneous case:
L=...=1,=d, my=...=m,=1.

As above (§4), we are to prove only necessity. Denote by P*, 0 < k < d, the homogeneous form
of degree k involved in P, so that P = P4 + P?~1 4. Suppose the polynomial P of degree d
dominates all polynomials @ of degree < d — 1 in L(R™), n > 3 but P is not elliptic. At that
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time Ja € R":  P4(a) =0, and P 1(a) # 0 (we put P a) = 1). Let u, u;, Ru, Su, p
and vy be the same as earlier. Consider the family P with m; = 1, i € {1,...,n}, i.e., the
family O of parallel lines in R™:

xi(t) == ot + ay, 1<i<n (18)
Substituting functions (18) in the identity
Pl =MP+N=MP +P" '+ )+ N

and arguing as in §4, subsection 4.2, we pass to the equality (15). It gives a contradiction if the
vectors Ru and Ju are not proportional. So let us assume that Ru and Su are proportional.
Restrict a choice of {a;}} by equality (16). Besides (see (17)),

p=1, v = Zi:l u;o; = 0. (19)
It follows from (19), (16) that functions (18) satisfy the linear equation
wzy(t) + ...+ upxn(t) = 0.

If uy = ... = u, = 0, there are no restrictions to {a;}} and consequently the family Q is
admissible. At last, if 3 € {1,...,n} : wu; = 0, then all parallel lines from Q lie on the
hyperplane h given by the equation

(Ruy)zy + ... + (Ruy)z, = 0.

We see that the family Q satisfy the requirements of Definition 4 (within h) and hence it is
admissible in dimension n — 1. Theorem 1 is proved.

Acknowledgements. The author wishes to express the gratitude to his supervisor M. M.
Malamud for constant attention to the work and useful discussions.
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ON SOME FUNCTIONAL EQUATIONS OF ADDITION
THEOREM TYPE

EKATERINA SHULMAN
VOLOGDA STATE UNIVERSITY,
VOLOGDA, RUSSIA

1. Addition theorems of rational type. We will discuss functional equations of the type

Z?:l yi(t)ui(s)
> iy zi(Hvi(s)

By a solution of (1) we mean a function f for which there exist functions y;, u;, z;, v; satisfying
(1); thus we actually speak about functions that admit an "addition theorem"of rational type.
Obviously, we may assume that the functions y; (as well as w;, z;,v;) are linearly independent.

It should be noted that equation (1) arises in a wide variety of situations. Let us consider
how such equations arise in the context of integrable systems of particles on the line. Let
q1(t),q2(t), ..., ¢n(t) be the coordinates of N particles on the line, interacting with the integrable
potential Z]kvz1 U(q; — qx)- Then the dynamics of the systems is describing by the system of
ODE

flt+s) = 1)

N
i=> Ulg—a), Jj=12..n (2)
k=1
We say that a dynamical system admits a Lax representation if it is equivalent to the matrix
equation L = [L, M], where L and M are matrix-valued functions. It follows from this
representation that the J, = 1tr{L;} (k=1,2,...,n) are integrals of the system (2). If it is
proved that they are independent and in involution, then the system is completely integrable.
So starting with the ansatz for the matrices L and M one seeks restrictions
necessary to obtain equations of motion (2). These restrictions typically involve the study of
functional equations. For example, beginning with the ansatz

Lijk = pjdn + (1 — ;1) Alg; — an),
My = g [ s Blas — @) = (1= 52)Cla; — )

one finds that L = [L, M] yields the equations of motion (2) for Hamiltonian system

ZPJ +yg Z Ug; — qx), U(z) = A(x)A(—x) + const

<k
provided that C'(x) = —A’(z) and that A(z) and B(x) satisfy the functional equation

A(x) A(Y) = A'(z)Aly)

Alz+y) = Br) = BW) . (3)

In this sense the functional equation

a(t)o'(s) — o/(t)a(s) ()
B(t)B'(s) — B'(t)B(s)

is said to be associated with the Lax approach to complete integrability and to the relativistic
Calogero-Moser systems.

We will not concentrate on other examples, but note that in all works only analytic solutions
of (1) were sought.

Bt +3) =



Subsection 2.2. Boundary Value Problems 193

2. Reduction to the system of ODEs. Our approach to analysis of such functional equations is
based on the reduction of (1) to an overdetermined system of ordinary differential equations.
We assume that all functions y; and z; are continuously differentiable on some interval I; € R,
all functions u; and v; are continuously differentiable on some interval I, € R, and the function
f is continuously differentiable on some interval I C (I; + I3). Let us introduce two notions.

Definition 1. We say that the families {y;}7_, and {z;}}2, are jointly linearly independent if
the family {y;z;};; is linearly independent.

Definition 2. We say that the families {y;}j_, and {z;}J_, are jointly quadratically dependent
if they satisfy the following nontrivial relation

Z Z kyz yl(t) (t) =0

i,l=1 j,k=1
where C}] are constants.

Theorem 1. Let families of functions {u;} and {v;} be jointly linearly independent, and let
the same be true for families {y;} and {z;}. Then functional equation (1) holds for some f if
and only if there exist constants C); such that

yz/’Z] Yiz / Zl k ;kylzkv { < TL,j < m, (5)
U — Uv Zz s Ul“k; 1<n;j<m

To demonstrate this approach let us consider a functional equation

flet+y) _ g) +9()
= (6)
flx—y)  g(x) = g(y)
which was introduced by P. McGill [3] in the work on Brownian motion. He assumed f and g¢
to be meromorphic and found six pairs (f, g) of solutions [4]:

(a) g(z) = Az,

(b) g(z) = Asm z,
(c) g(z) = Atan z,
(d) g(z) = Asn(z;m),
(¢) g(=) = Asd(> m),
(f) g(2) = Asc(z;m).

)
The functions f related to these functions g are found with the aid of the formula ¢'(2)/g(z) =
2/'(0)/f(22).

In this work we will look for solutions of (6) in a wider class of functions having two derivatives
on some interval of real axis. It will be shown that the general solutions of the equation is

f(z) = C(ds(ez; k) — cs(ez; k)), g(z) = Bsn(ez; k). (7)

All McGill’s solutions are special or limiting cases of (7).
By differentiating, equation (6) can be easily reduce to the form (1):

flz+y) _ g9(@)g'(y) —g'(=)g(y) (8)
flx+y) g*(x) —g*(y)
It is easy to see that ¢(0) = 0 and ¢’(0) # 0 since f'(x)/f(x) = ¢'(0)/g(x) and f is not constant
function. Writing system of differential equations (5) for (8) and taking into account jointly

linear independence of the families {g, ¢’} and {g?, 1}, we conclude that c}{ = 1,c}2 = —1,¢3% =
—c?1 and all others coefficients are equal to zero. Thus, the system (5) has the form

{ g =ag+cg®
9 9> —2g(¢')* = bg — ag®
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where a = ¢31,b = ¢33, ¢ = ¢?}. The last system is equivalent to the equation

(¢')? = gg“ +ag”® - g
Note that b # 0 since ¢’(0) = 0 and g(0) = 0. So, for y = g1/—2/b we obtain the differential
equation
() =1+ay* - %y“.
Its solution is y(z) = sn(ex; k) /e where (1 + k?)e* = —a, k*¢* = —bc/4. Thus,

ofe) = /L EBR) )

>From the Galley addition theorem for Jacobian elliptic sinus and from (8) we get
(In f(x)) = ¢/sn(ex; k),
and consequently (see, for example [9])
f(z) = C(ds(ex; k) — cs(ex; k). (10)

Direct calculations show, that the pair (f,g) obtained by formulas (10) and (9), satisfy the
equation (6).

Now it is easy to see that McGill’s solutions are particular cases of (10)- (9), corresponding
to the following values of parameters k£ and e:

(a) k—0,e —0,

(b) £ — 0,

(c)k=1,e=1,

(e) k=m/(m—1),e =+1—m,

) k=1—m,e=1.
3. The general solution of (1). Basing on the Proposition 1 we can obtain description of the
class of functions admitting addition theorem (1). Namely, the following theorem holds.

Theorem 2. Let f be a function satisfying (1) and let the families of functions {u;} and {v;}
be jointly linearly independent. Then, unless the families {y;} and {z;} are jointly quadratically
dependent, all y; and z; are quasipolynomials up to a common multiplier. Function f itself is
also a ratio of quasipolynomials.

Thus "degenerated"situations are the most interesting ones. Let us consider very important
for applications "symmetric"case m =n = 2

2(t)v(s) —v(t)z(s)

which includes (4) and (3) and was solved by Buchstaber [1] for analytic f. It is proved in |7],
that removing the assumption of analyticity doesn’t change the form of solution:

(I)(;C, 41 U(V — I) e{(u)x

O(z;05)" o(v)o(x)

Here o(z) and ((x) are Weierstrass sigma and zeta functions, ®(x; v) is Baker-Akhiezer function.

4. The Levi-Civita functional equation. If we put m = 1 in the equation (1) we lead to Levi-
Civita functional equation

F(x) = CeM where®(x;v) =

£+ 9) =Y utyuts) (12)

which was originally considered in full generality by Levi-Civita (1913), Stephanos (1904) and
Stékel (1913). It appeared in boundary-value problems of mathematical physics and was solved
with the assumption that all unknown functions to be n-times differentiable. In this assumption
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(12) may be reduced to a homogeneous linear differential equation of n-th order with constant
coefficients. Thus the general solution of (12) is a quasipolynomial of n-th order:

F&) =" Pt)e™', ) (degPy+1) =n.
k=1 k=1

Later on the theory of Levi-Civita equations was extended in various directions. Some
interesting problems arise when solutions are considered on general groups or semigroups or on
an arbitrary, possibly thin, subsets of the real axis. The most general result for the Levi-Civita
equation on semigroup is the following [5]:

Theorem 3. Let G be a semigroup with the unit and let f : G — C be a function such that
fgh) = Zyi(g)ui(h) Vg, h € G.
i=1

Then f is a matrix element of n-dimensional representation of G. For locally compact group
G the representation can be chosen preserving such properties of solution as boundedness and
continuity.

(By a matrix element of representation 7' of semigroup G in linear space X we mean a
function

fg) = (T(9)¢, ),
where £ € X,n € X*.)

The solutions of Levi-Civita equation have a simple geometric characterization: they are the

functions whose orbits under the regular representation belong to finite-dimensional subspaces.
Basing on this fact it is possible to prove [6] that Levi-Civita equation are stable when considered
in various functional classes on amenable groups. ( We mean the Hyers - Ulam concept of
stability: an equation is stable when each function "almost satisfying"it is "close"to a proper
solution.) The proof relies on the theory of covariant n-widths (that is distances from an
invariant convex set to invariant n-dimensional subspaces) which was developed in the same
work.
5. Addition theorems in three variables. In conclusion we will note that solution of the Levi-
Civita equation may be interpreted as functions for which f(z + y) belongs to algebra of
functions generating by functions of one variable. This problem can be generalized for the case
of n variables: to describe all functions f(t) such that f(z; + 22 + ... + z,,) belongs to algebra
of functions which depend of less than n variables. As a first step one can consider a functional
equation of three variables

flx+y+2) =a(x)bi(y, 2) + az(y)ba(w, 2) + az(2)bs(z,y). (13)

Particular cases of (13) were studied in a lot of works (see, for example, [2]-[8]) and have many
applications. Investigation of such functional equations also lead to some interesting semigroup
problems.

We will mention here only one result on this subject:

Theorem 4. . Let f be a continuous complex-valued function admitting an addition theorem
(18). Then f is a quasipolynomial.
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O ITAPAMETPUYECKOM 3AJAHVN MHOKECTBA

TOCTM>KMMOCTU OJTHOPOIHOM BUJIMHEMTHON
CHUCTEMBI C HEKOMMYTUPYIOIIINUMI MATPUITAMNI

E.H. XAJ10B
MOCKOBCKUI ['OCYIAPCTBEHHBINM YHUBEPCUTET UM. M.B. JIOMOHOCOBA,
MoCKBA, Poccud

B pabore paccmarpuBaeTcss MHOXKECTBO JIOCTHKUMOCTH OJIHOPOJIHON OMJIMHENHHON crCcTeMBbI
= (A + uB)r co CKaJsIpHBIM OTPaHUYEHHBIM yIpaBjeHueM. [Ipu Ompejie/IeHHbIX TPEeIo-
JIOYKEHUSIX TTOKA3bIBAETCS, YTO KaKJ0i TOYKE MHOXKECTBA JJOCTHUKMUMOCTH OTBEYAET KYCOTHO-
IIOCTOSTHHOE yIIPaBJIEHNE, OIEHKAa YNC/Ia TEPEKJIIOUEeHN KOTOPOTO CBdA3aHa C Pa3MEPHOCTHIO
daz0BOro IPOCTpaHCTBA UCXOAHON cucrembl. /lanubiii haxkT 0600mIaeT 1 pa3BUBAET PE3YJib-
TaTH, TOJTydeHHble paHee B [1-4]. OH m03BoJIeT UCIOTB30BATE MOMEHTBI EPEKTIOYCHIN TAaKIX
yIPaBJIEHUI JIJIs1 OMMMCAHUS MHOYKECTBA JOCTUZKUMOCTU PACCMaTPUBAEMON CUCTEMBI.

Paccmorpum Oumneiinyio cucreMy co CKaJsgpHBIM yIIPpaBJICHHEM BUJIA

{ i(t) = (A+u(t)B)x(t), t €[0,T], 1)
x(0) = zg, o # 0,
rjae A, B - marpuibt nopsaaka n X n, AB # BA u x(-) € R™.

[Tox kstaccom gonycrumbix yrupasiaenuit P(T') noHuMaeM BCEBO3MOXKHbIE U3MePHUMbIe (DYHK-
n u(t), yaosaersopsitonie HepaseHcTBy 0 < u(t) < p mouru Beromy Ha orpeske [0, 7.

[Iycrb Y ecTb MHOXKECTBO PA3JIMUHBIX JeHCTBUTENBHBIX MATPHIL MOPSIKA 1 X 7.

O6osznaunm gepes [C, D] kommyrarop marpuri C, D € Y ([5]). Torma, caenys [6], onpememmm
MATPHIBI :

[B7A]1:[B=A]; [B7A]k+1:[[B7A]k7A]7 k>1. (2)

O6o3naunm 4yepe3 X (T') MHOKECTBO JOCTHZKMMOCTH cHCTeMbl (1) U3 TOYKHM Ty B MOMEHT
Bpemenu ', T.e. MHOXKecTBO 3HaueHuit x(1") pemenuii (1), oTBe9aOMUX BCEBO3MOKHBIM YIIPAB-
nenusm u(-) € P(T).

Ussectno (|7]), aro muoxkecrso X (1') xommakrio B R™.

Paccmorpum marpuny Gy = F® A — A® E, rne E - equanunas matpuna, a C' Q@ D -
KpoHekepoBo mpomnspeenne Marpui C, D € Y ([5]). Tyers h(p) = b appb, [ =n? —n + 1
- XapaKTepUCTHYeCKuil MHOTOWIeH MaTpuIbl G 4, Jelennbii na 4"~ ', B kotopom a; # 0. B [6]
YCTAHOBJICHO PABEHCTBO

!
S B, Al = 0. ()
k=1
JaJiee, B HOCTIELYIONIUX PACCYZKIEHUAX CUUTAEM BbIIOJIHEHHBIMA CJIC/IYIOIINE [IPEJIIOJI0Ke-
HUA.
Condition 1. Panr marpurpsl, cocraBieHnoi u3 Bektropos (B, Alyzo, k = 1, (I — 1) pasen n.
Condition 2. [Iis marpur [[B, Alg, B], k =1, (I — 1) ciipaBeyiuBbI Ipe/ICTABIEHNUS

B, Al, Bl =Y Af[B, A; + 6*[B, Alp1, k=1,(1-1), (4)

i=1
re A¥ i =T1,k; 6%, k=1,(l — 1) - mekoTopble uncma.
B pabore [8] mocsteiaee npenonoxkenne HazBaHo ycirosueMm Cyccmana.

Omnpenemanm mis wucen AF i = 1,k; ag, 0%, k = 1,(1 — 1) n semmaunsr v € [0, p|] MaTpuity
H(v) mopsgaxa (I — 1) x (I — 1) ¢ snementamu h; ;(v) cieayromumM 06pasoM :

hi’j('l}) = A;U, j = H, hi,iJrl(U) =1 + 5111, hi,j(v) = O, j = (’L -+ 2), (l — 1) (5)
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msi=1,(1—2)u
Y148, j=T1,0—1). (6)
(87

hl*l,j (’U) = A§-71U —
Hych BBIIIOJIHEHBI IIPEAIIOJIOZKEHNM .
Condition 3. Jlns uucen 6°,i = 1, (I — 2) umeror Mecto HepaBencTsa : 0° > —p 1 i =1, (1 — 2).

Condition 4. ITpu Jso6om v € [0, p] kopru A;(v), i = 1, (I — 1) XapaKTepucTUIecKoro MHOIO-
wieHa Marpuiibl H (v) BeIecTBEHHBIE U YIOBJIECTBOPSIOT HEPABEHCTBAM :

M) v < Aa(v) < - S Na(v) S ymg < N (),
rae v;, @ = 1, (I — 2) - nocTosHHBIE, TOYUHSIIONINECS COOTHOIIEHUIO & V] < -+ < V_g.

Crioco6bl TIPOBEPKY 3TOIO MIPEJIOJIOKeHHs paHee obcy K ammch B [2,9,10].
Teneps ot ynpasiennit u(-) € P(T) mepeiizieM K HOBBIM YIPaBIAIOMUM QYHKIWAM z(-) €

IIOMOIIbIO 3aME€HDBI
T

oAt) = [ u(eyde, ¢ € 0.7, @
t
Ouesnano, uro z(T) = 0 n u(t) = —2(t), t € [0, 7).
O6osnauanm gepe3 Z(1) Kiracc BCeX CKaJSIPHBIX abDCOJIOTHO HEIPEPBIBHBIX (DyHKImil 2(-)
rakux, 410 2(T) = 0 u —Z(t) € [0, p| upu mouru Beex ¢ € [0, 7.
s npomsBosbHOrO 3HadeHus o € [0, pT'] BBeIeM MHOXKECTBO :

Z,(T) = {z() € Z(T): 2(0) = 0}.
CupaBeinBo CJIe/yIoNiee PABEHCTBO

2= \J z(1). ®)

o€[0,pT]

Teneps, dukcupyem sennuanny o € [0, pT']. O6o3naunm vepes Z* (1) MHOKECTBO BCEX TAKMX
2(-) € Zy(T), aro —2(t) € {0;p} Bciogy ma orpeske [0,7] 3a HCKIIOYCHHEM, OBITH MOXKET,
KOHETHOI'0 YuC/Ia ToueK. 3ameruM, 4to ipu o = 0, 0 = pT muoxecrsa Z, (1), Z*(T') coBuagator
U COCTOSAT U3 OJHOrO 3jeMeHTa : npu 0 = 0 - dyukuuu z(t) = 0, t € [0,7], a upu o = pT -
byukmm z(t) = p(T —t), t € [0,T]. Hna ocrampubix Bequuana o € (0, pT") nmeer mecto
yTBEpzKJIeHNe, T0Ka3aHHoe B pabore [4].

Lemma 1. IIpu kaxom suadenun o € (0, pT") muo)kecTBO Z*(T') BCIOLY IJIOTHO B MHOYKECTBE

Z,(T).

[Tycrs 3amano suadenue o € (0, pT"). PacemorpuM jiist HekoToporo m > 1 crie/Iyionime MHO-
JKECTBA :

e {(71’72"-"%)T ER™:7; 20,/ =Tm;y 7 :T_g},

IJIe 3HaK | O3HaYaeT TPAHCIIOHHPOBAHUE.
Tl nabopos (21, 22, -+, 2m)" € S, (T1, T2, -+, Tm)? € W), nOTATACM :

o — 21 Zj T Zj41

p

b = =t Ty, = Lmst =t +
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Bamerum, uto 0 < ¢} < 2 < ... < tl < 2 < T. Ha orpeske [0,T] onpeennum KycoaHo-
JIMHEWHYTO (DYHKITUIO :
o — pt, 0<t<t]
2 th<t<t? j=1m
2(t) = I L L R 10
() Zj_p@_t?)? t?étét}_’_l, jzla(m_1)7 ( )

Zm —p(t—12), t3 <t<T.

OueBniHO, YTO TakuM obpasoMm 3aganHas dyukiua z(-) € ZX(T). U3 pesyapraroB paboTh!
[1] ciemyer B3aUMHO OJJHO3HAYHOE COOTBETCTBUE MEXK/Iy BCEBO3MOMKHBIMU IIapaMu HAOOPOB 13
MHOXKECTB Sy, W, npnu Bcex m > 1 u muoxkecrsom Z:(T).

Pacemorpum teneps Touky y € X (T) Takyio, uTo eif orBedaer ynpabisioniasd (OyHKIUA
w(-) € ZXT) nas nekoroporo o € (0,pT"). I3 5T0r0 BKIIOUEHUsS BBITEKACT CYIIECTBOBAHIE
3HaYeHUst M 1 HAGOPOB (W1, Wa, . . ., W)L € Spm, (B1, Bas - -+, Bm)T € Wiy, 110 KOTOPBIM DyHKIUSA
w(t) crpoures cormacuo Gopmymnam (9),(10). Vimeer mMecto yTBepK/IeHue.

Lemma 2. [{isa onpegesennoit Boime Touku y € X (1') cupaBeyiuBo IpejiCcTaBIeHue

o

y=e ¢ WP TDAQ 1 (91)Qm2(Om2) ...

Q2(92)Q1(Vh)e K (A+pB)3307 (11)
e
Qz(ﬁz) — efﬁiAe Wi pz-‘rl (A"FPB)eﬁiA, 191 — ﬂl + 62 g 61-7 1 = 17 (m — 1) (12)
Bnech e P ecrb sxcnonennuan marpuipr D € Y ([11]).

Zoxazameavcmeo. JlokazaTeabCcTBO JaHHOTO (paKTa 3aKJIFOUAETCs B MHTEIPUPOBAHUU CHUCTEMbI
(1) mas yupasienus v(t) = —w(t), v(-) € P(T), orBevaroriero Touke y, U IpeodpazoBaHUN
IIOJIYy IEHHOT'O BBIpayKeHus ¢ ydaeroMm coornomennit (9),(10) n (12). O

BBe,ZLeM MHO2KECTBO

g
Am—l(T) = {((,01,9027...,90m_1)T c Rm_l -0 S V1 S V2 S S Om—1 S T — ;}

Bunnwm, aro durypupyioiie B ycaoBun JeMMbl 2 3Hauenus ¥, i = 1, (m — 1) yaoBreTBopsiior
proueHnto (91, Vs, ..., U 1)T € Ap_1(T).

O6oznaunMm depes int (2, 02 BHyTpeHHOCTH 1 TpaHuily KommnakTta {2 C R".

YcTaHOBUM CIIPaBEJJINBOCTD CJIEIYIONIETO YTBEPKIEHNUS .

Lemma 3. Cymecrsyer Takas yupasistioniast dbynkist w(-) € Z*(T'), orevaronias paccymar-
puBaemoit Touke y € X(T), 94T0 Jjisi COOTBETCTBYIONUX HABOPOB (Wy, Ws, . .., Wn)" € Sp,
(B1, By -, Bn)T € W, umeer mecto nepasencrso m < (I — 1).

Jlokasameavcmeso. Jlokazarenbctso. st Toukn y BeiosHsiercs npejcrasiaenue (11). He orpa-
HUUUBas OOMIHOCTH cYuTaeM, 9To B Habope (31, B2, ..., Bm)t - Bee B, i = 1, m 1no0KuTEbHBIE
u (Wi, wy, ..., wy,)! € intS,,. Torma seuaunsl, onpeessemble B (12), MOTINHAIOTCS BKIIOUE-
T .

oo (U1, Ya, ..., 0po1)" €int A1 (T).

st Toro, 9T0OBI YCTAHOBUTH CIIPABEJJINBOCTD KEIAeMOro (hakTa MPeIIoI0KIM, ITO m >
(I — 1) u mokazkeM BO3MOYKHOCTH yMEHBIIIEHUsI 3HAUEHUSI M JI0 TpeGyemMoro.

[Monarast Bemmansbl w;, © = 1, m durcupoBanHbIMEI, paccMOTpuM Ha MHOXKecTBe A, 1(7T)
CUCTEMY HEJIMHEWHBIX YPaBHEHUNH :

F(X17X27--'7Xm—1) - (13)

Wm, _c o—wq
€ r (A+pB)e(T p)Amel(mel)me2(me2) . ~-Q2(X2)Q1(X1)e 4 (A+pB)330 - Y.
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Bamernm, aro GyHKIuA F(x1, X2, - - -, Xm—1) ABIFETCS aHAJIATHIECKON Ha MHOKecTBe A,y 1(T).
I3 (11) BeiTekaer paBerctBo F(1, 19, ..., 0, _1) = 0, KOTOpOe O3HAYAET PA3PENTIMOCTh YDaB-
Henus (13).

Hanee, croabipl MaTpuilbl fkobu cucrembl ypasHenuii (13) BeipazKkatorcs hbopMyiaMu

8F Wm _g
a—X‘(Xl’ X2y 7Xm—1) =€ 7 (A+pB)e T p)AQm—l(Xm—l)Qm—2(Xm—2) ce

. O'*wl
Qis1 (i) Qi(X1)Qim1(Xin1) - Qa(x2)Qu(x1)e 7Py, (14)
Qz(Xz) — e Xilfe %(AJ”’B), AleXit i =1,(m—1).
[Tokazkem, 4To MaTpuia $IKOOM uMeeT paHr nm B KaxkJjofi Touke (X1,X2,---, Xm_1). €
Ay 1(T). st 3TOrO Mpe/ImosioxkuM poTuBHoe. IlycTh Hamiach Touka (X1, X2, - - - Xm—1). €

Ay 1(T), 1yst KOTOpO# paceMarpuBaeMasi MaTpuiia JIKoOU nuMeeT paHr MEHBIIHH, YeM 7. DTOT
dbakr ozHauaer cymecrBoBanue Jis cooTHomenuit (14) Takoro HeHysieBoro BekTopa 1y € R™,
4TO

oF S
(8X1 (XlaXQa cee 7>Zm—1)7w0) = 07 1= 17 (m - 1)

OTH paBeHCTBa IOCJIe HAJJTEXKAIUIX TPeo0Pa30BaHNi TPUBOAATCA K BUIY :

ToWitl
T

/ (A + pB, Alz(s), (s))ds = 0, i = T, (m = 1). (15)

P

Xi

Xit+

rie x(t) - TpaekTopus cucreMbl (1), o UnHEHHAST YIIPABIeHHO U(1), OTBEYAIOIEMY YIIPABIISIO-

et byHKIMM, TOCTPOeHHoi 110 HabopaM (wy, Wy, . .., W)L, (X1, X2 = X1, - - > Xm—1— Xm—2, (T —
%) — Xm-1)%, a 9(t) ecThb permenne coNpsizKEHHON CHCTEMbI
{ b(t) = —(A+0(t)B)T(t), t € [0,T), (16)
Y(T) = .

Bamernm, uro ¢yuknus 0(t) npuaunmaer #a orpeske [0, 7] sumb 3nadenus {0; p} u nmeer
2m TOUYEK PasphiBa, B KOTOPBIX MbI JIOOIPEIE/IUM €€ 3HAYEHUsT COOTBETCTBYIOIMMU TIPEIe/IaMu
cieBa.

Cormacuo Teopemsl 0 cpenueM ([12]) ompemesnensr 3HadMeHns

o —w; _ U_le),i:l,(T—l),

Vi € ()Zri‘ip s Xi
Yepe3 KOTopble paBeHcTBa (15) ¢ yueroM (2) 3annchbBaIOTCS B BHIE

([BvA]lx(%)azﬁ(%)) =0,1=1, (m - 1)‘ (17)

U3 onpenesenust 3uavenuii y;, Vi, ¢ = 1,(m — 1) caemyor HepaBercTBa 0 < 73 < Yo < « -+ <
TYm—1 < T.
Hasee, BBesieM yHKIUN :

ge(t) = ([B, Al (1), (1)), k=1, (= 1). (18)
ITpu stom, Bumum u3 (17), aro dbymrkmus gi(t) nmeer (m — 1) myms ma nnrepsare (0,7).
Huddepennupyst byuxmun gx(t), k = 1, (l — 1), npuBJeKas IIPU STOM CHCTEMbI yPaBHEHUI
(1),(16), paBercrso (3) u coorHomenns (4), MOTYINM CHCTEMY JIMHEHHBIX JuddepeHITHATBHBIX
ypaBrenuii jyisa dbyuknumit (18) :
()ZZ Fo(t (), k=1,(1-2),
gi-1(t) = ( i

)g() (1+5’“( ) Get1
'o(t ~o(t)))gi(t), t € [0,T].
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BameTuM, 9To yeaoBus 1,3 rapaHTUPYIOT KOHEYHOCTD vnc/a Hyseit pyHkimn g () Ha paccmar-
pUBAEMOM MHTEPBAJIE.

Ouennm Terepsb qucsao Hyseil dyukiun ¢i(t), onupasch Ha cucremy ypasaenuit (19). st
9TOrO0, IpHBJeKas oupenesnentuyio B (5) u (6) marpuiy H(v), nepennmiem cucremy (19) B mar-
PUYIHOM BHJIE :

g(t) = H(v(t)g(t), t € 10,7,
rie g(t) = (91(t), 92(t), ..., gi_1(t))T. Ilyers b= (1,0,...,0)T € RI-L

Paccmorpum BeKTOPBI
g;(0(t) = (H(@(t)))" Y 'b,j =11

Ha KaKJIOM HHTepBaJie mocrosacTsa dyuknuun v(t), t € [0, 7. Benem dbyuxrmio £(t) = (b, g(t)),
t € [0,T]. Paccyxmas manee Kak u 1mpu obocHOBaHHU TeopeMbl 1 paborer [13|, Haxomum BbI-
paxernsa U7V (t) = (g;(0(2)),9(t)), j = 2,1, BRIONHAIONMECA HA WHTEPBATIAX IOCTOAHCTBA
dbyuxmun v(t), t € [0,7]. Bamernm, uro Ha THX HHTepBatax Marpurna P (v(t)), cocraBiennas
u3 crosomos ¢;(v(t)), j =1, (Il — 1) HeBBIPOXK/EHA B CHILY yCJIOBHS 3.

Onpenemnm dyukuun r;(0(t)), j = 1, (I — 1) Kak pentenns anredpamdecKoil CHCTEMDI ypas-

HEeHUH :
—r-1(0(1))
O(v(t)) e = q(v(t))
—r1(0(t))
Ha KazKJIOM HHTepBaJie nocrosucTBa dyukmuu 0(t), t € [0, 7). JoMHOXKAas 9TO PABEHCTBO CKa-
nspHo Ha ¢(t) u yumThBag BhpaxKenus ma £0(t), i = 0, (I — 1), maxomum auneiinoe mudde-
peHIaibHOe ypaBuerue i hyukinuu & (1) :

D)+ 1y (B(H)E(E) + -+ 2 (BENED(E) + i (5()E(E) = 0.

[TocTaBUM B COOTBETCTBHUE 3TOMY YPaBHEHHIO ODOOIIEHHOE XapaKTEPUCTUIECKOe yPaBHEHUE :
MNTHE) 4 (@) T2 () 4 - A o (B()A(E) + 11 (B(t)) = 0.

Bamernm, 9TO JaHHOE ypaBHeHHe onpenesero npu Beex t € [0,7]. Kpome Toro, nmpu Kazkiaom
t € [0, 7] 10 ypaBHeHUe sIBJIsETCSA XapaKTepucTuIecKuM ypasaerneM marpurisl H (0(t)). Torma,
u3 yeaoust 4 u cuencteus 4.2 paborsr [14] Berrekaer, uro dynkuus (t) = g1(f) umeer Ha
unrepsasie (0,7) He Gosee (I — 2) pasauuanbix Hyseit. C aIpyroit ¢TOPOHBI, OHA 0OpAINAETCs B
HYJIb B TOYKaxX ;, ¢ = 1,(m — 1), m > (I — 1). meem npoTuBopedne. 3HATUT TIPE/IIOIOKEHUE
HEBePHO, U JIIsd KaxKI0il TOUKH (X1, X2, - - > Xm—1)° € Apm_1(T) panr marpunpl sIkobu cucremb
ypasrenuii (13) pasen n.
BBejieM MHOXKECTBO WHJIEKCOB :

st kaxkoro vabopa (Ji, jo, - - -, jn) € J ONPEIETNM KBAJIPATHYIO MATPHILY :
R(jl:j27~--,jn)(X17 X2 .- 7Xm—1) =

oF oF oF

—(X17X27 s 7Xm—1)—(X17 X2y« 7Xm—1) e
<5le X 9
1 C ee IIOMOIIIBIO MHOXKECTBO .

In

(X17 X2 .- 7Xm—1)>

Q(jl»j%-“vjn)(T) =

{(Xh X2 .- 7Xm—1)T € Rm_l c rang R(jhjz,..,,jn) (X17 X2 .- aXm—l) = TL}, (20)

rje rang D ectb panr matpuiisl D € Y.
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Ussectro (|15]), uro kazkmoe Takoe MHOMKECTBO JMOO SABJISAETCS 00JIACTDLIO, JIHOO COCTOHT
13 00beUHEeHNs TI0apHo Hemepecekaomuxcs obacreit. [losToMy u3 ckaszaHHOTO BBIIIE CJle-
ayet, 4o MHOXKeCTBO (J; o iy QG ja,...ju) (1)) 0Opasyer OTKpbITOE HOKPBITHE MHOXKECTBA
Ap—1(T). Torma ([16]), cymecrsytor Takue muoxkecrsa ©,(1), j = 1, M Buzma (20), uro xaxmoe

M
W3 HUX sABJIAETC 00J1acTbio 1 Bhino/ugercs skmovenne Ay, 1 (1) C U;2; ©;(T). Bes orpann-

genust obmuHocTu cuautaeM, uto (91, Js, ..., 9, 1)" € 01(T).
Bocmnosbayemest Tenepb TeopeMoii 0 TI00aabHON pa3permmMocTH CUCTeMbl ypaBHeHuit (13)

([17]) moouepenn na kaxkmom muokectse O;(7) N A,,_1(T), j = 1,M, nauunas ¢ uep-
BOTO, B KOTOPOM pacitojozkena Touka (Uq,Ys, ..., 1)7. B pesynbraTe HOIydUM TOYKY
(X5 X5 s X)) T € OA,,_1(T), ny1st KoTopoit cripaBeinBo paBeHcTBO F (X7, X5, - X5 1) =
0. CrenoBaresibto, B mpejcrasiennn (11) Touku y 10 KpaiiHeil Mepe OJIMH MHOKHUTE/Ib OTCYT-
CTByeT. DTOT IIPOIECC MOBTOPSEM CHOBA, IIEPEHYMEPOBAB Pa3J/IMYHbIE KOMIIOHEHTHI X} U pac-
cMaTpuBas UX B KadecTBe ;. AHAJIOIMYIHOE CJIedyeT IPoIesaTh 1 € w;. JDTO OyIeT MPOUCXOINTh
710 Tex mop, moka m > (I — 1). B KoHIle KOHIIOB, IIpeJicTaBIeHIe BEKTOPa ¥ 6y;:LeT UMeTh BUJ, :

| o — -
y=e » (ArrB)e (T p)AQl—Q(ﬁl—Q)QZ—S(ﬁl—S) Q2(192)Q1(191) ARy 0
rie {w;}21 € {w;}7,. Tlosromy, Beraucias snauenus (5, Ba, . . ., Bz-1)T € W,_1 u ucnoyb3yst
dopmyist (9),(10), Haxoaum uckomyto dyuknuio w(t), t € [0, T]. Tpebyemplii hakT MOJTHOCTHIO
JIOKA3aH. 0

YcTaHoBUM Telephb IIaBHOE YTBEPIK/IEHUE HACTOAIIEH paboTHhI.

Theorem. Kaxmoit Touke z € X(T) orBedaer KyCOUHO-TIOCTOSIHHOE yIpasienue u(t), t €
[0, T], npunumaromiee sHadenns {0; p} u nmeromee e Gosiee 2(n? —n) nepek/0UYeHuil Ha OTpesKe

[0, 7.

Jlokasamenvcmso. Jlokazarenbcto. Touke x € X(T') orBeuaer yupabisiomast QyHKITH
2(-) € Z(T). B cuny (8) Takoe BKJIIOYEHHE O3HAYAECT, 9TO OmpesencHa Beindnua o € [0, pT7],
it Kotopoit z(+) € Zy(T). Ecoim 0 = 0 win 0 = pT, 10 KenaeMblii dhakT 060CHOBaH, 10
CKOJIBKY B 9THX CJIydasX TOUYKe & oTBedaeT yupasienue u(t), t € [0,7T] 6e3 mepexsodeHuii.
I[Iycrs Teneps o € (0, pT ) Cornacuo semme 1 jyist pyskImu z(t) cymecrTByeT MOCIeI0BaTe b
nocts dynximit {wg(-)},° C ZX(T), xotopas npu k — 400 pasHomepno Ha orpeske [0, 7]
cxomures K dynkiun z(t). Torma, onpenenss mia kaxuoi Gyukiun w(t), ¢ € [0,7] coor-
BeTCTBYIOMee 3Havenne m u wabopbl (wf,wk ... wk)T e S, (8F,65,...,88) € W,,, 1o
dbopmymam (11),(12) maxomum HOCIE/OBATEILHOCTE BEKTOPOB {2,125 € X(T), oreuarommux
yupasysomum GyHkipsam {wg (- )} . C ZX(T). U3 teopemspr 3 paborsl [18] BeITEKaeT cxoau-
MOCTB TTOC/TeIOBATELHOCTH {7} 25 an k — +oo K Touke x. B cuity semMmbl 3 Kazk 10l TOUKe
7, € X(T) orsedaer ynpasmsmomas dbynxnus w(-) € Z;(1') Taxas, 4To y 3a/Ja0mux ee Habo-
pos (wk, wk, ... wk)T €S, (8%, B% ...,3%)T € W, semuuna m y10B1eTBOPAET HEPABEHCTBY
m < (I —1). Cormacio Teopeme Apnena ([19]) us mocienoparensuoctn bynkmmit {wy(+) 1,2
MOYKHO BBIIC/INTD TIofimocsiesiopatebiocts {wy, (1)} 127 C Z*(T'), paBHOMEPHO CXOAAMILyIOCs Ha
orpeske [0, T] k dbyuknun z(t). IIpudem, jyist 910ii yupasssioreii (GyHKIMI HUMeeT MECTO BKJIIO-
genue zZ(-) € Z*(T), a y orBeuatomux eit HAGOPOB (21, Za, - - ., Zm) L € S, (T1, T2y -+, Tm) L € Wiy
BeJINUNHA M HomduHseTcss Tomy ke HepaBeHcTBY m < (I — 1). Ilycrs Touka = € X (T') or-
BedaeT ynpasisitorieil dynknuun z(t), ¢ € [0,7]. CHoBa yunrbiBast pesyabrarhl paborsl [18],
MMEEeM CXOJMMOCTD COOTBETCTBYIONIEH TI0C/Ie/[0BATEILHOCTH {T), } 123 TpH s — 00 K TOUKe T.
TTOCKOILKY MOCIEIOBATETLHOCTE { T, } 1) ABJIAETCS MO/IOCITEI0BATELHOCTBIO TIOCIeI0BATE b=
Hoctn {7y}, 5%, TO TOWKM T W  coBmAjaloT. 3Haunt, ynpasismiomas yukmus Z(t), t € [0,7]
oreedaer Touke x € X (7). Teneps yxe npusiekas dopmymy (7), MOKHO BOCCTAHOBUTH Tpe-
6yemoe yrpasienue u(t), t € [0,T]. I[Ipu smoMm, 3aMernm, 9TO B HANJIEHHOM JJI BEJUYUHBI M
HepaBeHcTBe | — 1 = n? — n. YTBepKIeHNE MTOJHOCTBIO JOKA3aHO. O
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B sakitodenne aBTop BbIpaxkaeT npusHarebHOCTh A.B. KpsizkuMcKoMy 3a TOCTOSTHHHOE BHH-
MaHMe K 3Toil paboTe 1 ILJI0IOTBOPHOE OOCY K IeHNE IOy IeHHBIX B HEll pe3yJIbTaToB.
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ON SOLVABILITY AND EXTREME REGULARIZATION OF
VARIATIONAL INEQUALITIES WITH SET-VALUED
OPERATORS

O. V. SOLONUKHA
NTUU "KPI", Kiev, UKRAINE

In this paper we modify a solvability theorem for wvariational inequalities with
multivalued operators. We propose also to solve such problems using some special
inclusion or a sequence of some extreme problems, so—called "extreme regularization”of
problem. These extreme problems consist of inclusions with a parameter and a
special penalty function. The extreme regularization method is applied for variational
inequalities with set—valued mappings, which has more weak boundedness conditions with
respect to ones in previous papers. Results are also applied for variational inequalities
with single—valued mappings.

Keywords: variational inequality, inclusion, extreme regularization, penalty function, property (M), quasi—
boundedness, local boundedness

1. The variational inequalities theory is powerful and effective tool for studying a wide class
of free boundary problems, equilibrium problems, nonlinear optimization problems, etc. These
inequalities have important applications to various branches of pure mathematics and applied
sciences, in particular, to economics and engineering (see e.g. [3]). Wide class of models consist
of essentially set—valued variational inequalities, for example, a family of control problems which
are described by variational inequalities, minimax problems, nondifferential optimal problems
etc. (see e.g. [1]). The immediate solving of such problems is very difficult. In |5, 7, 8] it was
proposed the idea of extreme regularization for variational inequalities that allows to replace a
variational inequality by auxiliary extreme problem. In [10] it was shown that for solvability of
inclusions and variational inequalities it is sufficient to use weaker boundedness and coercivity
conditions than in [2, 6]. In this paper we prove that in that case solution’s sets of auxiliary
extreme problems coincide with solution’s sets of corresponding variational inequality.

2. Let X be a reflexive Banach space, let X* be its topological dual space, and let (-, -) be
the duality pairing on X x X*. Denote by Conv(X*) the totality of all nonempty convex closed
subsets of the space X*. Let A be a multivalued mapping such that

Dom(A)={y e X : A(y) #0} = X.
Denote  graph(A) = {(y,w) € X x X* :w € A(y)}. We introduce upper and lower support
functions, and an upper norm associated with A by the formulas

[A(y)7£]+=d2%>)<d,€>> [A(y),¢]- = inf (d,§), (AWl = sup [|d]x-

deA(y) deA(y)

We consider the following variational inequality with set—valued mapping

where f € X*, K C X is a closed convex set, dimK = dimX.

Since the support functions define the values of operator within a convex closure [4], we use
mappings with convex, closed values. Moreover, if variational inequality (1) is solvable and A(y)
is bounded, then there exists an element w € A(y) such that

(see [6]). Thus we suppose that the values of A are also bounded.

Definition 1. A mapping A : X — Conv(X™) is said to be generalized pseudomonotone
if for arbitrary (y,,w,) € graph(A) such that y,, — y weakly in X, w,, — w weakly in X*, and
lim sup(wy, y, —y) < 0 we have w € A(y) and (w,,y,) — (w,y) (to within a subsequence).

n—oo
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Definition 2. A mapping A : X — Conv(X"*) is said to be quasi-bounded if for all
{(y,w) € graph(A) : ||y|lx < ki, and (w,y— ) < ko for some k; >0, ks >0, ( € X}

there exists a constant N > 0 such that ||w|x+ < N = N(ky, k2, () < 0.

We also use properties of the mapping A on finite dimensional subspaces. Let F' C X be an
arbitrary finite-dimensional space with a basis {h;} and with a topology, which is induced by
topology of X. We introduce a projecting operator Ir : F — X (|[Iryr|x = |lyr|rYyr € F),
and the adjoint operator Iy : X* — F*. We denote

fr =) _(f hi)hi, Ap = Alp: F — Conv(X*),

{hi}
)= U {S@nn}  wer

deAr(y) ~{hi}

Definition 3. A mapping G : F — Conv(F) is locally bounded if for any y € F there

exist € > 0 and M > 0 such that sup ||d||r < M for any £ € {£ € Dom(G) : ||£ — y||r < €}.
deG(8)

Definition 4. A mapping G : F' — Conv(F') is upper semicontinuos if for every ¢ > 0
and y € Dom(G) there exists 6 > 0 such that A(z) C A(y) + B-(0) for any z € Bs(y), where
B.(0) is a ball of center 0 and radius e.

We also consider some convex bounded set D C X such that dimD = dimX. Let also (y be
an interior point of D with respect to topology of F', i.e. {y € intp(F N D) = intgpDp.

3. First we consider a solvability of variational inequalities.

Theorem 1. Let X be a reflexive Banach space; let A : K — Conv(X*) be a quasi-bounded,
generalized pseudomonotone operator such that for any finite-dimensional space F a mapping
I+Ap : F — Convu(F) is locally bounded or upper semicontinuous; let K C X be a closed,
conver set (dimK = dimX ). Moreover, one of the following conditions holds:

i) (an acute angle’s condition) there exist some bounded, convex set D and an element (y €
D N K such that for any finite—dimensional F' > (o we have (y € intp(D N K)p and

rAr (y) — froyr — G, 20 Vy € 0D, (2)

where 0D is the boundary of Dp = D N F in space F;
ii) K is bounded.
Then a set of solutions for variational inequality

[AW),E —yly > (f,{—y) VYEe€eKND (3)

is nonempty and weakly compact in D N K. Moreover, each solution of (3) is a solution of (1).

Jlokasameavcmeo. We can prove this theorem similarly to Theorem 2 [10]| for bounded
mappings.

As it was proved in Lemma 2 [10], a solution’s set of variational inequality (3) is equal to a
solution’s set of the following inclusion

A(y)—f_NI)%(y)Bfa /\:N(khOaCO)v (4)
where N : R, x R x X — R, is defined in Definition 2, B)(0) = {w € X*: ||w| x+ < A}, and

Np(y) == {w € B\(0)C X*:{w,£) <0 Ve U %(y - K)}

h>0
is a frustum of normal cone. Thus it is sufficient to solve inclusion (4).
The mapping A+ Ny is quasi-bounded, and A+ N3 has property (M), since it is a generalized
pseudomonotone mapping (see Proposition 2 [9] or §3 [10]). Moreover, I5(A+ N ) is a sum of
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upper semicontinuous mappings. Therefore this operator is upper semicontinuous. Hence it is
sufficiently to show that condition (2) holds for A + AN} on some bounded convex set DN K.

By definition, 0 € Np(¢) for ¢ € K, {0} = Np(¢) for € € intK, and [Np(y),y — (o] =
My —Gollx >0forye OK. lf yp € O(KNF) C F, then y = Ipyr € 0K C X. Moreover,

[Aly) — f+ )\N}<(y), y—Gol+ = [Aly) — foy — Gol+ + /\[N}((y)’y — Gol+- (5)
Let we consider the subsets 0K pr and 0Dpg such that
IKNDNF)=0KprUOdDpg,
OKpp ={yr € 0(KNFND): [I5Ap(yr) = fr,yr — Gol+ < 0},
ODpx =0(KNDNF)\J(KNF).

Obviously, by construction and by condition (2),

UpAp(yr) — fr,yr — Gols >0 Yyr € 0Dpk.

Moreover, by quasi-boundedness of A, we have estimate | A(yr)||; < N for yp € OKpp. Here
N is independent of F', since N = N(ky, ko, (o), k1 < sup ||€||x, k2 = 0.
¢eDNK

If we substitute A = N + || f||x+ in (5), we obtain for any y € 0K pp

3 Ar(yr) — fr+ In(NR)r(yr), yr — Colv = (=N — || fllx+ + A)|ly — Gollx = 0.
Therefore, for arbitrary F

[ Ar(yr) = fr+ Te(Ng)r(yr),yr — Gly >0 fory € (KN DNF).

By Theorem 2 [10], there exists § € K N D such that f € A() + Np (7).

If K is bounded, we can set K N D = K.

It remains to prove that the solution set is weakly compact in K (K N D). Let y, — vy
weakly in X and let y,, satisfy (3). Since lim sup(f, y, — y) < 0, using property (M), we have

n—oo

f € A(y) + N (y). Thus the set of solutions is weakly compact. O

Definition 5. A mapping A : X — Conv(X*) is " +” — coercive (coercive) if

lyll%' [A(y), y — Co)eo) = 00 as|lyllx — .

Obviously, "the acute angle’s condition"(2) is weaker than coercivity condition or ” + 7 —
coercivity condition (see e.g. [4, 6, 10]). If A is ” + "—coercive, it satisfies the "acute angle’s
condition (2) on some ball Bg((y). If A is coercive, it is 7 + "—coercive and there exists some
ball Bj((o) such that inequality (1) has no solutions outside of this ball (see e.g. [2, 4, 6, 9, 10]).

4. In general, the mapping N (or A+ Nz) can have rather complicated form. In this case
we can use the extreme regularization method.
Definition 6. A function §: X — RU {co} is lower semicontinuous if

lim inf 5(ya) > 5(y)-
Let us construct a penalty function

F(y,v) = sup (v,y—& +6y) =[v,y— KNDU{y}t+ B(y),
e KNDU{y}

where y is a solution of the following inclusion

Aly) > [+, (6)

B(y) = Iknp(y) is an indicator of the set K N D. We can use an arbitrary lower semicontinuous
function 5 > 0 such that 5(y) >0if y ¢ KN D, and B(y) =0ify € KN D.
Now we can consider the following extreme problem

Fu,y)= sup (v,y—§&) +p6y)—  inf | (7)

£eKNDU{y} vEB)(0),y€p(v)

where p is the solving mapping for inclusion (6), i.e. any y € p(v) satisfies (6).
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Lemma 1. Let problems (3) and (7) have solutions. Then y is a solution of (3) iff there exists
v such that (y,v) is a solution of (7).

Jlokasamenvcmso. Let y be a solution of (3). Then (v, —y) > 0 for arbitrary £ € K N D and
B(y) =0, ie. F(v,y) = 0. By construction,

F(v,y) 2 v,y = DN KU{y}tl+ = (v,y —y) =0,

i.e. F'is nonnegative. Thus (y,v) is a solution of (7).

Let (y,v) be a solution of (7). The function F' is lower bounded by 0. By conditions of
lemma, variational inequality (3) has at least one solution. Thus there exists a pair (7, 0) such
that F'(y,v) = 0, i.e. a lower limit of values for F' is accesible. Since (y,v) is a solution of (7),
we obtain that F(y,v) =0, [v,y — KNDU{y}]; =0, and B(y) =0 (i.e. y € KN D). Thus y
is a solution of (3). O

The problem (3) is solvable. Let us show that the extreme problem (7) is solvable too.

Theorem 2. Let K C X be a closed convex set, dimK = dimX. And let A : X — Conv(X™*) be
a generalized pseudomonotone and quasi—bounded mapping such that for any finite-dimensional
space F' a mapping I1.Ap : F — Conv(F) is locally bounded or upper semicontinuous. Moreover,
let K be bounded, or let A be ” + " —coercive. Then for all f € X* problem (7) has at least one
solution.

Joxasameavcmeo. Since A is a 7 + "—coercive mapping, then for any f,v € X* there exists a
convex, bounded set D, such that

IrAp (y) — fr—vr,yr — Gl 20 Vy € 9(Dy)r.
Thus by Theorem 2 [9], for each v € X* there exists a solution of inclusion (6). Moreover,
since we consider v € B,(0), then it is sufficient to choose a convex, bounded set D, when
I+ AF satisfies the strong acute condition (8). SuNch set exists by 7 + ”—coercivity of mapping
A. Hence for any v € B,(0) there exists y(v) € D, which satisfies inclusion (6). Therefore we
can consider the function F' on bounded set B)(0) x D. This function is bounded from below
(F(v,y) > 0), and a lower limit of values is accesible. Let us consider a minimizing sequence

{(Vn,Yn)}: F(vn,yn) — 0. We denote §, = argsup  sup  (vn,yn — §). By construction, the
EeKNDU{y}

sequences {v, }, {yn}, and {&,} are bounded. Thus on reflexive Banach spaces there exist weakly
convergent subsequences. Let (Y, vy) — (y,v) weakly on X x X* where
lm sup (v, Ym — y) < imsup(vp, Ym — Em) < lim F (v, ym) = 0.

Since A is a generalized pseudomonotone map, we obtain (v, ym) — (v,y) and v+ f € A(y).
Let us assume that y ¢ K N D. But K N D is weakly closed, i.e. there exist a neighborhood
U, C X\ (KND)in weak topology X and a number n, such that {ym}m>n, C U,. Thus
limrri io%f B(ym) = B(y) > 0. Hence y,,, can not belong to a minimizing sequence. We obtain the

contradiction. Consequently, y belongs to K N D and satisfies (3) and F(v,y) = 0. O

Corollary 1. Let K C X be a unbounded, closed, convex set, dimK = dimX. And let A :
X — Conv(X*) be a generalized pseudomonotone and quasi-bounded mapping such that for
any finite-dimensional space F' a mapping I Ap : F — Conv(F) is locally bounded or upper
semicontinuous. Moreover, let A satisfy so-called "strong acute angle’s condition"

there exist some bounded, convexr set D and an element (o € DN K such that for any finite-
dimensional F' > (o we have that (o € intp(D N K)p and

I3 A () — frour — Goly > Mlyr — Gllr - Yy € 9D, (8)

where ODy is the boundary of Dr=DNF in space F.
Then problem (7) has at least one solution.
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Remark 13. Let K be a closed convex cone with corner at gy, and let dimK = dimX. Then
variational inequality (1) defines the following complementary problem

find a pair (y,d), wherey € K, d € K* N A(y) — f,
K'={weX":(w,(—y)>0 V(e K}.
Thus we can modify the penalty function from (7)

F(v,y) = {v,y = yo)| + B(y)
(see [5]). In this case the results of Section 4 hold.

Remark 14. Note that in a definition of F. Browder [2]| it was assumed that generalized
pseudomonotone operators have restrictions to any finite-dimensional subspace that are upper
semicontinuous.
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EXISTENCE OF GUARANTEED SOLUTION FOR
MULTICRITERIA PROBLEM

V.I. ZHUKOVSKIY, S.N. SACHKOV, E.N. SACHKOVA
RCITLI, Russia

Conditions for guaranteed solution existence in a multicriteria dynamical problem under
uncertainty are obtained.

1. STATEMENT OF THE PROBLEM

Let us consider N-criteria dynamical problem under uncertainty

< Z,U YV, {TD(u,0) }ien > . (1)
The controlled system Y changing in time ¢ is described by the vector differential equation
T =o¢(t,x,u,v), x(t.) = T.. (2)

The phase vector x € R", the starting moment ¢, > 0 and the time of process finishing ¥ > ¢,
are fixed; the time ¢ € [t,, 9] . The PMD’s (person making decisions) control action is u € R”
, an uncertainty effect is v € R?. Assume that the set U of controls u(t),t € [t.,?], and the
set V of uncertainties v(t),t € [t, 1], are convex, closed and bounded subsets of Lj[t., ] and
LiTt,, 9] respectively with nonempty interior.

Moreover let the right part of (2) be such that for all u(-) = {u(t),t. <t < 9} € U and
v(-) € V the system (2) (where u = u(t) and v = v(t)) has a unique solution x(¢) continuous
and extendable on the interval [t.,d] and satisfying (2) for almost all ¢ € [t.,?] (you can find
such restrictions for U, V and ¢(t, z, u, v) in [1,2]). The quality of system ¥ functioning is valued
by the vector criterion J(u,v) = (JV(u,v), ..., J™) (u,v)), where the functionals

9
J(i)(u,v) = Q)(i)(x(ﬁ)) + /F(i)(t,:c(t),u(t),v(t))dt, ieN={1,.,N} (3)

are determined on the triples (x(¢),u(t),v(t)), t € [t.,¥]. Assume, that the scalar functions
O (x),FO(t,z,u,v) (i € N) are continuous.

The process of decision making in (1) happens as follows. PMD chooses and uses a control
u(+) € U. Trrespectively of this choice some uncertainty v(-) € V effects the system ¥. Then
the solution x(t), t € [t., V], is constructed for system (2) for u = u(t), v = v(¢). On the sets
(x(t),u(t),v(t)] t € [ts,V]) N criteria (3) are determined. In terms of "meaning"the PMD’s
objective point in the problem (1) is to choose his control u(-) € U so that all N criteria (3)
take the largest possible values simultaneously. In addition when choosing his control the PMD
should allow for emerging of any uncertainty v(-) € V.

For formalization of the solution to the problem (1) we shall use the notion of optimum by
Geoffrion (see [3]) from the multicriteria problem theory [4].

Definition. The couple (u%(-), J%) € U x RY is called the Geoffrion guaranteed solution of
multicriteria problem under uncertainty (1) if there exists an uncertainty v“(-) € V such that
J¢ = J(u% v%) and

1% the control u“(-) € U is maximal by Geoffrion in multicriteria problem

< S(0 = 0%),U, J (4, ) >, (1)
obtained from (1) by fixing v(-) = v%(-) € V.
20 the uncertainty v(-) € V is minimal by Geoffrion in a multicriteria problem

< 2(u=u%),V, Ju v) > (5)
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obtained from (1) by fixing u(-) = u%(-) € U. The couple (u(-),v%(+)) is said to be a saddle
point by Geoffrion in the problem (1).

Remark 1. PMD using the control u“(-) € U provides himself a vector guarantee J.
Namely, whatever uncertainty v(-) € V is realized in the problem (1), the components of
the vector criterion J(u®,v) obtained so far can not become smaller simultaneously than the
corresponding components of the vector guarantee J¢. That is why the solution of the problem
(1) is determined in the form of the couple (u(-), J%).

Remark 2. According to the given definition to construct the Geoffrion guaranteed solution
(u®(+), JY) for the problem (1) one must find a saddle point by Geoffrion (u®(-),v%(-)) € U x V
for this problem.

Remark 3. In problem (4) the system (v = v%) is of the form
&= ¢tz u,v8(t), x(t,) = .,

and criteria (3) are converted into
9
JO (u,v%) = O (z(29)) —I—/F(i)(t,x(t),u(t),vG(t))dt, i e N.
T

In the problem (4) a control u(-) € U is maximal by Geoffrion if
1) u%(-) is maximal by Pareto in this problem, i.e. for all u(-) € U) the system of inequalities
Ji(u®,v%) < Ji(u,0%), i€N

is incompatible, besides at least one inequality is strict;

2) there exists a constant y; > 0 such that if for some j € N and u(-) € U we have

i (u,v%) > T, 0%),

then the number £ € N is found such that
“)

GG)
9

Je(u,v™) < Jp(u™,v

and
Ji(u, v%) — J;j(u€, 0 < [Tk (uC,v%) — Ji(u, v9)].
Similarly, the uncertainty v“(-) € V is minimal by Geoffrion in the problem (5) if
1) it is minimal by Pareto in this problem, i.e. for all v(-) € V the system of inequalities
Ji(u%,v) < J;(u% 0%, ieN,

(at least one of which is strict) is incompatible;

2) there exists a constant 7, > 0 such that if for some j € N and v(-) € V we get

Ji(u® v) < J;(u€,v%),

Then one can find the number £ € N such that

Jj(U’G7UG> - Jj(uG7 U) < 72[Jk(uG7v) - Jk(uGa UG)]‘
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2. AUXILIARY ASSERTIONS

Assertionl. If there exists o; = const > 0 and 3; = const > 0, i € N, such that

idi “) = ii(u”
J{l)eg;' a; Ji(u, v") Za (u
1€EN 1EN
- i z yU)| = — i Ji G7 “ . 6
max| Zﬁ iGZNﬁ (u®, %) (6)
Then the couple (u€(-),v%(-)) € Z/{ x V is a saddle point by Geoffrion in the problem (1).
This assertion is implied by the Geoffrion Theorem [4, p.80].
Now let us consider an auxiliary non-cooperative two-person game

< {120 U VAT (1, 0) bt > . (7)

In this game the player 1 using his strategy u(-) € U strives to get the largest possible value of
his payoff function
I(u,v) = I (u,v,a) = Zal u,v) (8)
1€EN
And the player 2, choosing v(-) € V), strives to get the largest possible value of his payoff
function
L(u,v) = I(u,v,0) = Zﬁzzuv 9)
€N
The Nash equilibrium situation (u%(),v%(:)) € U x V in the game (7) is determined (see
[5]) by the equalities (6) (of course, if the constants «; > 0 and ; > 0 (i € N) are given in
advance).

Remark 4. Thus to construct a saddle point by Geoffrion (u%(-),v%(-)) one should find
a Nash equilibrium situation in the game (7) for at least one set of constants a; > 0, §; > 0
(1 € N) . In view of Remark 2 the constructing of Geoffrion guaranteed solution for the problem
(1) is reduced to the mentioned situation constructing,.

Let in the game (7) the constants a; = 3; = 1 (i € N) . In this case we reduce the constructing
of Nash equilibrium situation in (7) to the finding of saddle point in a two-person zero-sum
game

<A{L2}, M, M, (U, V) > (10)
obtained from (7). Namely, in the game (10) the player 1 choosing his strategy U(-) =
(ur(+),ua(+)) € M strives to increase the value of a functional

V) = Z(Ji<ul,1)2> —ZJZ'(UhUQ). (11)
ieN i€N

And the player 2 choosing V() = (v1(+),v2(+)) € U x V = M strives to decrease mentioned
functional.

The solution of the game (10) is a saddle point (U°(-),V°(-)) € M x M determined by the
inequalities

(U, V%) <I(U°,V°) <I(U°, V), VU()e M,VV()eM. (12)

The functional (U, V), determined on M x M, is called |2, p. 176| a strongly concave in

U(-) over M if there exists 7 = const > 0 such that for every V() € M

IOUY (1 =XNUP V) > X(UD, V) + (1= NI(UP, V)+
+1/20(1 = N7 - [UD ) = UP )| gra, VUP()EM  (k=1,2), VAe[0,1].

And I(U,V) is strongly convex in V() over M if there exists 75 = const > 0 such that for
every U(-) € M
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HUXNVY 4+ 1=V < AU, VYD) + (1 = NI(U, VP)—
1201 = - V() = VO s
for all V®)(-) € M (k =1,2) and for each A € [0, 1].
If functional I(U,V') is strongly concave in U(-) over M and strongly convex in V(-) over

M then it is said to be a strongly concave-convex over M? . Note, that the notion of strong
concavity (convexity) of functionals can be given for the convex sets M only.

Assertion 2. Let the functional I(U, V) from (11), (3) be strongly convex-concave over M?
and there exists a saddle point (U°(-), V°(:)) € M? in the game (10). Then

1. this saddle point is unique,
2. U°t) =VOt) for almost all ¢ € [t,,].

Joxasamenvcmeo. Assume that in the game (10) there exists a saddle point (UM (-), V() €
M? such that VO(t) # V(t) on the zero-measure set. Then the properties of interchangeability
and equivalence imply ([6, p. 40]) the couples (U°(-), VIV (-)) and (UM(-), VO(-)) are the saddle
points of the functional I(U, V). Moreover,
LU°(), Vo) = LU°(), VO() = LU (), Vo)) = LUW(), V().
In view of strong convexity of I(U V) in V(-) over M and convexity of M for the strategy
V(-)=1/2[V(:) + VI (.)] we have the strict inequality
I(U° V) =1(U°1/2[V° + V] < 1/21(U°, VO) 4 1/21(U°, vI)) -

—1/2-1/2-1/2 - [ |[VO(-) = VO] oo < 1/21(U°, V) + 1/21(U°, V) =

=1(U°V?)
contradicting (12). This contradiction implies the uniqueness of the saddle point of functional
I(U,V).
Now we establish the equality
U°(t) = VO (t) for almost all ¢ € [t,, 9] (13)

Reall;g combining (11) and (12) for U°(:) = (u{(-),u3()) € M and VO(:) = (v9(-),29(-)) € M
we ge

D D (ur,v9) = TO (0] ug)] < [TV (), v) — TV (], up)] <

< Z[J<i><ug,v2) — JD (1, ud)], Vur(),v1(-) €U, Vus(),va(-) € V. (14)

Let in the left part of (14) ui(-) = v?(:) and uy(-) = v9(+) and in the right part vi(-) = u(-),
va(+) = u(+). Then we have
IV VY =0<1(U° V%) < I(U°,U% = 0.
Hence at first
(VO VY =1(U°V°) = 1(U°,U°) = 0.

Therefore (12) the couples (VO V), (U° V?), (VO V?) are saddle points of the functional
U, V).

At second, due to the uniqueness of such saddle point we get (13). U

Assertion 3. Under condition of Assertion 2 the couple (u(-),v%(+)) = (u{(-),u3(-)) € UxV
is a Nash equilibrium situation in non-cooperative game (7), where the constants a; = 3; = 1
(i € N).
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Jlokasameavcmeso. In view of Assertion 2 the left part of (14) is introduced in the form
D O ug) = O () )] < Y [T (ud uf) — T (), u)] (15)
1€EN €N
Vul() € Z/{,Ug(') eV.
Let in (15) ua(-) = uy(+). Then we have
max J’) (uy, ud) J® (u?, u9)
e = b
and for uy(-) = ud(-) from (15) we get
max - Z JO (W, up)] = — Z JD (), u).
ieN
Thus for a; = 3; = 1 (i € N) the couple (u(:),v9(:)) = (uI(-),u3(-)) € U x V is a Nash

equilibrium situation in non- cooperative game (7) (this couple satisfies (6) for a; = §; = 1
(1 € N)). O
3. EXISTENCE.

Theorem. Let in the problem (1) the functional > J@(u,v) be twice continuously
differentiable and strongly concave in wu(-) over U and sgfgngly convex in v(-) over V. Then

the Geoffrion guaranteed solution (u“(-), J¢) € U x RY exists in this problem.

Joxasameavcmeo. The strong concavity-convexity of > J@ (u, v) implies the strong concavity-

€N
convexity of Y J@(uy,vy) (where ui(-) € U and vy(-) € V') and implies the strong convexity
i€N
in v;(-) over U and strong concavity in uy(-) over V of the functional — > J®(vy,us). Then

iEN
the sum
> T g ve) = > TD (01, u) (16)
i€N €N

is strongly concave in U(+) = (uy(+), uz(+)) over U x V and strongly convex in V'(-) = (v1(-), va(+))
over U xV = M . So the functional (16) is strongly concave in V (-) over M for every U(-) € M
and is strongly convex in U(-) over M for every V(-) € M

Let AV} be an open set from L} [t,, ] such that the convex set U x V = M C N;. Moreover
let N3 be some open set and M x M C N C No. If Y J9(u,v) is twice continuously

iEN

differentiable over N; then the functional (16) is twice continuously differentiable over A5. The
strong concavity-convexity and twice continuous-differentiability of (16 ) over M x M imply
(see |7]) the existence of a saddle point (UY(+),V(-)) € M2 Due to Assertion 2 this saddle
point is unique and VO(t) = U°(¢) = (u¥(-),v%(:)) € U x V for almost all t € [t.,]. In view of
Assertion 3 we conclude that the couple (u%(-),v%(-)) € U x V is a Nash equilibrium situation
in the game (7) for o = 5; = 1 (i € N) and, besides, (see Assertion 1) this couple is a saddle
point by Geoffrion for the problem (1).

Thus, we establish that under the conditions of the theorem there exists a saddle point by
Geoffrion (u“(:),v%(:)) € U x V in the problem (1) and hence (see Remark 2) there exists a
Geoffrion guaranteed solution (u%(-), J(u v%)) € U x RY for this problem. O

Remark 5. From the theorem we obtain the method for constructing the Geoffrion solution
(uG(+), J(u v%)) € U x RN in the problem (1):
- to mtroduce a dynamical system

y = (b(ta y7u17,02)7 y(t*) = Ty,
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Z=¢(t, z,v1,u9), 2(t) = T, (17)
and functionals

FO@, y(t), ur(t), va(t))dt, ieN={1,.., N},  (18)

\co

T (ur,v2) = @9 (y(9)) +

19
JD (vy,uy) = +/F vi(t), us(t))dt, i€ N={1,..,N}, (19)

where u(-),v1(-) € U and vy ),ug( ) €
—  for the functional
(4)
iEZN J (ug,v9) ; JO (vy, us) rrUl?gcrg(u)l

under the restrictions (17) and (19) to find the saddle point (U°(-), VO(+)) € M?, where U°(-) =
(Wi (), up(-)) €U XV =M, V?(') = (19("),v3(+)) € M;

~  to find the values J®(ud,u3) (i € N) and to construct the vector J(ul, u) =
(JO @, ug), .., TN (uf, ug)) = T .

Then the couple (W), uy(- ) (u€(+),v%(:)) € U x V will be a saddle point by Geoffrion in
the problem (1) and (u%(-), J¢) will be the Geoffrion guaranteed solution of this problem.

Remark 6.
9
In order that the functional ®(x(9)) + [ F(t, x(t),u(t),v(t))dt = > JD(u,v) is strongly
b i€N
convex-concave over M the functions F(t,z,u,v) = Y FO(t, 2, u,v), ®(z) = > ®@(z) and

iEN iEN
the right parts of the system (2) must satisfy some restrictions. These restrictions can be found
in [7].
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RISK IN NON-COOPERATIVE GAME UNDER UNCERTAINTY

V.I. ZHUKOVSKIY, L.V. ZHUKOVSKAYA
RCITLI, Moscow, Russia

The peculiarity of taking into account of risk in non-cooperative game under uncertainty
is revealed. We assume that the limits of changes are the only thing known about these
uncertainties.

1. STATEMENT OF THE PROBLEM.

Consider a non-cooperative game of N players under uncertainty

<N {Xi}ien, Y { fi(®, y) ien > (1)

Here N = {1,.., N} is the set of players numbers. Every i-th player (i € N) chooses his

strategy ; € X; C R™. As a result the game situation x = (z1,..,zny) € X = [ X; is

iEN
composed. Also some uncertainty y € Y C R™ is realized independently of the plauyerse choice.
On the set X x Y the payoff function f;(x,y) i € N of the i-th player is determined. The value
of this function on the concrete couple (x,y) is said to be the player’s payoft.

The player’s objective point in the game is to choose his strategy so that his payoff will be
as large as possible. When choosing their strategy the players should allow for emerging of any
uncertainty y € Y unpredictable in advance.

For the game the optimal solution based on the suitable modification of Wald principle
has already been proposed (see [1]|) (principle of maximin utility). However the usage of this
approach orients the players to the "catastrophe". As a rule the probability of catastrophe
appearance is small. Therefore for the game (1) a new concept of guaranteed solution is offered.
This concept is based on the suitable modification of minimax regret principle (see [2]).

The following designations are used:

XY is the set of functions z;(y) determined on Y with values from X;; situations (z) =

(N, 7); N-vector-columns o) = (@5”’, ..,q)g\r,)) (r =1,2); (@M < @) & (CIDE-I) < q)(2),z' €

i

N); (2 £ @) & (W < &@); Xn; = [[ X;. Further every payoff function fi(z,y) is

JEN\?
put into correspondence to risk-function of the i-th player
®i(w,y) = max fi(zny, 2i,y) — filz,y) (1€ N). (2)

This function shows the regret of the i-th player. The regret means the following. For the

couple (z,y) € X x Y composed in the game the player i has used the strategy z; but not

arg max filzn, 2, y). Every player aims to get the smallest possible value of his risk-function.
2, €X5

Besiclles,l the players should allow for emerging of any uncertainty y € Y.
Let the game (1) the non-cooperative N-person game under uncertainty correspond to

< N {Xi}ien, Y {®i(2,y) bien > . (3)

Here N, X;,Y are the same as in (1). The payoff function ®;(z,y) of the i-th player is of the
form (2) and coincides with player’s risk-function. Every i-th player chooses z; € X; so that his
risk-function ®;(x,y) value will be as less as possible.

The following definition is based on the combination of the Nash equilibrium notion (from
the theory of non-cooperative games (see [3])) and the notion of maximum by Slater (from the
theory of multicriteria problems (see[4])).
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Definition. The couple (¢, ®*) € X x R" is said to be the guaranteed R-solution of the
game (1) if there exists an uncertainty y* € Y such that ®* = ®(z¢, y*) and

Pi(zpir i y") 2 P2, y"), Vo, € Xi (i €N), (4)
(Di(xe7y*> % (bi(a:e:y)a vy € Y. (5)

The situation z¢ is called the R-guaranteed Nash equilibrium. And the vector ®(x¢, y*) is
called the R-guaranteed risk in the game (1).

Remark 1. The situation z¢ satisfying (4) is the Nash equilibrium in the non-
cooperative game < N, {X,}ien, {®i(z,y*) }ien >. Hence by (2) and in view of the fact that
max fi(xN\i, 2;,y) does not depend on x; we get that x°¢ satisfies the conditions

filafoi i, y*) < fila%y"), Vo, € Xy (i €N). (6)
This means that z¢ is the Nash equilibrium in the game
<N {Xitien: {fi(2,y") bien > (7)

obtained from (3) by fixing y = y*.

Remark 2. The uncertainty y* from (5) is maximal by Slater in the multicriteria problem
<Y, {®;(z° y) }ien > obtained from (3) by fixing = z°.

e

Remark 3. The game sense of the R-solution (z*, ®*) is the following. Using the strategies
xz¢ (1 € N) from the R-guaranteed Nash equilibrium the players provide themselves the R-
guaranteed risk ®* = (®y(z y*),..., Pn(2% y*)). Namely, whatever uncertainty y € Y is
realized, the risks ®;(z¢ y) can not become bigger than the corresponding components of the
risk ®* (i.e.®* £ O(z°,y)).

2. EXISTENCE THEOREM

Theorem. Let in the game (1)

1 X, (i € N) be nonempty, convex and compact sets, and Y be a compact set,

2°  payoff functions f;(zn\;, 2:,y) be continuous on X x Y and be strictly concave in ; for
every fixed (xn\;,¥y) € Xnyu X Y.

Then the guaranteed R-solution of the game (1) is a couple (z¢ 0y) where z¢ is the Nash
equilibrium situation in the game (7) (i.e. z¢ satisfies (6)) and Oy is a zero N-vector.

Jlokasamenvcmeo. Let us consider a set of non-cooperative games
[(y) =< N, {Xi}ien, {fi(®, y) bien > . (8)

corresponding to various uncertainties y € Y. According to [3, p.90], for each y € Y there exists
"its own"Nash equilibrium situation x¢(y) satisfying the equality

max filatei (W), 2, y) = filaqei (), 25 (y),y), i €N. (9)

Note, that strict concavity of f;(x,y) in x; implies for each y € Y the strategy z¢(y) €
XY determined by (9) is unique.

The compactness of the sets X and Y, continuity on X x Y and strict concavity in x; of the
function f;(z,y) imply the existence of only one realization x;(n\;,y) of maximum

gle%gi_ fi(l‘N\i, Zi, y) = fz‘(xN\z‘, xi<$N\i; y)u y) (10)

for each (zn\;,y) € X~y % Y. The function z;(xn\;, y) is continuous (see [5, p.54]). From (10)
for z; = 25(y) € X} and z(y), satisfying (9), we get

max fi(anyi (1), 2, y) = filona(y), wilen(v), ), 9) (11)
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for each y € Y. Since the left parts of (9) and (10) are equal the right parts are equal to:
fileii (), 75 (y), y) = filrre, (W), Ti(2%0i (¥), ¥),y) Yy €Y. (12)
In view of the risk-functions (2) from (10)-(12) we get
P;(2°(y),y) =0, VyeY (ieN).
O

Remark 4. From the theorem we obtain an important game fact: if for each uncertainty
y € Y the players find the Nash equilibrium situation z¢(y) € X in the game (8) and use it,
they provide themselves a zero-risk when any of the uncertainties y € Y is realized in the game

(1).

Remark 5. From the theorem we get the following scheme of the guaranteed solution (z¢, ®*)
construction for the game (1):

— to construct a mathematical model of the investigated problem in the form of the ordered
set (1);

— by (9) for each y € Y to construct the Nash equilibrium situation z°(y).

Then for each y € Y the couple (2¢(y),0x) € X x R is a guaranteed R-solution of the game
(1). Namely, whatever uncertainty y* € Y is realized the players applying the strategies x¢(y*)
(1 € N) from the Nash equilibrium situation z¢(y*) ( z¢(y*) satisfies (9)), provide themselves a
zero-risk (the best risk from all possible in the game (1)).
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NCITIOJIb3OBAHUE PA3JIOZ2KEHVA I'MJIBBEPTA B
PACITIOSBHABAHIUMN OBPA30B *

C.I. I'vPOB
MI'Y uM. M.B.JIOMOHOCOBA, MOCKBA, Poccus

B cmamwe npedaaeaemces 1ol KA0CC JUCKDEMHDLT PACTLOSHMOUUL AN20PUMMOG, OC-
HOBAHHVLL HA 20A0COBAHUL, 8 KOMOPHIL 8 KAYECNBE INEMEHMAPHIT KAGCCUPUKAMOPOS
UCNOALIYIOMCA MOHOMONNBLE PYHKUUYU, NoAYYaemdle NPy padsoocenuy 3. Tuivbepma.
Honryuwena mounas HUNCHAA OUEHKE MOWHOCTIU MHONCECNEA GEPWUN, 0UHUYHO20 OY-
N€6020 KYOG, NOKPHIBAEMBLT COBOKYNHOCTMDIO 0E3bL30BIMOUHOT CUCTEMDb, UHMEDSAA08 U,
Kak caedcmeue — MOUHGA HUNCHAL OUEHKA MOUHOCTNY eUHUYHOR0 MHONCECTNEA MO-
HOMOHHOU OYAEB0T PYHKUUU.

1. PA3BJIOXKEHUE ['UJILBEPTA

NzBectHbl pa3iudHbie MpeCTaBICHUS Oy/IeBbIX (DYHKIUI: ¢ MTOMOIIBIO J1.H.(p. 1 K.H.. pas3-
JIMIHBIX BUJOB, MOJTMHOMOB ZKerajikuHa u T.1.

st neneit ucnosib3oBaHus amnmnapara Teopun (GyHKINN ajredOpbl JOTUKHU IIPU PACIIO3HABA~
HUHM 00Pa30B XOTEJIOCH Obl UMETh IIPeJICTaB/IeHre, 00J1a/1af0Iee CBOMCTBOM II0C/I€I0BATE/IHHOIO
IpUOJIMKEHNST K 33 IaHHON DYHKIIUK 110 Mepe YBeJMIeHUs er0 COCTaBIANIX (“1IeHOB IpubIim-
JKeHns), KaK 9T0 UMeeT MeCTO IPU Pa3/IoyKeHUN JeHCTBUTEbHBIX (DYHKIUH B Psifl 10 TO¥ WK
nHOi cucteme Oas3ucHBIX pyHKIuil. MMes Takoe pasjiokeHue BO3MOXKHO OBLIO Obl OIEHUTD CTe-
neHb 61M30CTH HOBOrO 00bekTa (Beprinta OysieBa euHIIHOrO Kyba ) K kiaaccy (4.6.d. f(Z))
MaKCUMAaJIbHBIM KOJTMYECTBOM “JIEHOB PA3JIOKEHUs, HEOOXOIUMBIM JIJIsi TOIO, YTOOBI BEPIITUHA
Y UpUHAJJIeKajaa MHOYXKECTBY €IMHUYHBIX HADOPOB AIIIPOKCUMUPYIOIel OysieBoit (pyHKIUN ¢
JIAHHBIM 9HCJIOM YJICHOB.

Takomy TpebGoBaHUIO yIOBIETBOPsiET pasioxkenue Gynesoit ynknun f(T) Buma

f(@) = My&My& Ms & ... & My, 1 & M,,, (1)

e My, Ms, ..., M,, — monoronnsie OyyieBbl pyHKINHU. /[anHoe pa3jiokeHne BBEJIEHO U UCCTIe-
JOBaHHO B pabore [3] amepukanckoro maremarnka D.H. ['mibbepra, n Mbl ipe/yiaraeM Ha3bIBaTh
ero paaaootceruem uavbepma.

Paznoxenmne (1) eMHCTBEHHO JIJTsT TOJHOCTBIO ONIPeEIEJIEHHBIX OyeBbix dbyHKImit. OHo 0618~
JaeT TeM CBOMCTBOM, YTO

Ni, D Ny D ... D Ny, (2)
(N } 0603HaYAET, KaK OOBITHO, MHOXKECTBO €JIMHUYHBIX HaOOpoB dyHKuuu f). teparmonnbii
AJITOPUTM TIOCJIEJIOBATE/ILHOTO HaxoxKierust pyukumit My, Mo, ... usBjiekaercs u3z paborsr [3].

Eciu ncxoguaas Oynesa dyukims qactuanast, 1o mof f(Z) B (1) Hy:KHO MOHIMATH HEKOTOPOE
BO3MOXKHOE €€ JIOOIpeJIe/IeHre JI0 TIOJTHOCTBIO omnpejiesiénnoii. Koneuno, 31ech cie1oBaao Ob
[IPUMEHHUTD JIpyroe obo3HadeHue st JgeBoil dactu (1), omHAKO HAM KayKeTcsl, TaKas BOJIbHOCTD
3aITMCH He 3aTPY/IHUT 00Iee TTOHNMAHME.

B cumy Toro, uTo Takoe jioompefiesieHNe He €IMHCTBEHHO, MOHOTOHHBIE (DYHKIINUA B PA3JIo-
»eunu ['mapbepra onpeesiores, BooOIne roBopst, HeogHo3HadHo. OTHAKO 9Ta OJHO3ZHATHOCTH
BOCCTaHABJINBAETCH, €CJIM BBECTU €CTECTBEHHOE TPEeDOBAHIE SKCTPEMAIHLHOCTH: HA KaK/IOM IIare
UTEPAIMOHHOTO AJITOPUTMa BBIOUPAThH (DYHKINH, UMEIOIIe HeUETHbIE UHJEKCHl ¢ MUHUMAJILHO,
a IETHbIE — C MAKCHMAJIHLHO BO3MOXKHBIM MHOXKECTBOM €JIUHUYIHBIX HAOOPOB. fcHO, 9TO 9TO
COOTBETCTBYET BBLIOOPY €IMHCTBEHHOTO U3 BO3MOXKHBIX U SKCTPEMAJILHOIO B YKA3aHHOM CMbIC-
Jie joonpejiesienud. Jlanabrit ajroputm ObLT pa3padoTan n peaju3oBan aBTopoM B 1991 r. nipu

4Pagora BbimOIHEHA IIPH TOZEPIKKe rpanTa POOI Ne 01-01-00885
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MMOCTPOEHUN TIOJCUCTEMBI JIOTHIecKoro cuure3a MakpoOsokoB «LORD» B cocraBe CAIIP 3a-
kazubix BUC [1].

[Iycrs renepn w.6.d. f(Z) omuchiBaeT MpenepIeHTHYI0 HHMOPMAIUIO O HEKOTOPOM KJIacce
O00BEKTOB, JIJIsi KOTOPOii, B IPE/IOJIOKEHINA 00 IKCTPEMATBHOCTH BBIOMPAEMBIX MOHOTOHHBIX
GyHKIMAX, TOydeHo pasiiokenne ['mipbepra n § — NPU3HAKOBOE OIHUCAHNE 00BEKTA, MOJIIe-
JKarero Kiaccudukaimm. EcrecrBenno terneps onernth 6su3octh () obbekTa § K Kiaccy,
onmcantomy 4.6.d. f(Z) (mm “Bec” cOOTBETCTBYIOIIErO IOJI0CA) TI0 CJIEAYIONIEMY MPABILILY:

1, ecm yeN ]%47” u k HEYIETHO,
- k
[(y) = § —, ecm §€ {N]bk N Ni?4k+1}> 1 < k < m, k neuérno,
m
0, wuHaue.

Takast olieHKa onpaB/bIBaeTCst CTPYKTYPOil pasiioxkenus [ nibbepra 1 ero 0CHOBHBIM CBORCTBOM
(2). TockosbKy comepzkare/ibHO GyHKIWs f(Z) OMUCHIBAET HEKOTOPBI OOBLEKTUBHO CYIIECTBY-
IO KJIacC OO0BEKTOB, IIPEJIOJIAraeTcsi, YT0 M Oy/eT HEBEJIMKO, eCJIU BEpHA I'MIIOTe3a KOM-
[IAKTHOCTH KJIaccoB (CM., Hampumep, [2]).

MoO2KHO TaKzKe BBIYUC/IUTD OIEHKY TOI'O, YTO MCC/IEyeMblii 0ObEKT JAIEK OT JJAHHOIO KJIacca,
B3sB B yKa3aHHOI mporeaype Bmecro dbyakimn f(Z) eé orpunanue. Hekoropble BO3MOXKHbBIE
METOJIbI PabOThI C OIEHKAMU «3a» M «IPOTUB» IPUHAJIEKHOCTH 00bEKTa KJIACCY MMEIOTCS B

12].

2. BEKTOP TTOJIAPU3AIIUU

B npempiayiiem pasiesie yKasaHbl CIIOCOOBI ITOCTPOEHHS 3JIEMEHTAPHOI'O KJIacCu(pUKATOPa 1
BBIYMC/IEHUs] 3HAUeHUs (DYHKIUU O6,in30cTH 00bekTa Kiaaccy. OUeBnIHO, OJTHAKO, ITO CTPYKTYP-
HbIe CBOfiCTBa Oy/IeBbIX (DYHKIIHNI OMHAKOBBI B Kjtaccax skBuBajieHTHOcTH [Ilernnona-IToBapona,
OTIPEIEISIEMBIX N30METPUIECKIMU ITPeoOpa3s0BaHUAMU OyJIieBa IUIepKyoa.

Bri6op MOHOTOHHBIX (DYHKIHI B KagecTBe NPUOIMKAIONUX 1.0.¢. f B/I€UET cyKeHne KJIacCOB
9KBHUBAJEHTHOCTH: HHBAPUAHTHOCTH CTPYKTYPHBIX CBOMCTB HPUOIUKEHUsT OYI€T UMETh MECTO
JIMIIB TIPU OJHOM UX JIBYX IIPeoOpa3oBaHuUil, ONpeIe/IsdoMNX YKa3aHHbIe KJIaCChl, & UMEHHO IIPH
[ePeCTAaHOBKAX IepeMeHHbIX. [Ipu Japyrom mnpeoOpaszoBaHuM — WHBEPTUPOBAHUM BCEX BXOXK-
JIeHni#t B TO Wjan wHOe (BYHKIIMOHAJBHOE BBIPAYKEHHE OIPE/IETEHHBIX OY/IEBbIX MEePEeMEHHBIX —
cTpyKTypa pasioxkenus (1) Oymer, BOOOIE TOBOPsI, MEHIThHCS.

Jlannoe mpeobpaszoBaHre MOXKHO aHAJUTUYECKU OIUCATH (POPMYJIOi

AT (3)
e cuMBOJI “+7 O3HAYAET CJIOXKEeHHe 10 mod2, a 7 — Oy/eB BEKTOP, KOTOPBIi, 3aMMCTBY
TEPMUHOJIOTHUIO 13 paboT 1o rnojuHoMaMm ZKerajgknHa, HA30BEM GEKMOPOM NOAADUAUULU.

Bynes equnnanbiii Ky6 1mocsie moBepruyThiii ipeobpasoBanuio (3) GyieM Ha3BIBATH NPeobpa-
306aHHbLM WIH, KOHKPETHEE, CO8UHYMbLM (C TIOMOIILI0 BEKTOPA 7) KyOOM, IIOCKOJIbKY JIAHHOE
peodbpa3oBaHme SBJISIETCS AHAJIOTOM IIEPEHOCa Hada ia KOOPIAUHAT B HEIIPEPBhIBHOM ciiydae. [1pu
v = 0 mMeeM TOXKIECTBEHHOE IPEOGPA3OBAHIE, IIPU IPON3BOIHHOM 4 € B™ npeobpa3oBanue 3a-
JAETCsl MHBEPTUPOBAHUEM B IPOM3BOJIBHOM BBIDAYKEHUH BCEX MEPEMEHHBIX U3 MHOXKeCTBa 1(7).

Bousee akkyparno dynknuu B (1) caemyer obosnadars M;(f), i = 1, m, a m xak m(f) nox-
YEpPKUBAast X 3aBUCUMOCTD OT UCXOHOH 4.6.d. f(Z). D1y dyHKIMIO TOBEPTHYTYO TPpeobpaszo-
BaHmio (3) obosHauuM f5(Z). Ilpu pasubix 4 MbI OyzmeMm nosydars pasiaoxkenus (1) ¢ pasHbIME
COCTABJIAIONIUMI €0 MOHOTOHHBIME (DyHKIMsAME. Takum obpa3om B pasyiokeHuu ['miabdepra
Ha CIBHHYTOM OysreBoM OymyT durypuposars byukmun M;(f5), i = 1, m(f5).

Cpein BCeBO3MOXKHBIX TaKUX Pa3JI0yKeHU HanOOJ I 1IPEJICTaBISIIOT HHTEPEC Te, KOTOPbhIe
JIOCTABJIAIOT MUHUMYM “ITUHBI pasyioxkenus” m B (1), T.e. perienus 3a1a4u

m(f;) — min, 4 € B". (4)
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O tHako JlaTbHEHIIIT aHa N3 PEJJIAraeMOro MeTo/[a KIacCU(PUKAINY TIPU TAKOM (DYHKITHOHA-
Jie OITUMU3AINN IIPEJICTABIIACTCA JOCTATOYHO CJIOXKHBIM M MBI OCTaBJIAEM €r0 JJId JaJIbHEeHIInX
nccyeloBaHuil. 371eCch Ke Mbl PACCMOTPUM CJIETYIOIIHI TPUOJIMAKEHHBI KPUTEPUl OIMITUMATb-
HOCTH BEKTOPAa MOJISTPU3AINH 7:

‘N}MM‘ ~ min, 7€ B". (5)

BekTop 7, oTBeYalomuii 5ToMy KPUTEPUIO COJEPKATEBHO OTBEYAET MPEJICTABICHUIO O HEKO-
TOpOM “IieHTPe” COOTBETCTBYIOINIEro Kiacca 00pa3os. C JPyroil CTOPOHBI, JIETKO MMOKa3aTh, YTO
pellieHre 33/1a9n ONTHMU3aINN, KaK UCXOHOM (4), Tak u ynpornénuoii (5), BoobIe roBopsi, He
€JIMHCTBEHHO.

Wrak, pelenne 3aJa49u Paclo3HABAHUS IIPEIJIATa€MbIM METOJOM CBOJMUTCA K CJIELYFOIIM
raram.

(1) JanHomy Kjaccy, 3a/JaHHOMY BEPIIMHAME €JUHUIHOIO Oy/ieBa Kyba, COIOCTAB/IAIOT Ya-
cruanyto OynaeBy dyukiuo (4.6.d.) f.
(2) (a) Pemaerca zamava (5) (nim (4)) B pesyiabrare KOTOPOH HAXOIUTCHA COBOKYIIHOCTD
{71, ..., 7s} ONTUMANBHBIX BEKTOPOB MOJISIPU3AIIAHL.

(b) JInst KaxK0ro HaiiJleHHOro 3HauYeHus J;, @ = 1, § HaXOMUTCs pas/oxKeHue ['Hiib-
Oepra GyHKnum fy, W BBIYACIAETCA OIEHKa OJIM30CTH BEKTOpa § + J; K KJIAcCy I10
IPaBUITy, YKA3aHHOMY B KOHIIE TIPEJIBIIYIIErO pasena.

(3) Mcmob3yst oIy YeHHY 0 COBOKYITHOCTh OObEKTOB B KAYECTBE SJIEMEHTAPHBIX KIacCu(u-
KaTOPOB, MPOBOJIAT MOJOCOBAHKE 32 PUHAJIEXKHOCTH 00'bEKTA, JJAHHOMY KJIACCY.

[TosrydgeHHYI0 COBOKYITHOCTH OIEHOK OJIM30CTH MOXKHO TE€M MJIM MHBIM CIIOCOOOM CBEPHYTH B
OJIHY, B35B, HAIIPUMED, CpeIHee apudgMeTHIecKoe OT HUX WJIA IOCTPOUTD aaredpy HaJl COBOKYTI-
HOCTb COOTBETCTBYIOIINX PACIIO3HAIOIINX ONEpaTopos [2].

3. [IPUBIMYKEHHBIE AJITOPUTMBI TIOUCKA OIITUMAJIBHBIX BEKTOPOB ITOJIAPU3AIINNU

J171 npuMeHeHus BBIMIEONNCAHHOTO AJITOPUTMA IIPH KIACCH(PUKAIMN Ha MPAKTHKE HEOOXO-
JIFIMO JIUIIB [PEJJIOKATE (TOYHBIE WM IIPHOJNAKEHHBIE) METOIbI HAXOXKIEHNS ONTHMAIBHBIX
BeKTOpOB ToJistpusarn. C uccsieoBanueM 3a1a4qu ontumusanun ((4) wim (5)) 1 HaX0XK IeHneM
AJITOPUTMOB €€ DeIeHus CBsi3aHa MaTeMaTHIecKas IpobIeMaThKa, IPe/[IIaraeMoil MO/ aJl-
roputMa Kiaaccudukarmm. [IpegcraBisiercs: ssiCHBIM, 9TO OHA SIBJISIETCST He MEHee CJIOXKHOI, demM
[PU UCCTIEJIOBAHNH CBOJICTB M HAXOXKJICHUH TYIUKOBBIX J.H.(D., TECTOBBIX WJIM TIPEJICTABUTEI b
HBIX HADOPOB.

3/ech MBI IIPEJJIOKNM AJTOPUTM [TOUCKA PEIIEHNS 38/ [a9N OUTHMU3AIIHA.

fcHo, ITO JJI TOJIHOCTBIO OIpeiesIeHHOM Oy/eBoit dpyukmuu f yuimus M, pazioxkeHus
['mbbepra ompeiessercs Kak

Ny, = | at. (6)

~ 1
aENf

Ecin f ectb 4.6.d., TO TaKzKe MOXKHO I0JIB30BATHCs (popmy.ioit (6), oIy dast Mpu 9TOM SKCTPe-
MaJIbHBII B YKa3aHHOM BBIIIe CMbIC/Ie BapuaHT yHKImn M.

O6osHaunm uepes LU(f) MHOXKeCTBO HIKHUX eauHUI] OysieBoit dbyHkmmu f, T.e. COBO-
KYIHOCTb MUHUMAJBHBIX 3JIeMEeHTOB N } KaK YaCTUYIHO YIOPsAIOUEHHOTO MHOXKecTBa. [lycTh

LU(f) = {a*, ..., a'}. dewno, uro LU(f) = LU(M(f)). Torma B (6) obbepunenue MOxKHO

: 1 ;
6pars aumb 1o &', ..., &' Iua j =1, ..., n BLIYHCIUM OTHOIICHUS r; = 7 E oz;. 110 MHOZKe-

crBy LU(f). Bamaanmes 3uadenusMu t; u ty Takux, 910 0 < 1 < %
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Onpenenmm unrepsart 6 = (01, ..., 6,) C B", §; € {0, 1, =}, j =1, n 1o npasmiy:
I, ecmr; < ty,
0; = 0, ecmmr; > ty,
—, uHave.

[TomsTHO, ¥TO NIpU Hpeobpaszosamuu (3) ¢ 4 € § MomHoCcTH MHOXKeCTB 1(&) y ssementos LU (f5),
BOOOIIIE TOBOPH, YBEJINIATCS, ITO COOTBETCTBYET TPEOOBAHMUIO OOOMX KPUTEPHEB OITHMAJBLHO-
cru. Byjem uckars ontumasibibe 110 (4) min (5) BEKTOPBI HOJSIPU3AIUN 11epeOOPOM IO Bep-
IITUHAM TI0JIYI€HHOTO NHTepBaJia §. BeiOop orpe/ie/IéHHbIX 3HAUCHUIT IpAHUIL ¢ U ty TO3BOJIUTH
3a/1aTh IIPUEMJIEMBIIT 00BEM 11epedopa.

Ecnu npunsars kpurepuit onrumasbroctu (5), TO JJisi TOMCKA BEKTOPOB 4 MOXKHO MPEJIIO-
JKHUTh HCIIOJIb30BaTh METOJ BeTBeil u rpanuil. Torma Ajsl KaxKJI0To 7 HEOOXOAMMO OIEHHBATH
3HAYCHUE BEJIUIMHBI | N ]{41( ) | JlaJiee 7151 IPOCTOTHI 3AIMCH MBI OITYCKAeM WHJIEKC Y, CUUTAs,
410 npeobpazoBanue (3) MPOBEIEHO.

Nrak, MBI paccMaTpuBaeM 3aJady OIpeIeeHUusT MOIHOCTH €JIMHUIHOTO MHOXKECTBA MOHO-
TouHoit Oysesoit dyukuuun M, = M;(LU), 3amannoit ceoumu HuKHUME equnutamu LU =

LU(M,) ={a', ..., a'}, re.
N™(LU) < | Ny ooy | < NT(LU),

rie N=(LU), NT(LU) — coorsercrpyormue onenku. Ouu OyayT nausl dhopmyaamu (7) u (9)
CJIEIYIOIIETO pa3/iea.

4. OUEHKU MOUIHOCTHU EJUHUYHOT'O MHOYKECTBA MOHOTOHHOI BYJIEBOII ®YHKIIUU

B kauecrse Bepxueii onenku NV (LU) semuaunsl | Nj, | MOXKHO B3ATb IIepBbIe TPH HjleHA
BbIDasKCHUA JJId He€, II0JIyUeHHOro 110 MeTO/y BKJ/IOUYeHuit u uckiodenuit. [Ina storo obpa-
3yeM Bce IIOIapHble KOHBIOHKINN HaOOpoB u3 LU u BO3bMEM MUHUMAJIbHBIE 3JIEMEHTBI TON
cosokynnoctu. Ilomyuennoe Muoxkectso oboznaunM LU?. O6pasyem 3aTeM Bce KOHBIOHKIUT U3
Tpéx HabopoB MHOXKecTBa LU 1 Tak»Ke BO3BMEM MUHHMAJIbHBIE 3JIEMEHTHI HOJIyYEHHOH COBO-

kymHocTn. Ilomydennoe MuoxecTBo obosnatmm LU3. Tlockombky |a | = 2191 1o mpmvenm
NYLU) = 3 210@1 3T gl@l 3 gle@l, (7)
aeLU aeLU? aeLU3

[lepeiiaém k mHukHeit onerke N~ (LU). Mbr HaiijieM e€ Kak TOYHYIO HUYKHIOIO OICHKY BEJIU-
aunbl | N1, | monoronnoit dynkmuu M = M({al, ..., a'}).

[ycrs D = {§', ..., §'} — Taxas cOBOKyNIHOCTH MHTEPBaIOB B", 9TO HU OJMH M3 HUX He
MIOKPBIBaeTC HUKaKUM oObeaunenueM Jpyrux. HazoBém torma D 6e3613060imowhotl CucTeMoit
UHTepBaJOB. Be3 morepm oOIMHOCTH MOXKHO CUHTATh, YTO B [) MHTEPBAJIBI yHOPSIOYEHBI 110
HEBO3PACTAHUIO UX MOITHOCTH, T.€.

|61 = 6% > ... > |&'].

Takyio cucreMy MHTEPBAJIOB HA30BEM NPAGUALHO Ynopadouwennol.Oneparuio OKpyTIeHus T B
OOTBIITYIO CTOPOHY 110 OJIMZKAFIIero meaoro obo3HadaeM |z|.
Theorem. Ilycts D = {6, ..., 6'} — Ge3bI3OBITOYHAA IPABUILHO YIIOPSAIOYCHHAS CHCTEMA

nnrepsajoB B". Torna nmeer MecTo OleHKa

l

>3 |4 ()

i=1

N(D) (LZJ 5
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Zloxazameavcmeo. HammomunM, 910 Tiepecederne JIByX NHTEPBAJIOB B B" ecTh HHTEPBaJI U MOIII-
HOCTH TIOJIMHTEPBA/IA MIHUMAJIBHOIO PAHTA €CTh MOJJOBUHA MOITHOCTHA MUCXOIHOTO MHTEPBAJIA.

[Tycrs B! u B2 — jBa unreppana equuuunoro Gysesa kyba u |B!] > |B%]. Umeem |B! N B?] <
18|

7. Ecim B nocjgaeaHeM COOTHOIIEHHUM JOCTUIaCTCdA PaBEHCTBO (M&KCHM&J’IBHOG ruepecedenue

MHTEPBAJIOB 6€3 MOJHOTO HAKPBITHS MEHbINero nuTepBasa Gobmmm), to § = §2 ~ {8! N B2} —

|82

TaKKe UHTEPBAJ M ero MOIIHOCTD ecTh |B] = ——.

[Iycts numeercs 6e3bI130BITOYHAS MTPABUIBHO YIOPAIOUEHHAaS CUCTEeMa MHTEPBAJIOB B™ MoIl-
noctu k > 1.

2 2
_oy def o 4]
Hinkuss nocruraeMast oleHKa MOITHOCTH unTepsaa 002 = §1 < 82 ecrs |6%] — |—’ = u
(=3) def (c1 | <2 3 3 |53|
Huknss nocturaemast oreHKa MOITHOCTH nHTepBasa 6\ %) = (§' U %) N\ d° ecrp |0°| — 5
0% _ 197
T 4 ATA [Tockostbky cucrema wHTEPBAJIOB [ 110 yCJIOBUIO OE3BI3OLITOMHAS, UMEEM
(—k) 0|
[0°"%| > max 2ET 1 ¢, 9TO 3aBepIIAET JOKA3ATEILCTBO. O

3ameuanmue 8. [losydeHHas oleHKa sIBISIETCS TOTHON U MOYKHO yKa3aTh KOHKPETHBIE KJIACCHI
cJIydaeB, MUHUMYM MOIITHOCTH OObeJIMHEHNsT NHTEPBAJIOB U3 0€3bI30BITOYHON CUCTEMBI JIOCTH-
raercd.

[TockonbKy cucreMa BEPXHUX KOHYCOB HUXKHHUX €JIMHUIl MOHOTOHHO OyJieBOil (pyHKIINN sIB-
JisieTcst 6e3bI30BITOYHOM, TO CIIPABE/JINBO

Caencreue. [Tycmo LU = {a', ..., &'} — mmoorcecmeo nustenuz edunuy, mornomonoti 6y.ne-
6ot pynxyuu M = M(LU), asaemernmor K0mopoz2o ynopadouenv. no HeG03PACAHUN 6EAUNUH
coomeememeyowur éeprrur Konycos, m.e. [0(at)| = |0(a*t)|, i =1, (I —1). Toeda

l

N=(LU) = Z 9 LI0@)]-i+1] |Niraranl (9)
i=1
2de
1] def |z| + _Jx ez >0,
2 0, wunauve.

Urax, dopmyna maus N~ (LU) monydena: Boipaxkenue (8) ms uHizkaeit onerku N (D) mpo-
U3BOJIBHOM 0€3bI30BITOYHON CUCTEMBI UHTEPBAJIOB [ OBLIO MPUMEHEHO K MHOXKECTBY BEPXHHX
KoHycOB HYzkHUX ejuaut] LU (M) monoronHO# OysieBoii dyHKIwu M, NOIyYuB IPH 9TOM B

1
(9). lannas onenka Gyjaer TeMm GinKe K !N M( LU)|, JeM cuiibHee OyJIeT B3auMHOE IepecedeHue

uaTepBasioB u3 D = LU. 910 Kak pa3 u obecrednBaercss KpurepueM (5).

Aemop eayboro npusnamenen axademury PAH FO.U. 2Kypasaéey 3a neuamennvie nonuma-
HUe U n0ddepiHCKY.
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